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Summarzry

By utilizing the third Kepler's Law, it is possible to define the semi-axis of satel-
lite orbit on the basis of the observed revolution period, If the eccentricity of the orbit
is also known, then - assuming it to be near zero - it is possible to compute the radius-
vector of the satellite for an arbitrary moment, even if the remaining elements were known
only approximately.

The present study is devoted, first of all, to the examination of the degree of accura-
Cy suspectible to be achieved in the determination of the radius-vector, Assuming that the
orbital eccentricity is near zero, that the altitude of perigee is 1000-3000 km and that the
satellite has a small area/mass ratio, the radilus-vector can be computed as shown in Chapter
III, with an accuracy of 10_5. A poor knowledge of coefficients of tesseral harmonics of
Bartn’s gravity field seems tc be essential impediment in achieving a higher precision. The
other sources of perturbations, such as: coefficient errors of zonal harmonics, atmospheric
drag, solar radiation pressure, solar and lunar attraction may be regarded as lesser distur—
bance causes. Also the way of observation and computation of orbital elements, eliminating
the effect of errors of the observing site coordinates ic showed,

The Chapter V presents some modes of using the known radius-veotor for determining the
coordinate points on the Earth’s surface in the geocentric system oriented in conformity with
the direction of the revolution axis and the equatorial plane.

Chapter I

Conception of the m ethod and 1ts main d pendences

We know from the experience of natural sciences that the time intervals may be measured
with a considerably higher accuracy than the distances. Clocks that are able to maintain du-
ring several weeks their rate constancy of the order of 10'9, do not belong any more to ex—
ceptions today, while the geodetic measurements of an accuracy of 10"'6 represent, again and
again, a complicated technical problem. Thet is why, numerous attempts are being made with a
view to replacing the direct method of distance measurement by time measurement methods, which
is, in a given physical phenomenon, the function of length of the segment involved. Among
these methods range the measurements of distances made with the belp of radio and light waves
propagating with the known speed.

The astronomy knows another phenomenon presenting a strictly determined relation between
the time and the distance - this is the undisturbed Kepplerian motion in which the semi-major
axls of the orbit a is related to the period of revolution P by the third Law of Kepler:

&

;E = const /1.1/
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The leading idea of the present atudy is to show the attempts of utilising this de-
pendence. Of course, artifiolal satsllites will be called into play here, for, their orbits
have dimensions comparable to those of the Earth and may be shaped by the man in order to
attain optimal conditions. In addition, the artificial satellites first of all remain under
the influence of the gravitation f£iwld of the Barth; this allowing for the other essential
feature of this method to be stated, 1.8, the posslbility of referring the involved neasure=
ments to the center of the Earth’s mass,

One of the main tasks of the contemporary higher geodesy is to obtain possibilitiss
of determining Lomogeneous coordimates of points on the whole Earth’s surface in a system
whose posifion with regard to the fundamental physiocal elements of the Earth body - its mass
center and axis of revolution - would be known. 4 partiocular and the most advantageous case
would be offered by a system whose origin will coincide with the center of the Earth’s nass,
and cne of 1ts axis - with the Barth’s revolution axis. An additional condition should be
that the scale of such a World geodetio system be the same averywhere,

The fulfillment of the above conditions by means of methods of the classiocal geodesy
proves to be diffiocult not only because of the distance between the different continents or
the separate geodetic systems or the necessity of gathering an immense quantity of observa-
tional data, but also because the computation and adjustment of extensive triangulation net-
works require the adoption,of one or another bypothesis concerning the imner struoture of the
Earth. The appearance of satellite methods have opened new and vast possibilities. Using the
satellite geometric methods such as satellite triangulation, we perform the measurements of
directions in the system of astronomical coordinates - the declination and the right ascen-
8lon - it means, in such & system whose orientation with regard to the axis of the Earth'’s
revolution, the instantaneous or the mean one, is exactly known. In the dynamic methods, the
center of the Earth’s mass is directly involved. A review and the discussion of results ob-
tained by this method are presented in paper of ZieliAski [1967]. The work done so far does not,
of course, exhaust all possibilities offered by satellite methods, It is, therefore, desirable
to proceed to the improvement of the existing acd the search for new methods in this domain,

