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Abstract

We analyse a time series of velocity fluctuations of the low-speed stream of the solar wind measured by the Helios spacecraft
in the inner heliosphere. We use moving average and singular-value decomposition filters to give a faithful representation
of the solar wind nonlinear behaviour. We have supported our previous result that trajectories describing the system in the
inertial manifold of phase space can asymptotically approach the attractor of low-dimension. The obtained characteristics of
the attractor are significantly different from those of the surrogate data. Thus these results suggest that the inner heliosphere
is nonlinear and possibly a deterministic chaotic system. © 1998 Elsevier Science B.V.
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1. Introduction

Chaos is aperiodic long-term behaviour in a deter-
ministic system that exhibits sensitive dependence on
initial conditions, e.g., [1]. In the presence of dissipa-
tion, trajectories describing long-time evolution of the
system in phase space may asymptotically approach a
closed invariant set that is called an attractor. In such
a system chaos requires the low-dimensional attractor
and deterministic nonlinear time evolution. In infinite-
dimensional systems or systems with very large di-
mension it is often the case that one can show that there
exists a low-dimensional manifold, the so-called iner-
tial manifold, to which the orbit tends and on which
the attractor lies [2]. For aperiodic chaotic evolution,
the embedding in space of dimension greater than 2D
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should basically give a topologically faithful recon-
struction of the D-dimensional attractor [3-5].

In space plasma physics, the idea of chaotic motion
on a strange attractor has been tested for the pulsations
in radio emissions from the Sun [6], solar activity data
[7], and magnetospheric dynamics, e.g., [8,9].

Consider now the inner heliosphere. Since the 1960s
it is known that besides electromagnetic radiation, the
Sun also radiates charged particles (mainly protons
and electrons) forming a solar wind blowing nearly
radially outward from the Sun. The solar wind plasma
flowing supersonically at roughly constant speed is
quite well modelled within the framework of the hy-
dromagnetic theory. This continuous flow has two
forms: slow (=~ 300kms™") and fast (~ 900kms~")
[10]. The fast wind is associated with coronal holes
and is relatively uniform and stable, while the slow
wind is more turbulent and consequently quite vari-
able in terms of velocities. We limit our study to the
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low-speed stream. In our case the duration of the
low-speed stream is much less than the characteristic
time of the solar activity, and we do not study how the
solar wind depends on the phase of the solar cycle.

The nature of velocity fluctuations is still only
poorly known. In addition, a large number of degree
of freedom is usually expected for the magnetofiuid
model of the solar wind. It is likely that the slow
solar wind originates from coronal streamers in a co-
herent fashion [10]. Indication for a low-dimensional
attractor in the slow solar wind is given by Macek
and Obojska [11-13]. One can expect that the at-
tractor should contain information about the dynamic
variations of these streamers. It is also possible that
it represents a structure of the time sequence of near-
Sun fine-stream tubes. Obviously, further studies are
necessary to confirm that indication. If such an attrac-
tor actually exists, one can hope to infer information
about these complex nonlinear phenomena from the
geometrical properties of the attractor without solv-
ing complicated hydromagnetic equations describing
the system. The importance of this attractor is also
strengthened by a possibility of an approximate pre-
diction of the state of the solar wind, which is a
main factor controlling the circumplanetary magneto-
spheres in our Solar System. In this paper we provide
further tests for nonlinearity and the chaotic attractor
in the solar wind data, including a powerful method
of singular system (singular-value decomposition or
principal component) analysis and statistical surrogate
data tests.

