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Abstract

Recent studies of interstellar neutral (ISN) hydrogen observed by the Interstellar Boundary Explorer (IBEX) suggested that
the present understanding of the radiation pressure acting on hydrogen atoms in the heliosphere should be revised. There is a
significant discrepancy between theoretical predictions of the ISN H signal using the currently used model of the solar Lyman-α
profile by Tarnopolski & Bzowski (2009, TB09) and the signal due to ISN H observed by IBEX-Lo. We developed a new model
of evolution of the solar Lyman-α profile that takes into account all available observations of the full-disk solar Lyman-α profiles
from SUMER/SOHO, provided by Lemaire et al. (2015, L15), covering practically the entire 23rd solar cycle. The model has
three components that reproduce different features of the profile. The main shape of the emission line that is produced in the
chromosphere is modeled by the kappa function; the central reversal due to absorption in the transition region is modeled by
the Gauss function; the spectral background is represented by the linear function. The coefficients of all those components are
linear functions of the line-integrated full-disk Lyman-α irradiance, which is the only free parameter of the model. The new
model features potentially important differences in comparison with the model by TB09, which was based on a limited set of
observations. This change in the understanding of radiation pressure, especially during low solar activity, may significantly affect
the interstellar H and D distributions in the inner heliosphere and their derivative populations.
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1. INTRODUCTION

The solar resonance Lyman-α line is the brightest one in
the EUV part of the solar spectrum. Full disk averaged pro-
file of this line and its evolution during the cycle of solar ac-
tivity is of high importance in various astrophysical contexts,
from planetary and cometary atmospheres to the heliosphere.
In the heliospheric context, which is the main topic of this pa-
per, solar Lyman-α photons interact resonantly with neutral
hydrogen (H) and deuterium (D) atoms. This interaction is
responsible on one hand for the creation of the heliospheric
backscatter glow, and on the other hand for the effect of solar
radiation pressure (Wilson 1960), which modifies the trajec-
tories of H and D atoms in the heliosphere (Axford 1972;
Tinsley 1971). Due to their very low density, neutral atoms
in the heliosphere move without collisions with each other,
governed by a net force due to solar gravity and radiation
pressure. The effect of radiation pressure counteracts the so-
lar gravity force. The magnitudes of the forces of radiation
pressure and solar gravity force are comparable with each
other. As a result, the spatial distribution of interstellar H
inside the heliosphere, and thus the distribution of the he-
liospheric backscatter glow in the sky and of the fluxes of
H+ pickup ions (PUIs) are very susceptible to details of the
solar output in the Lyman-α line. Since measurements of in-
terstellar neutral (ISN) H, its derivative populations, and the
heliospheric backscatter glow are very important sources of
information on the processes in the heliosphere, accurate un-
derstanding of radiation pressure is of major importance for
heliospheric studies.

It was discovered very early in the space age that the
profile of the solar Lyman-α line features self-reversal
(Purcell & Tousey 1960a,b) and that the wavelength- and
disk-integrated irradiance varies considerably with time
(Blamont & Vidal-Madjar 1971). The variation during the
solar cycle is by a factor of 2. The irradiance is usually
reported as a daily value, with variations due to the solar ro-
tation (∼ 27 days), solar cycle (∼ 11 years) and even longer,
with the amplitude of monthly variation of ∼ 5% during low
solar activity, up to ∼ 20% during high activity (Woods et al.
2005).

The Lyman-α line is created within the chromosphere
(wings of the profile), but the central core with the self-
reversal is due to the absorption in the lower corona (Avrett
1992). This self-reversal is observed in most of the line pro-
files observed in the quiet-Sun regions (Tian et al. 2009a),
but in sunspots and active regions the profiles are not self-
reversed (Tian et al. 2009b), similarly as in the flares. The
percentage of the solar disk covered with these features
varies during the solar activity cycle, and the line- and disk-
integrated irradiance is tightly correlated with the sunspot
number and other solar activity indicators. Furthermore,
the line features limb darkening with a related variation of

the profile shape in the central reversal, which seems to
be a function of the angle off the disk center (Bonnet et al.
1978). Therefore it is not easy to predict the shape of
disk-integrated profile. The active phenomena on the solar
disk are responsible for a considerable fraction of the to-
tal irradiance and accordingly they may significantly con-
tribute to the disk-integrated line profile. We may get dif-
ferent disk-integrated profiles for the same value of disk- and
wavelength-integrated irradiance Itot, depending on how the
solar disk was covered with sunspots, active regions etc.

First attempts to obtain a disk-averaged profile of the so-
lar Lyman-α line was undertaken by Bonnet et al. (1978) and
Lemaire et al. (1978) based on observations from the Earth
satellite OSO-8. The self-reversed structure of the profile
was obtained, but at the center of the profile a sharp absorp-
tion feature was found due to the absorption of solar radiation
in the exosphere. This absorption hampered determining the
exact level of spectral irradiance close to the center of the line
because this requires a sufficiently accurate model of the H
density distribution in the exosphere. This problem troubled
also subsequent observations of this line. It was important for
the heliospheric studies because the exospheric absorption is
in the most important spectral band for the resonance radia-
tion pressure acting on ISN H atoms inside the heliosphere.

First absorption-free profiles were obtained from the
SUMER instrument on board SOHO (Wilhelm et al. 1995),
which is located in the vicinity of the Sun-Earth L1 Lagrange
point. The measurements were performed between 1995 and
2009, i.e., during an interval covering two minima (1995,
2008) and one maximum (2000–2002) of solar activity. They
were published in a series of papers by Lemaire et al. (1998,
2002); Lemaire et al. (2005), and L15. In our paper we use
the data presented in the last of these papers.