The method proposed in this study is different from methods applied so far. In those
metheds, the quantities serving as starting points for further computations and ultimate re-
sults were always the instantaneous three—dimensional coordinates of the satellite. Compari-
Son, adjustment and transformation of these coordinates led to the final result represented
by the geocentric coordinates of the observing station. In our method, the only basic elsment
will be the radius-vector. Its length changes much more slowly - especially in orbits of
small esccentricity = than the coordinates which vary literally with a cosmic velooity. The
idea of this method has sprung up in 1963, after Poland had taken the engagement to count the
ephemerides of the satellite Alouette /1962 Beta Alfa 1/ for the socialist countries partici-
pating in the multilateral scientific cooperation. The project for the respective observations,
described in Chapter V, was submitted to the Conference of Observere of Artificial Earth Sa-
tellites in Moscow, 1963, However, the spesificity of this kind of research work is, that it
cannot be performed on a small scale; i1f we want to obtain reliable scientific results, the
collaboration of a great.number of observing and computing agenciles is required, this being
possible only within the framework of an international cooperation. Before undertaking and,
all the more, before initiating such a collaboration, a thorough analysis of the whole pro=-
blem is indispensable. During the course of the work, this problem has evolved to the pre-
sent - a more general - form.

In this paper the application of the theory of radius-vector is being treated in broad
outlines. Among the projects mentioned in Chapter V only one has been tested by using the
substitutional observational data: the synohronous observations of Eoho I. The main toplc
is being devoted to the theory itself and to the problem: which perturbations ought to be
taken into account and what is the accuracy with which we are able to compute them?

Let us now go over to a brisf discussion of the theory.

4n element characterzing the linear dimensions of the orbit is its semi-major axis a.
We shall determine it by measuring the period of revolution or = what comes to the same =
the mean motion n. Introducing the mean motlon, we can write down ths third Kepler’'s law:

02, & = ! /l.2/
where : B =S5,

e ... TR




- 20 =

In this formula /. designates the mass of the Earth /the case being confined to .the
motion of artificial satellites/ multiplied by the gravitation constant. Let us first see
what effect the error of the period measurement will have on the acouracy of a.

Differentiating /1.2/ we have
d
d =
o #-zqfs = /L3/

Assuming that 4P = 0?01, this being not at all an exorbitant acouracy for observing
possibilities, we obtain for orbits at altitudes from 1000 to 300C km:

das=7nmnm,

It follows from the ulterior analysis as well as from numerous publications /for in-
stance: Satellite Orbital Data SAO Spece Rept./, that the accuracy of period equal to 0?01,
this corresponding to the acocuragcy of n . 10_6, would be rather the inferior limit of accu~
racy. Whereas, the error: 7 m corresponding also to the relative acouracy : 10"6, is from the
geodetic point of view quite satisfactory. A further reduction of the error of d a will give
no effects because it would be below the level of observation errors.

The quantity /u i1s also encumbered with a certain error. The latter has the following

bearing upon the semi-axis:
da= 5—%—23 1.4,

Assuming that u is equal to 398603 kmBseo"e gnd that dm is equal to 3 kmBSeo'e, we obtain
for

H = 1000 km, da = 18 m

H = 3000 km, da = 23 m.

The quantity n and its accuracy is of a particular importance for the present theory.
It defines the scale of the system or of the geometrical construction which will be considered
in some concrete case. Anyway, the error of M will appear as a systematic error not bringing
about local deformations of a given construction. We Gerive the radius-vector from the semi-
major axis using the formula:
r=a(l-e.cosE) /1.5/

This brief discussion leads to the conclusion that the accuracy we have a chance of attaining
by this method is of the order of 10'6, this amounting to 7 m - 10 m, according to the altitude
of orbit. And so, we shall adopt the following rule with regard to the need of introducing per-
turbation corrections and their accuracy: corrections will be considered negligible, if they
give a perturbation smaller than one meter in radius-veotor, while they will be considered suf-
ficiently precise, if the accuraoy is better to one meter.

However, not all types of orbits and, naturally, not all types of satellites can be chosen
for this method. In order to avoid rapid changes in the length r , we shall utilize orbitis
with small eccentricities of the type ANNA Ib and ALOUETTE, those being smaller than 0.0l., For
possible elimination of disturbing effects of the atmosphere, we shall fix the inferior limit
of the altitude to 1000 km over the Earth’s surface and the upper limit = to 3000 km. Further,
we admit that the satellite to be dealt with is of the type called heavy vehicle, of a low area/
mass ratio, similar to ANNA or ALOUETTE.