In Section 2 we describe the solar wind data and
a basic filter we use and summarize the characteris-
tics of the detrended and smoothed data in Table 1.
The method of singular system analysis is reviewed
and the choice of the model parameters is discussed in
Section 3. Application of this method to the attractor
reconstruction from the solar wind data is presented
in Section 4. In Section 5 we briefly recall the relation
of the method of singular system analysis to the stan-
dard calculation of the correlation dimension. Section
6 is devoted to the discussion of main results of our
calculation of the correlation dimension of the recon-
structed attractor. In particular, we show that a better
plateau is obtained by using the singular-value decom-

Table 1

Solar wind velocity fluctuations? data

Number of data points, N 4514
Sampling time, At 40.5s
Skewnessb, K3 0.45
Kurtosis ®, iy —0.17
Minimum frequency 5.5 % 1079 Hz
Dominant frequency 1.2x 1077 Hz
Maximum frequency 1.2 x 1072 Hz
Relative complexity € 02
Autocorrelation time 9, ta 26x10%s
Correlation dimension®, D, 37+£03
Entropy “¢, (g = 2), K> 1/3

Largest Lyapunov exponent “-°, Amax 1/3-1/4
Predictability horizon time © 2x10%s

4 Slow trends (349.7+21.74r—96.61r2, with 7 being a fraction
of total sample) were subtracted from the original data, v; =
v(4;), in kms~', and the data were (8-fold) smoothed using
moving averages. The resulting range of data vmax — vpin =
53.04kms~".

® The third and fourth moments of the distribution function
are (with average velocity (v} = 0.02km s7! and standard
deviation ¢ = 8.07kms™!)

1 e oy — ()73 1 Aoy — ()
S e R D N e I

i=1 i=1

¢ Approximately.

4 The autocorrelation time ty is given by ({(v(Hv(t +1,)) —
()2 /o? = e~ !. We take a delay 7 = 250Ar slightly larger
than the first zero of this function, 212A¢.

¢ For large enough m, a plateau in Fig. 7(a) and (b), see [12],
we have a slope (g = 2 in Eq. (1)) Dy = (log Cu () /log(r),
where the correlation function is [16]

e 1 Meef 1
ry=— - —

" Aref 4 ln~2nc—l
i

n
x Y00 — X — X))
Jj=ne+1
with 8(x) being the unit step function; X(t;) denotes one of n =
N — (m — 1)1 vectors in the m-dimensional embedding space,
nree = 1000 is the number of reference points and ne = 4 is
the Theiler correction [17]. The average slope for 6 <m < 10
is taken as D;. Similarly, Ky & 1 10g,[Cin (r)/Cpu43(r)] is the
q = 2 entropy (18] (base 2) in the same units as Amax (bits per
data sample), 8 <m < 10.

position technique of noise reduction. In addition, the
calculated dimensions are significantly different from
those obtained from the surrogate data. Also, Lya-
punov exponents and entropy are briefly considered.
Finally, the main conclusions are given in Section 7.
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2. Data

The duration of low-speed streams is limited to
about one week. We analyse the Helios data using
the radial velocity component, v, measured in the he-
liosphere near the Sun, at ~ 0.3 astronomical units
(AU) [10]. The intervals between data points are At =
40.5s. We select an interval between the heliospheric
current sheet and the interplanetary shock, which are
discontinuities in the solar wind plasma, and take the
sequence of N = 4514 points v(r;), where ;4] =
t;i -+ At fori =1,..., N. These raw data of tota] du-
ration of N At ~ 50.8h are shown in Fig. 1(a).

A common problem with real data is their lack of
stationarity. This shows up as a general trend seen in
Fig. 1(a). Naturally, such a slow change may be a part
of the dynamical system, but we do not have suffi-
cient number of data points to resolve slowly vary-
ing trends. Therefore before a detailed analysis linear
and quadratic trends were subtracted from the original
data, see the first footnote to Table 1.

Even though the measurements are quite accurate
one can often have a dynamical noise. This is a more
subtle way the noise might enter the system. There-
fore, in order to remove the noise, we have also needed
to slightly smooth the data. Surely, filtering can, in
general, change the dimension of the attractor (e.g.,
autoregressive filters, cf. [14]). But we consider a par-
ticular finite impulse response (FIR) filter. Namely, we
repeatedly replace each data point with the average of
itself and its two nearest neighbours. Naturally, vol-
ume is invariant under this transformation. More pre-
cisely, it can be proved that every generic finite-step
moving average filter preserves the correlation dimen-
sion, because it preserves the one-to-one property [4].
The conventional wisdom is that applying an FIR fil-
ter is like a change of coordinates (finite stretching is
Lipschitz). On the contrary, infinite impulse response
filter (IIR) may only increase the dimension. The lat-
ter is equivalent to augmenting the dynamical system
with a new variable [15].