In the classical approach, the solar radiation pressure force
was considered as a constant force decreasing with the square
of solar distance. This approximation is valid when the den-
sity of ISN H atoms inside the heliosphere is low enough to
enable neglecting the absorption of solar Lyman-α photons.
As a result of this approximation, the force of radiation pres-
sure can be represented by a constant factor µ compensating
the solar gravity force (Axford 1972). The effective force
responsible for the motion of hydrogen atoms in the helio-
sphere was approximated by the formula

~F (~r, µ) = −GM⊙mH(1− µ)
~r

r3
, (1)

where G is the solar gravity constant, M⊙ the solar mass, mH

the mass of hydrogen atom, µ is the dimensionless gravity
compensation factor, and ~r the radius-vector. This approxi-
mation was used by several authors (e.g., Fahr 1978, 1979;
Thomas 1978; Wu & Judge 1979) to construct the so-called
“hot model” of the density distribution of ISN H inside the
heliosphere. “Hot model” takes into account the streaming
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and thermal spread of the H atoms entering the heliosphere
and their ionization losses due to charge exchange with solar
wind and photoionization. It also takes into account the mod-
ification of the atom kinematics due to radiation pressure, as-
suming that solar gravity is compensated by a constant factor
µ.

However, it was very early realized that due to the self-
reversed shape of the profile of the solar Lyman-α line the
resonant radiation pressure acting on H and D atoms in the
heliosphere must be a function of radial velocities of these
atoms relative to the Sun (Axford 1972). Since the line-
integrated irradiance in the solar Lyman-α line varies with
time, at a given instant of time t it will be a function of
both solar distance and the heliographic longitude and lati-
tude of the vantage point given by the radius vector ~r. Ef-
fectively, the coefficient µ in Equation 1 becomes a function
of time, location of the atom in space, and radial velocity of
the atom: µ = µ(t, ~r, vr). As a result, trajectories of H and
D are not the Keplerian hyperbolae and must be calculated
numerically. This was first shown by Grzedzielski & Sitarski
(1975), who compared hyperbolic trajectories with those ob-
tained numerically for the case of µ = µ(vr) (i.e., radiation
pressure depending solely on radial velocity of the atom).

The first attempt to account for the dependence of ra-
diation pressure on atom radial velocities in the model-
ing of ISN gas was published by Tarnopolski & Bzowski
(2008) for D and TB09 for H. These authors extended the
Warsaw Test Particle Model (WTPM, Ruciński & Bzowski
1995; Bzowski et al. 1997) of the evolution of density and
bulk velocity of ISN H in the heliosphere to take this ef-
fect into account. TB09 approximated the shape of the
solar Lyman-α line with an analytic function, which de-
pended linearly on the instantaneous disk-integrated Lyman-
α irradiance Itot. The basis of the model were nine pro-
files published by Lemaire et al. (2002). TB09 was sub-
sequently widely used in the studies of ISN H in the he-
liosphere (e.g., Bzowski et al. 2008; Izmodenov et al. 2013;
Schwadron et al. 2013; Fayock et al. 2015; Katushkina et al.
2015) and of energetic neutral atoms in the heliosphere (e.g.,
Bzowski & Tarnopolski 2006; Bzowski 2008; Bzowski et al.
2013; McComas et al. 2010, 2012, 2014; McComas et al.
2017; Swaczyna et al. 2016). It was also used in the pio-
neering studies of ISN D in the heliosphere, first modeling
(Tarnopolski & Bzowski 2008; Kubiak et al. 2013), and sub-
sequently experimental, which resulted in the detecton of
ISN D at the Earth’s orbit by IBEX (Rodríguez Moreno et al.
2013, 2014).

However, Schwadron et al. (2013) and Katushkina et al.
(2015) suggested that current models of the distribution of
ISN H inside the heliosphere that are using the solar Lyman-
α line profiles from TB09 seem to be unable to reproduce the
ISN H flux sampled by IBEX-Lo. These authors suggested

that a better agreement with observations could be obtained
if a different profile of the solar Lyman-α line was adopted,
with a larger horn-to-center ratio.

Here, we construct a new model of evolution of the spectral
profile of the solar Lyman-α line as a function of wavelength-
integrated irradiance, based on all available observations of
this profile, published by L15. The data used and their un-
certainties are presented in Section 2. The models used to
approximate the Lyman-α profile in the past are discussed
in Section 3. The model that we have developed along with
fitting procedure is in Section 4 and the results are shown in
Section 5. We discuss the fidelity of our model in Section 6.
Since the radial velocity-dependent radiation pressure is even
more important for the distribution of ISN D than for ISN H,
we adapt the obtained model to D in Section 5.2. We close
by offering some concluding remarks in Section 7.

2. DATA

2.1. Line profiles

The basis for our model are observations of disk-integrated
profiles of the solar Lyman-α line measured by L15 using
SUMER on board SOHO1. These profiles are shown col-
lectively in Figure 1. There are 43 profiles observed be-
tween May 1996 and April 2009. The times of observa-
tions are illustrated in Figure 2, where the daily values of the
wavelength-integrated irradiance for the observation days are
superimposed on daily irradiance values from the composite
Lyman-α series from LASP (Woods et al. 2005). As evident,
approximately half of the observations were taken during low
solar activity, while a little less than a half during the maxi-
mum of solar activity in 2000–2003.

Details of the observations and processing applied to ob-
tain the profiles scaled in the absolute units are given in L15
and in the earlier papers from those authors, therefore here
we only point out some important aspects. The SUMER
instrument had not been designed to provide disk-averaged
profiles and therefore a specially devised observation scheme
suggested by J.L. Bertaux had to be used. Effectively, the in-
strument measured the profile of the solar Lyman-α radiation
scattered inside the instrument optics when the boresight was
directed ∼ 2000′′ off the disk center. To safeguard a more or
less uniform contribution from all parts of the solar disk, ob-
servations from several pointings around the solar disk were
averaged. Since the angular distances of the boresight dur-
ing a series of observations aimed at obtaining an individual
profile for a given day were sometimes different, the spectral
intensities from those individual pointings had to be rescaled

1 Available from http://vizier.cfa.harvard.edu/viz-bin/VizieR?-
source=J/A+A/581/A26
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Figure 1. Observed profiles of disk-averaged solar Lyman-α line
given by L15. Orange line represents a profile taken during maxi-
mum of solar activity (Oct 28th, 2001), while purple line shows a
profile taken near the minimum of activity (Dec 5th, 1996). The
horizontal scale is in nanometers off the central wavelength of the
line at 121.567 nm.

to a common offset distance. The measurement process for
one composite profile took more than four hours.