Of course, in practice, whether the moving average
filter looks like FIR or IIR depends on the number of it-
erations and the data. In our case this linear smoothing
procedure is reasonably well converged after several

steps and eight iterations are sufficient. Thus, what is
remaining should represent a nonlinear dynamics of
the system. At worse, this procedure can only increase
the actual dimension [14]. Hence the smoothed data
should give a faithful representation of the attractor.
The detrended data remaining after this procedure are
shown in Fig. 1(b). We admittedly agree that it may
remain a rather long-range component in the data also
after filtering. Certainly, we do not have enough data
to capture all the nonlinear dynamics. Nevertheless,
we can still have a low-dimensional chaotic dynamics
for an inertial sub-manifold of the phase space,
e.g., [2].

Table 1 summarizes the selected calculated char-
acteristic of the detrended and smoothed data shown
in Fig . 1(b). The probability distributions are clearly
non-Gaussian, cf. [19], and show distinct skew-
ness (the third moment) of ~ 0.45 (as compared
with its normal standard deviation of approximately
(15/N)!/? = 0.06). However, kurtosis (the fourth
moment) is still small (cf. the value of —0.17 in
Table 1 with the underlying standard deviation of
(96/N)'/? = 0.15). Admittedly, normal distribu-
tions are not excluded for chaotic data but are usu-
ally typical for stochastic systems; on the other
hand, there are stochastic systems showing non-
Gaussian distributions. Therefore, we cannot expect
that all the dynamics is given by the probability
distributions.

Given the high sampling rate, the maximum
(Nyquist) frequency is indicated in Table 1, with
the minimum frequency 1/(N Ar). Here, rather than
using a fast Fourier transform method, we use the
maximum-entropy method, which represents the data
in terms of a finite number of complex poles of
discrete frequency and is good for extracting sharp,
discrete lines from an otherwise noisy data record.
As seen in Fig. 2(a), the solar wind spectral den-
sity, obtained using 32 poles, is broadband and has
a continuous part without dominant frequencies (for
f > 5x 107*Hz, cf. Table 1 and, e.g., [12, upper
inset to Fig. 1]). This part is approximately a straight
line on a logarithmic-linear scale. Naturally, periodic
or quasi-periodic data would produce only a few
dominant peaks in the spectrum.
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Fig. 1. The radial velocity, v, observed by the Helios 1 spacecraft in 1975 from 67:08:20.5 to 69:11:07 (day:h:min) at distances
0.32 AU from the Sun, (a) the raw data, (b) the detrended and smoothed data.
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Fig. 2. (a) The logarithm of spectral density (normalized) as a function of frequency, (b) the (normalized) autocorrelation function

as a function of the time lag for the detrended and smoothed data.

In addition, we have estimated Lempel-Ziv measure
of complexity, relative to white noise. The simplest
coding is used: each data point is converted to a single
binary digit according to whether its value is greater
than or less than the median value, and the algorithm
of Kaspar and Schuster [20] is used. The calculated
value is rather smalil of ~ 0.2 (maximal complexity,
or randomness, would have a value of 1.0, while a
value of zero denotes perfect deterministic nonlinear
predictability). This also indicates that the low-speed

solar wind is a good candidate for chaos, but tells as
yet nothing about a possibly strange attractor of the
system.

3. Method
First, we briefly recall the standard method of the

embedding space using singular-value decomposition
developed in a basic paper by Broomhead and King
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[21]. Albano et al. [22] have shown that combining
singular-value decomposition and the Grassberger—
Procaccia algorithm [16,18] can alleviate some of
the ambiguities associated with each technique when
used alone.