The resulting profile is composed of 281 points at wave-
lengths equally spaced with a 0.001 nm pitch. During the
observations, the profiles had been sampled at several wave-
lengths and the observations were subsequently deconvolved
to eliminate the effect of the instrument point spread func-
tion. The final data product has a much higher resolution than
the spectral resolution of the instrument and does not show
any significant point-to-point scatter. The absolute scaling
of the profiles was performed by the observers by requiring
that the integral of the observed profile within the bound-
aries ±0.15 nm around the nominal wavelength of the line
center is equal to the daily value of the composite series of
the Lyman-α irradiance for a given day of observation (see
Table A.1 from L15). The uncertainties in the data set are
complex. The uncertainty of individual profiles are given by
the authors of the observations at 15%. It seems, however,
that an additional source of uncertainty is the systematic un-
certainty of the LASP composite irradiance, which is also
±15% (Woods et al. 2005). This uncertainty results in sys-
tematic upward or downward offset of the entire data product,
and it will result in a systematic uncertainty of the radiation
pressure for H and D by the identical percentage. Addition-
ally, because the integration time used to obtain the measure-

ment of the LASP daily datum and that used during the spec-
tral observations of the profiles were different, and because
of the inevitable measurement scatter in the LASP observa-
tions, the absolute scaling of each of the individual profiles
is biased relative to the other profiles from the sample, which
results in random upward or downward shifts of the profiles
relative to each other. Effectively, this uncertainty introduces
correlations to the entire data set. The data points pertaining
to individual profiles are stronger correlated than data points
from different profiles, and absolute accuracies of different
profiles are different. Therefore it is not reasonable to ex-
pect that the final model of the evolution of the profile during
the solar cycle will fit to all of the observed profiles with the
same accuracy.

2.2. Total Lyman-α irradiance

The composite time series of the solar Lyman-α irradi-
ance was recapitulated by Bzowski et al. (2013). The total
irradiance, which we denote Itot, is based on direct daily
observations, with occasional gaps filled with values de-
rived from proxies. The absolute calibration is based on
UARS/SOLSTICE2 (Woods et al. 1996; Woods et al. 2000).
Observations from later experiments, TIMED and SORCE,
are scaled to this calibration. The irradiance is integrated
over the 1 nm interval from 121 to 122 nm. The series
cover the time interval since 1947 until present. The Itot
values for times before 1979 are obtained from scaling the
solar F10.7 radio flux (Tapping 2013). More recently, gaps
have been filled mostly using the Mg II core to wing index
(Viereck & Puga 1999). The use of proxies adds additional
intermittent increase in the uncertainty of the daily irradiance
values.

The values of the composite solar Lyman-α irradiance
from LASP are listed at a daily cadence but they are not
daily averages. Actually, the measurements are taken during
a fraction of the day. Also the data used for proxies are not
daily-average values, even though they are listed at a daily
cadence. Therefore the daily Itot values used by L15 to scale
the Lyman-α profiles do not precisely correspond to the times
of profile observations. The daily values of Itot directly from
the LASP are shown as gray dots in Figure 2, and the Car-
rington averages by the blue line. The daily values of Itot
for the dates corresponding to profiles observed by L15 are
shown with black dots, and the subset from Lemaire et al.
(2002) used by TB09, are taken in black circles.

For modeling radiation pressure for neutral H and D atoms
in the heliosphere at an arbitrary longitude and latitude in
the heliosphere and an arbitrary time t we recommend to use
the Lyman-α total irradiance averaged over Carrington ro-
tations, linearly interpolated to t, and not the corresponding

2 Available from ftp://laspftp.colorado.edu/pub/solstice/composite_lya.dat
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Figure 2. Composite Lyman-α irradiance Itot from LASP. The
daily values are marked by gray dots, while the values averaged
over Carrington period are marked by the blue line. The values
corresponding to the days when the Lyman-α line profiles were ob-
served by L15 are marked with the black filled circles, and those
used to develop the TB09 model with the black unfilled circles (Ob-
servations denoted by L02 published by Lemaire et al. (2002)). Ad-
ditionally we have marked two profiles (near solar minimum, taken
on Dec 5th, 1996, denoted by the purple filled circle, and near so-
lar maximum, taken on Oct 28th, 2001, denoted by orange filled
circle), which are further discussed in Figures 1 and 6.

daily value of Itot extracted from the daily time series from
LASP. The reason for this is the following. For a given date,
the value of Itot from the LASP time series is only valid for
the geometric location of the Earth. The instantaneous ir-
radiance for other longitudes is unknown. Using the daily
values directly from the LASP time series would imply that
the entire Sun is fluctuating in its Lyman-α output precisely
as measured by LASP. However, from the fact that the mea-
sured daily Itot values feature quasi-periodic variation dur-
ing Carrington period (see the right panel in Figure 3) it fol-
lows this is not the case: most of those variations are due to
active regions, which are visible from the observer’s hemi-
sphere, but are invisible from (and thus cannot affect) the op-
posite hemisphere. These active regions change in strength
and gradually fade out, while other ones appear in the solar
disk at various heliolongitudes and heliolatitudes. Therefore,
averaging over solar rotation period seems to provide a good
balance between the true variations in the solar output and
our ignorance of the solar radiation field in the heliosphere
away from the Earth.

The relation of the short-time variations in Itot to the dis-
tribution of active regions, to their locations structured in he-
liolatitude, one may suspect that radiation pressure will be a
function of heliolatitude. This aspect is still poorly investi-
gated, as discussed by Bzowski et al. (2013). However, ob-
servations of the solar corona in EUV lines (Auchère 2005)
and of the heliospheric backscatter glow (Pryor et al. 1992),
as well as some theoretical considerations (Cook et al. 1981),
suggest that Itot is a mild function of heliolatitude φ. There-
fore we follow the recommendation by Bzowski (2008) and
adopt the monthly-averaged Itot value as the following func-
tion of heliolatitude φ:

Itot(φ) = Itot(0)

√

aLya sin
2 φ+ cos2 φ (2)

with aLya = 0.8.

3. EXISTING PHENOMENOLOGICAL MODELS OF
THE SOLAR LYMAN-α LINE

To our knowledge, the first attempt to approximate the
shape of the solar Lyman-α line with an analytic formula is
due to Fahr (1979), who proposed to express the spectral ir-
radiance as a function of wavelength λ by:

Isol(λ)= I⊙

[

A exp

[

−
(

λ− λ0

∆λA

)2
]

(3)

−B exp

[

−
(

λ− λ0

∆λB

)2
]]

,

with the first term approximating the overall Gaussian shape
of the profile with the width ∆λA and the second term corre-
sponding to the self-reversal, approximated by another Gaus-
sian shape with the width ∆λB < ∆λA. In this approxima-
tion the spectral irradiance Isol(λ), and thus radiation pres-
sure, is a linear function of the total irradiance I⊙. An iden-
tical bi-Gaussian form (with a more elaborate normalization
factor) was also used by Scherer et al. (2000).

Chabrillat & Kockarts (1997) used a model with three
Gaussian functions:

Isol = I⊙

3
∑

i=1

Ai

si
√
2π

exp

[

(λ− λi)
2

2s2i

]

(4)

to fit the observations by Lemaire et al. (1978), carried out
from inside of the Earth’s exosphere. Here, the line profile is
composed of two Gaussian representations of the two horns,
each horn offset from the line center λ0 by λi − λ0 and hav-
ing a width of si (note the difference in the normalization
constants for the profiles from Fahr (1979) on one hand and
from Chabrillat & Kockarts (1997) on the other hand). The
third Gaussian component in Equation 4 corresponds to the
exospheric absorption and should be absent from the profile
utilized to model the radiation pressure acting on ISN H.
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Figure 3. Evolution of the profiles observed within one Carrington rotation period, compared with the model profiles for these Carrington
periods (left panel). The dashed orange and purple lines are the observed profiles. The observations were taken during low solar activity, in Dec
1997 (Dec 2nd, Dec 4th, Dec 6th, Dec 10th, Dec 13th, represented by the purple set of lines). The orange group of profiles was observed during
high solar activity, in Aug 2001 (Aug 22nd, Aug 24th, Aug 27th). The thick lines in the corresponding colors present the simulated profiles
obtained by using the Carrington-averaged value of Itot interpolated for the date of Dec 6th (lower plot in the left panel) and Aug 27th (upper
plot in the left panel). The right panel shows the corresponding daily total flux in Lyman-α Itot (purple and orange lines), the daily values of
Itot for the observed profiles (purple and orange dots), and the Carrington period-averaged value of the total flux (blue stars), for which the
model profiles shown in the left panel were calculated. The blue line represents linear interpolation between Carrington period averages of the
LASP daily Itot values, which are part of the time series recommended for use with our model (cf. the blue line in Figure 2). The horizontal
scale in the right-hand panel is in days prior to or after the center dates for the two sets of lines, i.e., December 6-th 1997 (for the purple set)
and Aug. 27-th, 2001, (for the orange set). The time span shown includes ±3/4 Carrington periods.

The TB09 model of the radiation pressure acting on H
atoms due to solar Lyman-α emission involved three Gaus-
sian functions:

µ (vr, Itot)=A (1 +BItot) exp
[

−Cv2r
]

(1+ (5)

D exp
[

Fvr −Gv2r
]

+H exp
[

−Pvr −Qv2r
])

,

where vr is radial velocity of the atom with respect to the
Sun. In this model, the radiation pressure µ factor is a linear
function of total irradiance in Lyman-α line Itot.

This model was modified by Katushkina et al. (2015) to in-
crease the horn-to-minimum ratio. These authors introduced
an ad hoc parameter γ and suggested the following formula:

µ (vr, t)=µ0 (t)
exp

(

−Cv2r
)

1 + (D +H)(1 + γ)
[1 + (1 + γ) × (6)

× (D exp[Fvr −Gv2r ] +H exp[−Pvr −Qv2r ])
]

,

µ0 (t)=0.64× 1011
(

Isol (t)× 10−11
)1.21

Isol,0
,

(7)

with Isol,0 = 3.32× 1011 ph s−1 cm−2 Å−1, C = 3.8312×
10−5, D = 0.73979, F = 4.0396 × 10−2, G = 3.5135 ×
10−4, H = 0.47817, P = 4.6841 × 10−2, Q = 3.3373 ×
10−4.

For γ = 0 the profile is identical to that from TB09 and
for γ > 1.5 further increase in the horn-to-minimum ratio
becomes saturated.

4. NEW MODEL OF THE SPECTRAL SHAPE OF THE
SOLAR LYMAN-α LINE (IKL)

4.1. Model construction

In this paper, we propose a more physical approach to the
problem of defining an analytic approximation of the line
profile. The shape of the line is determined by the velocity
distribution of H atoms that are excited to the second energy
level. Recent studies (Jeffrey et al. 2017) have shown that
in the absence of thermodynamical equilibrium the atom ve-
locity distribution can be described by the kappa distribution
and the resulting line profiles are also kappa-like. Hence, in
our model we used a kappa function to reproduce the main
shape of the Lyman-α emission line:

FK = AK

[

1 +
(vr − µK)2

2σ2
Kκ

]−κ−1

. (8)

Here, µK represents radial velocity corresponding to the cen-
tral wavelength of the line, which we allow to differ from
the nominal wavelength of 121.567 nm, κ is the κ parameter
of the kappa-like line profile, and σK represents the overall
width of the profile.

The core of the Lyman-α line is affected by the absorption
in the solar transition region. To include this effect in our
model, we added a Gaussian component

FR =
AR

σR

√
2π

exp

[

− (vr − (µK + dµ))2

2σ2
R

]

(9)
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centered at the wavelength corresponding to radial velocity
µK+dµ, i.e., we allow the central wavelength of the Lyman-
α line and that of the central reversal to vary by dµ. The
width of the central reversal is given by σR.

Finally, we took into account the fact that the solar spec-
trum is not flat and we included a linear spectral background:

Fbkg = abkgvr + bbkg. (10)

The final form of the function is given by

Fmodel = FK − FR + Fbkg . (11)

It is schematically presented in Figure 4 along with its com-
ponents. The relation between the wavelength in the absolute
units and the radial velocity is given by

vr(λ) = −∆λ

λ0

c, (12)

where ∆λ = λ − λ0 is the value of the shift from the center
of line (in the original observations), λ0 = 121.567 nm is
the wavelength of the Lyman-α line, and c is the speed of
the light. Note that negative radial velocities correspond to
longer wavelengths. In consequence, the blue horn, that was
located on the blue side (left part of Figure 1), is on the right
hand side of Figure 4, where we are using radial velocity
units.
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Figure 4. Schematic representation of the components given in
Equations 8 through 10 of the function given in Equation 11 used
to approximate the observed profiles of the solar Lyman-α line ob-
served by L15. Blue line is the main shape of the line, represented
by the kappa function, red line is the central reversal modeled as the
Gaussian function, green line is the linear spectral background, and
thick black line is the final function.