3.1. Embedding space

Using our time series of equally spaced, detrended
and smoothed data, as shown in Fig. 1(b), we first con-
struct the vectors X{t;) = [v(t;), v(t;, + 1), ..., v( +
(m — 1)7)] in the embedding phase space of dimen-
sion m.

We choose a time delay 7 slightly larger than the
autocorrelation time, see Table 1. This makes certain
that v(t) and v(¢ 4 ) are at least linearly time inde-
pendent, e.g., {5,23]. As shown in Fig. 2(b), the au-
tocorrelation function first decreases by a factor 1/2
in half an hour and then reaches zero at 2.4 h, cf. [12,
a lower inset to Fig. 1] (see also Table 1). In fact,
the autocorrelation time is still much smaller than the
duration of the sample (50h). We have tried longer
samples, but in this case one should expect that non-
stationarity would play a more important role. There-
fore we prefer to study the shorter sample, which is
still not bad, if the dimension of the attractor is well
below 2 log;, N =~ 7.3 [24]. This is an optimal choice
between the available number of measurement points
and a very approximate stationarity. Admittedly, the
number of vectors,n = N — (m — 1)t, i.e., is decreas-
ing with m and 7. Also the window length 7 (rm —1) be-
comes very large. But even for m = 8 and r = 250 Ar
(after the first zero of the autocorrelation function) the
number of vectors is equal to n = 2764, which is still
not bad. For m = 12 the statistic is poorer, n = 1764,
even though deterioration is weakened by the logarith-
mic dependence.

3.2. Singular-value decomposition

Using the normalized vectors X(f;), where i =
1,...,n, for each m-dimensional embedding space,
we now consider A that is the n x m trajectory matrix
(n = m) [21,22]

X(1)

1 | X(r2)
R

X(ta)

The matrix A;; = v(t; + (j — 1)7) can be expressed
as: A = UWVT, where U is an # x m matrix with
orthonormal columns, (UTU),-J- =§jp; Visanm xm
orthonormal matrix, (VTV);; = (VVT);; = &;; and
W is an m x m diagonal matrix, W;; = &;;w(}).

The elements of the diagonal matrix W are known as
the singular values of A. The squares of the singular-
values w2(i) are the eigenvalues of the covariance
matrix, AT A, while the columns of V are its eigenvec-
tors, with the directions called the principal axes. The
projection of the original vectors onto the new orthog-
onal space is given by the transformation: A — A’ =
AV = UW. Therefore, the rotated matrix A’ is also
called the matrix of principal components. The square
of the singular value w(i) is the variance of the ith
principal component and can be interpreted as proba-
bility that the reconstructed trajectory ‘visits’ the ith
principal axis.

In particular, if, for some %, wz(k) = 0, then the
trajectory does not visit the principal axis k. Basically,
noise prevents any eigenvalue from vanishing. Hence
by limiting the number of basic eigenvectors, by taking
only those corresponding to some large eigenvalues,
we remove a substantial amount of the inherent noise
of the experimental data [21,22].

The normalized eigenvalues as a function of in-
dex, sorted from largest to smallest, for the detrended
and smoothed solar wind data in Fig. 1(b) are dis-
played in Fig. 3 (boxes). For comparison, the eigen-
values for the data generated by the standard Lorenz
equations using 2000 points at intervals of At =
0.05, 7 = 5A¢, are shown by stars. In both cases
the largest value dominates the other eigenvalues. The
eigenfunctions corresponding to the two largest eigen-
values, for the solar wind data are plotted versus time
in Fig. 4. The largest eigenfunction corresponds to
the dominant largest eigenvalue as is also the case
in chaotic systems, e.g., for the very standard Lorenz
system.
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Fig. 4. The eigenfunctions, normalized for m = 8, correspond-
ing to the two largest eigenvalues versus time for the solar wind
data (' = A'W).

4. Attractor reconstruction

First, we have tried to reconstruct the attractor, at
least its projection onto three-dimensional subspace
of the phase space, [v(?), v(t + T), v(t + 2T)], us-
ing a delay T = 4Ar without using the method of
singular-value decomposition. Obviously, for a peri-
odic system we would have a simple closed loop. In
our case (changing slightly T'), we have a trajectory
with a discernible quasi-loop structure, which is some-
what similar to the Rossler attractor, combined with

another interesting spindle-shaped structure as shown
for a selected perspective in Fig. 5(a).