With the model given by Equations 8 through 11 we were
able to reproduce the characteristic shape of the line pro-
file, with two peaks and the asymmetries that are visible in
the observed profiles, especially the asymmetry between the
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Figure 5. Histogram of the residuals (data - model)/data of
model fits to all individual profiles for the radial velocity range
±200 km s−1. The vertical bars mark the ±5% region.

heights of the two horns. Further refinement of the model is
discussed in the following section.

4.2. Model fitting

We found that parameter values obtained in fits to individ-
ual profiles showed a systematic dependence on Itot, which
had to be recognized and accounted for in the final model.
Thus, we constructed the final model in two steps. First, we
fitted the parameters of the model defined in Equations 8–11
individually to each of the 43 profiles. Then, we analyzed the
relations between the fit parameters and Itot and inscribed
them into the model.

4.2.1. Fitting individual profiles

We performed the fitting after converting the original
wavelength scale given in nanometers to the Doppler scale
in km s−1 using Equation 12, and the spectral irradiance
originally given cm−2 s−1 nm−1 to the dimensionless µ

parameter, which represents the fraction of solar gravity
compensated by radiation pressure, by dividing the spectral
irradiance by the scaling factor sclFctH= 3.34 × 1012. The
µ units are very convenient from the viewpoint of calculating
the trajectories of H atoms in the heliosphere. For all profiles,
we used for fitting the portions of the data corresponding to
±200 km s−1 around 0. This was done to avoid biasing the
results by the far wings of the profiles.

Each profile was fitted with the 9-parameter function de-
scribed by Equations from 8 to 10 using nonlinear least-
squares method from Wolfram Mathematica (Wolfram-Research
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Figure 6. Result of the fit of the model defined in Equations 8–
11 to selected individual profiles. Gray points represent the ob-
servations from L15, orange line marks an example fitted profile
that was observed near solar maximum (Oct 28th, 2001), and pur-
ple line draws an example profile taken near solar minimum (Dec
5th, 1996). The bottom panel presents residuals (difference between
data and the model divided by the data) for those two profiles.

2016). We obtained very good match between the data
and the fitted functions in most of the cases. Within
±200 km s−1, only 5 out of 43 profiles have residuals (de-
fined here as (data - model)/data) larger than 10%, and this
happens only for vr close to ±200 km s−1. Generally, most
of the residuals are less than 5%, as shown in Figure 5.
Example profiles for the minimum and maximum of solar
activity and the corresponding residuals are shown in Figure
6. Near the maximum of solar activity (Oct 28th, 2001) the
magnitude of the profile was much higher than during solar
minimum (Dec 5th, 1996) and consequently the magnitude
of radiation pressure was also larger. The residuals in both
cases are safely within the ±5% margin for radial velocities
±100 km s−1, i.e., within an interval the most important for
ISN H in the heliosphere. These values are within the data
uncertainty level given by L15.

As a result of fitting individual profiles, we obtained 43 sets
of parameters, each describing a different profile observed by
the SUMER detector. Their magnitudes and uncertainties are
shown in Figure 7 as a function of Itot.

4.2.2. Parameter correlation with Itot

The model parameter values, shown in Figure 7, clearly
show correlation with the line integrated irradiance Itot, al-
beit with a large scatter. Since the procedure being used
to compute the density and higher moments of the dis-
tribution function of ISN H and D in the WTPM model
(Tarnopolski & Bzowski 2008, 2009) must calculate thou-
sands of trajectories of individual atoms, and each trajectory
is calculated by numerically solving Equation 1 with the µ

factor being a function of vr and t, our goal was to create a
model for µ(vr, Itot(t)) that can be expressed by a relatively
simple analytical formula. On the other hand, the model must
be able to reproduce the true radiation pressure relatively ac-
curately because the density and bulk velocity of ISN H and
D are sensitive functions of radiation pressure.

TB09 used a simple proportionality scaling of the line pro-
file by Itot, which was demonstrated by Schwadron et al.
(2013) and Katushkina et al. (2015) to likely be too simple.
With more than 40 sets of parameters for profiles observed
during the entire solar cycle we could search for relations be-
tween profile parameters corresponding to various levels of
solar activity. We correlated every parameter of the model
(AK , µK , σK , κ, AR, dµ, σR, abkg , and bbkg) with the to-
tal irradiance in Lyman-α scaled by the solar cycle average
value (computed over 23rd solar cycle for which observed
profiles are available) Itot/〈Itot〉. We found that the corre-
lation of all of the parameters with Itot can be approximated
by a linear function, as shown in Figure 7.

We used this finding in the construction of the final model
of µ(vr, Itot(t)). We fitted each of the 9 parameters of
the model with the linear function using the least-squares
method. A parameterPi is expressed in following convenient
form:

Pi = βi

(

1 + αi

Itot
〈Itot〉

)

, (13)

wherePi = (AK , µK , σK , κ, AR, dµ, σ, bbkg , abkg), 〈Itot〉 =
4.25 × 1011 ph cm−2 s−1, and αi and βi are the fit param-
eters, listed in Table 1. In each of those nine fits, the data
were the 43 values of a given parameters for the 43 Lyman-α
profiles, and the independent variable was the corresponding
daily Itot/〈Itot〉 value. The data were weighted by inverse
squares of the parameter errors, obtained from the fits pre-
sented in Section 4.2.1. Results of fitting the parameters from
Equation 13 are listed in Table 1 and the fitted lines shown in
Figure 7.