Admittedly, spiral-like features are also present in
systems that do not exhibit low-dimensional chaos.
To test the topological properties of the reconstructed
attractor we will invoke the method of singular-value
decomposition [21,22]. In this method the data are
represented in terms of a complete set of orthogonal
functions, which is obtained from a numerical analysis
of the data and is not imposed from outside, as in the
Fourier series or wavelets representation.

If the attractor dimension is less than 4, as ar-
gued by Macek and Obojska [11-13], for embedding
dimeasior gn = 8§ satst§riing e (Gkens- ameudding:
condition, we have verified that, in practice, even four
eigenfunctions are sufficient to reproduce the nonlin-
ear dynamics of the system. The attractor obtained
using five largest eigenvalues (projected onto three
principal empirical eigenvector U(k) = ¥, (where
k =1, 2, 3) is shown in Fig. 5(b).

We have also studied how the topology of the
attractor depends on the number of eigenvalues? In
particalar; we- ave: always one largest- cigenvalue:
corresponding the principal axis of the attractor, see
Figs. 3'and 4. As compared witli Fig. 5(a), tiie axis of’
the structure in Fig. 5(b) is rotated in phase space but
the attractor is topologically similar. Obviously, the
Euclidean distances are invariant under the rotation
in the phase space and the embedding space, and the
topological properties of both structure should also
be similar.

5. Dimension and entropy

We now divide the m-dimensional embedding phase
space into a large number of equal hypercubes of size
r. Assume that M(r) is the number of these cubes
that are needed to cover the presumed attractor. If p;
is the probability measure that a point from a long
time series falls in a typical ith hypercube, using the
g-order function I;(r) =Y (pi)?, i =1,..., M, the
generalized dimension is, e.g., [2,4,15,23]

1 log I,(r)

D, = lim
g—1r-0 logr

()
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Fig. 5. The projection of the attractor onto the three-dimensional space, reconstructed from the detrended data, using (a) the moving
average and also (b) the singular-value decomposition filters ¥ =U).

The related quantity K, = lim,_,¢[1/(1—q)]log I,(r),
called the g-order Kolmogorov entropy, is the rate
of creation of information as a chaotic orbit evolves
[2,15,23].

We see from Eq. (1) that the larger g is, the more
strongly are the higher probability cubes (visited more
frequently by a trajectory) weighted in the sum for
1,4(r). Since the data cannot constrain well the capacity
dimension Dy, we look for higher order dimensions,
which quantify the multifractality of the probability
measure on the attractor. In practice, ¢ = 2 is sufficient
and I>(r) is taken to be equal to the correlation func-
tion Cy, () given in Table 1, which is calculated using
the Grassberger and Procaccia [16,18] algorithm.

The procedure of singular-value decomposition by
itself cannot change the dimension because it is sim-
ply the rotation in the embedding space. If we keep all
eigenvalues, this result is exact, because rotation pre-
serves the distances used in the calculation of the cor-
relation function C,, (r). Naturally, by limiting to most
probable eigenvalues we change slightly the distances.
But it was proven that one automatically removes some
noise. The theory guarantees that the correlation di-
mension can be calculated as long as the number of
eigenvalues kept is greater than the dimension [15,21].

We follow Albano et al. [22], as discussed in Section
3. Namely, for a given embedding m, a singular-value
decomposition is performed, yielding the matrix of
singular-values W, and the orthogonal matrices V and
U. The trajectory matrix A is rotated, by replacing
A by U (they are of the same size) and multiplying
by the matrix of singular-values W, ie., A’ = UW.
The resulting matrix of principal components, A, is
then used in a Grassberger-Procaccia calculation. It is
essential that now only several large singular values
(above the noise level) can be taken in W, while the
smaller are replaced by zeros.

6. Results and discussion

We calculate the correlation function C,,(r), as
discussed in Section 5 and Table 1, versus log 7 (nor-
malized) for various embedding dimensions: m = 4
(dotted curve), m = 5 (diamonds), 6 (triangles), 7
(squares), and 8 (crosses). The results obtained without
using singular-value decomposition, or equivalently
taking all eigenvalues, are presented in Fig. 6(a).
The corresponding slopes of the natural logarithm
of the correlation functions d(log C, (r))/d(log r)
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Fig. 6. The correlation function Cy, (r) versus log # (normalized) is shown for various embedding dimensions: m = 4 (dotted curve),
m = 5 (diamonds), 6 (triangles), 7 (squares), and 8 (crosses). (b) Similarly, the correlation function obtained using the singular-value

decomposition with five largest eigenvalues.
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Fig. 7. (a) The slope, d(log Cp(r))/d(log r), of the correlation function Cy,(r) versus log r (normalized) is shown for various
embedding dimensions: m = 4 (dotted curve), m =5 (diamonds), 6 (triangles), 7 (squares), and 8 (crosses). (b) Similarly, the slope
obtained using the singular-value decomposition with five largest eigenvalues.

are shown in Fig. 7(a). Admittedly, due to the neces-
sarily finite amount of data, the range of r with the
meaningful plateau is limited to —3 < logr < —1.
At small  this plateau is smeared out by statistical
fluctuations in determining p; in Eq. (1), and at large
r — by the size of the attractor, e.g., [2]. Similarly, the
results obtained using singular-value decomposition

taking five largest eigenvalues are given in Fig. 6(b)
and the corresponding slopes are shown in Fig. 7(b).
If the D-dimensional attractor exists, we expect a
plateau for m > D [25,26] (dotted curve) and in the
worst case for m > 2D [3]. Comparison of Figs. 7(a)
and (b) shows that a better plateau is obtained by
using the singular-value decomposition technique
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Fig. 8. The correlation dimension (slope), D3, as a function of the embedding dimension m (for m = 2, ..., 12) obtained using (a)
the moving average and (b) the singular-value decomposition filters are shown by plus signs with error bars. The average slope for
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or DIAMOND signs, respectively, cf. e.g., [27, Fig. 19(b)], and [29, Fig. 7(a)].

of noise reduction. This proves that this powerful
method is more adequate than simple moving average
smoothing, especially in the case of an underlying
low-dimensional attractor.

Basically, the embedding method can, in princi-
ple, distinguish the chaotic deterministic behaviour
from the white noise, e.g., [27]. The noise fills-up any
available m-dimensional phase space, while the calcu-
lated dimension levels off for the deterministic chaotic
system. Namely, as we increase the embedding dimen-
sion, the computed correlation dimension, D>, satu-
rates at some finite value of m, but keeps increasing
for a stochastic system.

For m large enough a plateau in the scaling region
indicates a proper correlation dimension D;. We see a
clear plateau which appears already for m = 4 and 5,
cf. [11-13]. For higher dimensions, m > 8, the plateau
is still present but more smeared out by the statistical
fluctuations at small ». We have extended our calcu-
lations for embedding space of dimension as large as

m = 16. However, because for m = 16 the statistic is
very poor (n = 764), we do not consider the calcu-
lations for m > 10 very seriously. The average slope
for 6 <m < 10 yields D; = 3.7 + 0.3. The inferred
correlation dimension (slope), D3, as a function of the
embedding dimension (for m = 2, ..., 12) is shown
as plus signs in Fig. 8(a) for moving average and in
Fig. 8(b) for moving average and singular-value de-
composition filters. The error bars in Figs. 8(a) and
(b) are obtained assuming normal distribution of the
rms errors over the best scaling range. In both cases
the slope of the calculated correlation function satu-
rates for m > 5; this is consistent with the attractor of
the low-dimension, between 3 and 4, cf. [28].