Instead of the composite total irradiance in Lyman-α po-
tentially one could use the solar radio flux F10.7. These two
quantities are strongly correlated and the first one is calcu-
lated from the latter when there are no direct observations
(Woods et al. 1996). We performed the whole model fitting
procedure using radio the flux F10.7 instead of Itot, but the
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Figure 7. Correlations between the parameters of the model, defined in Equations 8–11 and obtained from fitting individual profiles, and
the composite total irradiance in Lyman-α. Blue points with error bars (in some cases very short) show the values of best fit parameters to
individual profiles. Solid lines are the result of fitting the linear correlations to those points, taking into account errors from the fitting to the
observations. Data points with the corresponding errors are available as the Data behind the Figure.

results were a little less accurate than in the case of total irra-
diance in Lyman-α.

5. RESULTS

5.1. Model for Hydrogen

The final result for radiation pressure model for neutral H
in the heliosphere is given by Equations 8–11 and 13, sum-
marized in Equation 14, with the coefficients listed in Ta-
ble 1. The free parameters are the total irradiance in the
Lyman-α line Itot in ph cm−2 s−1 and radial velocity vr in
km s−1. The result is in the units of compensation of the
solar gravity force (the µ-units).

Summarizing, the model of radiation pressure µ(r, vr , t, φ)
for radial velocity vr (in km s−1), time t, heliolatitude φ, he-
liocentric distance r is given by the following set of equa-

tions

Itot(t, 0)= Itot,n +
Itot,n+1 − Itot,n

tn+1 − tn
(t− tn)

It,φ= Itot(t, 0)
√

aLya sin
2 φ+ cos2 φ

Pi=βi

(

1 + αi

It,φ
〈Itot〉

)

vr =−λ− λ0

λ0

c (14)

FK =AK

[

1 +
(vr − µK)2

2σ2
Kκ

]−κ−1

FR =
AR

σR

√
2π

exp

[

− (vr − (µK + dµ))2

2σ2
R

]

Fbkg =abkgvr + bbkg

µ(r, vr , t, φ)= (FK − FR + Fbkg)(rE/r)
2,

where tn, tn+1 are the times of the starts of the Carring-
ton rotations immediately preceding and following the time
of calculation t, aLya = 0.8, Itot,n; Itot,n+1 are the val-
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Table 1. Coefficients of the linear correlations be-
tween the model parameters for H and total irradi-
ance in Lyman-α, defined in Equation 13.

Parameter (Pi) βi αi

AK 4.873 1.10341

µK 4.349 −1.1064

σK 38.251 0.0969713

κ 2.074 −0.273553

AR 446.14 0.606729

dµ −0.285 −0.804873

σR 32.224 −0.0431647

bbkg 0.026 0.503516

abkg 0.435 · 10
−4

−1.3148

NOTE— Model along with all parameters is avail-
able online: http://users.cbk.waw.pl/ ikowal-
ska/index.php?content=lya

ues of the LASP time series averaged over the n-th and
n + 1-th Carrington periods, respectively; 〈Itot〉 = 4.25 ×
1011 ph cm−2 s−1; andPi = (AK , µK , σK , κ, AR, dµ, σ, bbkg, abkg)

are the parameters of the profile, obtained from Table 1 for
H and Table 2 for D.

5.2. Model for Deuterium

The same formulae can be used to model radiation pressure
for neutral D. This is a result of a simple shift in the wave-
length due to isotope effect (vr → vr+81.3802 km s−1) and
scaling down by the H/D mass ratio, equal to 0.5003. The
coefficients thus obtained are given in Table 2 and example
profile (Oct 28th, 2001) presented in Figure 8 along with a H
profile for comparison.

6. DISCUSSION

6.1. Variation of the Lyman-α profile during solar rotation

The data from L15 offer an opportunity to study the varia-
tion of the full-disk profiles within a solar rotation. We have
identified two time intervals when at least three profiles are
available within a time interval less than the Carrington rota-
tion period: one during low solar activity (in December 1997,
with 5 profiles), and the other one during high solar activ-
ity (in August 2001, 3 profiles). These profiles are shown
in Figure 3 along with our model profile, calculated for Itot
equal to the mean value over the 27.4 day interval centered at
the arithmetic mean of the dates from the data corresponding
profile subsets.

Table 2. Coefficients of the linear correlations be-
tween the model parameters for D and total irradi-
ance in Lyman-α, defined in Equation 13.

Parameter (Pi) βi αi

AK 2.438 1.10341

µK −77.031 0.196728

σK 38.251 0.0969713

κ 2.074 −0.273553

AR 223.24 0.606729

dµ −0.285 −0.804873

σR 32.224 −0.0431647

bbkg 0.013 0.503516

abkg 0.218 · 10
−4

−1.3148

NOTE—Model along with all parameters is avail-
able online: http://users.cbk.waw.pl/ ikowal-
ska/index.php?content=lya

X (IKL model)

D (IKL model)

-300 -200 -100 0 100 200
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Figure 8. Comparison between the profile (Oct 28th, 2001) ob-
tained by using our new model for Hydrogen (purple line) and
Deuterium (orange line). The D profile is shifted by vr → vr +

81.3802 km s−1 due to isotope effect and scaled by the factor of
0.5003 due to the mass difference between D and H.
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The full-disk profiles vary considerably practically overnight,
both during high and, surprisingly, low solar activity. These
variations are reflected in the total irradiance Itot. This find-
ing illustrates why it is not realistic to expect that a profile
measured for any individual date will be representative for
the entire heliolongitude range. It also illustrates that adopt-
ing a model where the value of Itot, which is the driver for
the model, obtained from interpolation of Carrington-period
averages of the daily LASP series is a reasonable choice.
The scatter between the profiles observed within a few days
from each other may be adopted as a measure of the uncer-
tainty of our model resulting from adopting average profiles
characteristic for a the entire range of heliolongitudes.

The quality of the approximation we propose is further il-
lustrated in Figure 11. We show that since in our approach
the sole model parameter is the disk-integrated solar irradi-
ance Itot, it is reasonable to expect that average profiles, ob-
tained from measurements with similar values of Itot, will
be well reproduced by the model evaluated with Itot equal to
the mean value of this parameter for all profiles within such
a group. To reduce statistical scatter we decided to split the
observed data set into three classes according to Itot values:
low activity (Itot ≤ 4 × 1011 cm−2 s−1), medium activity
(4 < ×1011 < Itot ≤ 5× 1011 cm−2 s−1), and high activity
(Itot > 5× 1011 cm−2 s−1), and compare the model profiles
with the observed profiles averaged over the three subsets of
Itot. We also show profiles that are obtained for the afore-
mentioned three subsets from averaging the individually fit
profiles, discussed in Section 4.2.1. The average individually
fit profiles agree very well with the average observed pro-
files. The agreement between the averaged observed profiles
and the profiles obtained from the final model is also good,
but a little worse than for individually fit profiles. This is be-
cause in the final model we use the linear dependence of the
fit parameters on the total irradiance.