The obtained measures of the inferred attractor
have been subjected to the surrogate data test [29].
First, we consider the question whether there is ev-
idence for any dynamics at all. In this case the null
hypothesis is that the observed data are fully described
by independent and identically distributed random
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variables. To test this hypothesis we generate surro-
gate data by shuffling the time-order of the original
time series. In this way any temporal correlations are
destroyed in the data. Second, another null hypothe-
sis is that all the structure in the original time series
is given by the Fourier spectrum (or equivalently by
the autocorrelation function). In this case we Fourier-
transform the data, randomize the phases, and then
inverse Fourier-transform the results to get a new time
series.

In both cases, if the original data are indeed deter-
ministic, analysis of these surrogate data, after remov-
ing possible deterministic nonlinearities, will provide
values that are statistically distinct from those derived
for the original data. Again, the results obtained with-
out and with using singular-value decomposition are
presented in Figs. 8(a) and (b), correspondingly. Here
we also show the correlation dimension calculated
for each embedding dimension m for surrogate sim-
ply shuffled data (asterisk signs). This operation
preserves the probability distribution but gener-
ally produces a very different power spectrum and the
autocorrelation function. The operation using shuffled
phases, on the contrary, gives the same SPECTRUM
and the autocorrelation function but generally pro-
duces a different probability distribution. These results
are shown by DIAMONDS. For these two upper curves
in Fig. 8(b) (shuffled cases) we have now taken eight
eigenvalues, so consequently the calculated points for
m > 8 are underestimated. Finally, even though the
actual errors in Figs. 8(a) and (b) could be somewhat
larger than adopted, the statistical significance of the
difference of these curves from that obtained using the
original data is clear. This decidedly demonstrates that
our original data (a lower curve, plus signs) are signif-
icantly different from noise, cf. e.g., [27, Fig. 19(b);
29, Fig. 7(a)].

Moreover, like eigenvalues of a linear system,
Lyapunov exponents quantify a nonlinear system’s
stability in various directions. The chaotic attractor
has at least one unstable direction, i.e., at least one
positive exponent, yet the overall system is stable,
i.e., the sum of all Lyapunov exponents is not posi-
tive. We only calculate the largest positive Lyapunov
exponent Amay using the algorithm of Wolf et al. [30].

We obtain the magnitude of 1/4 to 1/3 in units of
bits (factor of 2) per data sample. In general, the en-
tropy K is at most the sum of the positive Lyapunov
exponents Zki, e.g., [2,15]. As shown in Table I,
the value of the Lyapunov exponent is consistent
(within a factor of 2) with the Kolmogorov correla-
tion (g = 2) entropy [18] K> ~ 1/3 (base 2), which
should be its lower bound: K> < > A;. The time over
which the meaningful prediction of the behaviour of
the system is possible is roughly ~ 1/Amax, €.2., [1].
Hence the predictability of the system is limited to
about 1h.

Finally, we have found that the nonlinear deter-
ministic system is sensitive to the surrogate-data test,
contrary to the stochastic system. In particular, as com-
pared with the quantities listed in Table 1, the largest
Lyapunov exponent (and entropy) increases by a fac-
tor of 3, and Lempel-Ziv complexity calculated for
shuffled-data becomes clearly 1.0, as it should be for
a purely stochastic system.

7. Conclusions

We have shown that the probability distribution of
the velocity fluctuations of the solar wind in the inner
heliosphere is non-Gaussian. The spectrum is broad-
band and has a continuous part that reveals aperiodic
behaviour of the flow. The autocorrelation function
falls to zero in a finite time. Further, the calculated
measure of algorithmic complexity, relative to white
noise, is rather small of ~ 0.2. The system is likely to
have an attractor lying in the inertial manifold of low-
dimension (less than 4). The entropy and the largest
Lyapunov exponent are positive implying sensitive de-
pendence on initial conditions. Hence we suggest that
there exists an inertial manifold for the low-speed so-
lar wind in the inner heliosphere, in which the system
is nonlinear and possibly deterministic chaotic, and
where noise is certainly not dominant. This means that
the observed irregular and turbulent behaviour of the
velocity fluctuations results rather from intrinsic non-
linear chaotic dynamics than from random external
forces.
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