6.2. Horn to minimum ratios

One of important aspects of the Lyman-α line profile is
the depth of the central reversal and the height of the two
horns. It can be represented as ratios of the spectral irradi-
ance for one of the horns to the local minimum in the spectral
irradiance, located between the two horns. Schwadron et al.
(2013) and Katushkina et al. (2015) suggested that the ratio
of the blue horn to the reversal depth needs to be larger than
that in the model by TB09 to reproduce the spectrum of in-
terstellar neutral H flux observed by IBEX-Lo.

The horn-to-minimum ratios for all observed profiles are
shown in Figure 9, separately for the blue (positive veloci-
ties) and red (negative velocities) horns, as a function of the
total irradiance Itot. Clearly, this ratio drops with the in-
crease of solar activity approximately linearly, i.e., the depth
of the central reversal approximately linearly decreases with

the increase of solar activity. This can be understood since on
one hand, Tian et al. (2009b) showed that the Lyman-α pro-
files observed in active regions do not feature considerable
self-reversal, and on the other hand, the number of active re-
gions visible on the solar disk increases with the increase of
solar activity, so their contribution to the disk-averaged pro-
files should be larger than during low solar activity.

The present model does show this dependence of the horn-
to-minimum ratios on the total irradiance. The magnitude
of the model horn-to-minimum ratios are in agreement with
those observed, for both the red and blue horns, and as well
for the models fit to individual profiles as for the global
model presented in Section 7, where the model parameters
are linear functions of Itot. This also holds for the model and
data profiles averaged within the three aforementioned data
subsets.

6.3. Total irradiance vs radiation pressure at line center

Another aspect is the relation between Itot and the
level of radiation pressure at the line center: µ0 (Itot) =

µ (vr = 0, Itot) /Itot. Historically, this is an important pa-
rameter because it was used to assess the radiation pressure
from the wavelength-integrated intensity in the models where
the dependence of radiation pressure on vr was neglected.

In the past, this ratio was modeled using a nonlinear re-
lation. Vidal-Madjar & Phissamay (1980) suggested that the
ratio between the spectral flux and line-integrated intensity
is f0 = 0.54 × I1.54tot . Emerich et al. (2005) modified this
relation to f0 = 0.64 × I1.21tot , and Lemaire et al. (2005) to
f0 = 0.62 × I1.23tot . In all of these formulae, Itot was to be
used in the units 1011 cm−2 s−1. While clearly nonlinear in
general, for the values of Itot characteristic for the Sun these
relations are linear in a very good approximation, which
was pointed out by Bzowski et al. (2013) and Lemaire et al.
(2015).

In our model, the quantity µ0(Itot) can be calculated ana-
lytically:

µ0 = bbkg+AK

(

1 +
µ2
K

2κσ2
K

)−1−κ

− AR√
2πσR

exp

[

− (µK + dµ)2

2σR

]

,

(15)
where the coefficients must be calculated for a given value
of Itot from Equation (13) using the appropriate parameter
values from Table 1. A plot of this formula is shown in Fig-
ure 10, along with the µ0 ratios taken directly from the data
and with a linear fit to Equation (15). Clearly, the linear ap-
proximation for the dependence of the radiation pressure at
the line center on the total irradiance is a very good one, both
for the data and for our model. Our model systematically
underestimates the radiation pressure in comparison with the
observed profiles by ∼ 9% for the lowest values of Itot and
by ∼ 3% for Itot > 5.2 × 1011 cm−2 s−1. Therefore, for
the models neglecting the dependence of radiation pressure
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Figure 9. Ratios of spectral irradiances for the red horn to the central reversal (left panel) and the blue horn to central reversal (right panel)
from the observations by L15 (black lines) and from our fits to individual profiles (dashed black), shown as a function of the total irradiance
Itot. The ratios obtained from the final model are drawn with the red lines, and the corresponding ratios from the model by TB09 are illustrated
with the blue lines. The three sets of color dots mark the respective horn to minimum ratios for the data and the model profiles averaged over
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Figure 10. Radiation pressure at the line center (i.e., for H atoms
with radial velocity equal to 0) as a function of the total irradiance
Itot, obtained from the profiles observed by L15 (black dots) and a
linear function fitted to these data (black line). Red dots mark the
center of line radiation pressure calculated from the model for total
irradiance values corresponding to those from the data. The red line
is the radiation pressure at the line center obtained directly from our
model, and the blue line is a linear function fit to this model.

on radial speed of H atoms we recommend using the appro-
priately scaled formula from L15. We point out, however,
that ISN H atoms in the heliosphere spend very little time
at vr ≃ 0, so this systematic difference is not expected to
significantly affect heliospheric models. Note that this sys-
tematic difference vanishes for larger radial speed, as can
be inferred from the accuracy of the reproduction of the the
horn/minimum ratio (see Figure 9).

6.4. Comparison with TB09

The present model differs from TB09 in some important
aspects. The model function that we used is much more
sophisticated than the simple three-Gaussian model used by

TB09 and the quality of data reproduction that we have ob-
tained is generally better. This is understandable, since the
present model was obtained from many more profiles than
available to TB09. The differences between the two models
are illustrated in Figure 11.

Due to the definition of the model function, TB09 has the
horn-to-minimum ratios almost independent of the total irra-
diance Itot. These ratios are illustrated in Figure 9. Clearly,
TB09 underestimates the horn-to-minimum ratios for the so-
lar minimum conditions, as suggested by Schwadron et al.
(2013) and Katushkina et al. (2015). It is not clear at the mo-
ment if this profile change will be sufficient to understand
the spectrum of ISN H observed by IBEX, but definitely, the
model we have derived agrees in this aspect with the sugges-
tions in those papers.

Effects of the new model of radiation pressure as a func-
tion of atom radial velocities are likely the most important
for ISN H and D distributions, especially for the low solar
activity conditions. The radiation pressure dependence on
radial velocity is stronger than in TB09. This will likely af-
fect estimates of the PUIs and solar wind energetic neutral
atoms (ENA) production, as well as the heliospheric back-
scatter Lyman-α glow. On the other hand, effects for ENA
survival probabilities will likely be small since ENAs due to
their large velocity are mostly sensitive to the regions of the
profile outside the self-reversal.

The effect for the distribution of ISN D in the inner helio-
sphere needs careful evaluation, but we believe it will likely
be smaller than for ISN H, because ISN D is mostly sensitive
to the blue horn region of the Lyman-α profile, and in this
region, as can be seen in Figure 11, the magnitudes of the
µ factor returned by the present model and that of TB09 are
similar.
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Figure 11. Comparison of observed profiles with the model for ex-
ample dates (shown in panel headings) for low (upper panel), high
(middle panel), and intermediate (lower panel) level of solar activ-
ity. Gray dots represent the observed profiles. The broken lines
represent fits to the individual profiles (Section 4.2.1), the red lines
represent the final model calculated for the recommended values of
the total solar irradiance Itot, i.e., Carrington averages linearly in-
terpolated to the times of observations (Section 5.1). The blue lines
represent the TB09 model, evaluated for the same values of Itot as
the red lines. The insets are similar to Figure 2 with the selected
date of observation marked by thick dots. The horizontal lines in
the insets mark the division of Itot values into the three categories
of low, intermediate, and high solar activity.

This discussion certainly must be regarded as speculative.
Effects of the new model of radiation pressure on the mod-
els of heliospheric ISN H and D and some of their deriva-
tive populations (PUIs, solar wind ENAs, direct samples col-
lected by IBEX-Lo) and the helioglow will be a subject of a
future paper.

6.5. Uncertainties of the model and effects of hypothetical

bias in the absolute calibration of the solar Lyman-α

irradiance

The uncertainties of our model are a result of superposi-
tion of many different errors and uncertainties. They include
the accuracy of the absolute calibration of the total irradiance
Itot, the accuracy of the measurements by the SUMER detec-
tor and of the deconvolution process used by L15, as well as
fit errors obtained in our two fitting procedures. We have no
knowledge of some of those uncertainties, therefore it is al-
most impossible to estimate the accuracy of our model in a
formal way.

L15 suggest the total uncertainties of their profiles are at
a level ∼ 15%. The residuals in our individual profile fits
are much less than that (see Figure 5). However, profiles
obtained for specific days are not fully representative for the
purpose of modeling the solar radiation pressure for the needs
of heliospheric studies.

The uncertainties related to this aspect may be estimated
from discrepancies between our mean profile and profiles
measured by L15 within several days (less than one Carring-
ton period), as illustrated in Figure 3. They seem to be at a
level of ∼ 15% for locations close to solar equator. At larger
heliolatitudes, there is additional uncertainty related to the
heliolatitude dependence of the total irradiance Itot, which
currently cannot be verified experimentally, but is believed
to be another ∼ 15% (comparable to the magnitude of the
departure of the pole-to-equator ratio from 1).

An uncertainty that can be quantified is the influence of the
uncertainty in the absolute calibration of Itot. This uncer-
tainty is on the order of 15% (Woods et al. 2005). Since the
mathematical form of our model (Equation 14) is strongly
nonlinear in Itot, then if the Itot time series used to find
the coefficients of our model is biased by a factor 1 ± δ,
0 ≤ δ ≪ 1, then the entire model derivation procedure must
be repeated with Itot values rescaled by a 1± δ, but the data
also need to be identically rescaled. Therefore, the shapes of
the profiles (both data and model) will not change, only their
magnitudes will be modified by a factor 1± δ.

We verified this by looking for differences between the ra-
diation pressure models obtained as a result of the full fit-
ting procedure with the bias factors 1 ± δ, δ = 0.15 applied
to both Itot and data, and the model resulting from simple
rescaling of the nominal model, evaluated with the nominal
(non-scaled) value of Itot, by the factor 1 ± δ. We found no
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differences. Therefore, if a systematic rescaling of the Itot by
a factor of 1± δ is needed in the future, then the only change
of the radiation pressure in our model will be multiplication
by 1± δ and using the old (i.e., non-scaled) value of Itot.

7. SUMMARY AND CONCLUSIONS

Based on all available observations of the full-disk so-
lar Lyman-α line (published by L15), performed using the
SUMER instrument on board SOHO and covering almost a
full cycle of solar activity, we found an analytical representa-
tion of the profile shape that is parametrized by the linewidth-
and disk-integrated Lyman-α irradiance. The definition of
the model is given in Equation 14. For a given value of the
solar Lyman-α line-integrated irradiance and a given radial
velocity vr of an atom, the model returns the radiation pres-
sure coefficient µ(Itot, vr) for hydrogen or deuterium atoms.
The numerical values of the parameters to be used in Equa-
tion 14 are listed in Table 1 for H and in Table 2 for D. To
calculate the µ factor for a given time t it is recommended to
use for Itot the values obtained from linear approximation for
t between the neighboring Carrington averages of the daily
time series of Itot available from LASP Woods et al. (2005).
To account for the hypothetical heliolatitudional dependence

of Itot and the resulting modification of the Lyman-α line
profile it is recommended to use Equation 2.

The uncertainties of the present model are difficult to as-
sess given all the complexities of the profile observations and
observation deconvolution, the uncertainties related to the ab-
solute scaling of the observed profiles due to uncertainties in
the daily time series of Itot of both random and systematic
nature, and due to our fitting. We estimate, however, that the
model is accurate to 15–20%.

In comparison with the model of evolution of the solar
Lyman-α line by TB09, the present model features larger
horn-to-center ratios for both horns, especially for the con-
ditions of a low solar activity. In fact, the present model sug-
gests a close to linear dependence of these ratios on Itot val-
ues, in agreement with observations. This will likely affect
predictions of models of the density and flux of ISN H and
D, of their derivative populations (PUIs, solar wind ENAs),
and of the intensity of the helioglow. Survival probabilities
of the ENAs observed at 1 AU are likely to be less affected.
Detailed studies of these effects are underway and will be
published in a separate paper in a near future.

This study was supported by Polish National Science Cen-
ter grant 2015-18-M-ST9-00036.
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