The real motion of am artificial Earth satellite differs, howsever, quite distinctly from
the Eeplerian motion - céonsiderably more than motions of planets, for instance. The greatest
rerturbations are provoked by the very fast that not orly the mass of our globe is not concen-
trated at its center but that it does neither represent = uniform 3phers nor even a globe com—
posed of homogeneous spherical layers. In reality, the Earth has rather the form of an ellipsoid
and even this should be treated as an approximation. In more accurate approaches the Earth and,
consequently, the field of its gravitation potential dependent upon the distribution of the mass
should be approximated by series expansions. In this connection the Kepler orbit can serve us
merely as an auxiliary concept not actualized in reality. A Keplerian orbit which is osculatory to
the real trajectary of the satellite at a given moment t, i.e. an orbit such as would develop
if at that moment the diturbing forces suddenly disappeared, will be called osculatdn g
orbit. So, we can imagine that the real orbit of a satellite consists of infinitesimal seg-
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ments of osculating orbits, or that it is similar to the Keplerian orbit, yet with varying
elements. Changes of these elements will be termed perturbations of slements.

Among the perturbations, we shall dlstinguish the followings ones: 8 e ¢ u lar per-
turbations progressively varying with time and pe r 1 0d 1 o perturbations. The latter
are divided into: short—period perturbations ooourring during one period of revolution, diurnal
perturbations appearing during the day of the orbital plane /the period of time during which
the Earth turns with regard te the orbital plane about 360 degrees/, and lon g - period
perturbations with a period equal to the period of change in the periges argument about 29T ,

In our practice with satellites, we have %o do — next to the concept of the osculating or-
bit - with the mean elements. Different autbors /Zhongolovich and Pellinen [1962] s Tchebota~
riev [19&ﬂ s Gaposchkin [1964] / are using this designation for different quantities, hence
& precise definition appears to be necessary. We ars going to adopt the definition given by
Zhongelovich and used also by Gaposchkin, which seems to be the most convenient in our cass.
The perturdbation correcsct 1 on will mean a correction including only short—
period and diurnal perturbations. The mean element will be equal to the osculating element
less the perturbation correction, i.e.

€y =&, + 5 ' /1.6/

where £0 - osculating element
éxn ~ mean element
E& - perturbation correction.
That way, the cnanges of mean elements are cumulating secular variations produced both
by the gravitetioa field of the Earth and any other possible causs.
~1so the term "period of revolution" has various meanings. Zhongolovich [1960] aefines
the anomelistic period as an interval of time between two subsequent passages of the satslliite

through the perigee. Kozail [19593 uses an expression for the mean motion, defining by the

same perilod: c %
a = {}1.&"3 [l u% 20 (.1 - % sinzi) . Vl—-a?‘” /1.7/
P

where: a -~ is semi-axis of mean orbit, p - orbit parameter; thus, Kozal is including into it
also the secular variation of the mean anomaly in epoch. For our purposes, the anomalistic
period will signify the period of the osculating orbit in a glven spoch, connected with the
semi-major axis of that orbit by the equation:
n2a3=,u

For computing the length of the radius-vector, we are going to adopt the following assump-
tion+ we shall admit that we have at our disposal an appropriate set of obssrvations well lo-
cated 1n space and time, pernitting for the mean slements of the orbit to be computed with
satisfactory accuracy, as well as their veriations. Thus, we cease dealing with all the long-period
perturbations, since they would be contained in variations of mean elements. Only the short—period
and diurnal perturvations will need to be taken into account. It seems purposeful to indicate
here that we are using for the computation of perturbations caused by consecutive harmonics
of tne terrestrial potential of gravitation, the values of coeffiocients of harmonics determined
from satellite observations. Yet we do by no means enter in this way the "vicious circle®, since
those determinations are mainly based on observed sesular variations, which are many times greater
than short-period variations computed here,

o R VR
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Chapteggy II
COMPUTATION OF THE ORBIT AND ITS ACCURACY

The modes of computing orbits of artificial satellites from observations of direoc-
tions - angd only such will be here dealt with ~ are merely slightly modified methods of the
classical astronomy , used for the calculaticn of orbits of minor plane and comets. We shall
not disouss here the approximate methods, such as the Gauss ‘s or Laplace’s methods applied
for the determination of approximate elements . the basis of several observations, But let
us give more time to the method destined for the most accurate computation of elements from
the observational data avallable, the So-called i nm Provement of orbits., The prin-
ciple of this method cénsists in éxpressing corrections to the observed coordinates of and
by the function of corrections to the orbital elements:

Ac = ng—z D3y /2.1/

where - A ¢ is the correction to the Soordinate
3 4 = the orbital elsment,

That way is forming the observation e€quations in which the free terms are the diffe-
rences between the observed coordinates and the computed from the approximate elements /0 - e/,
the unknowns - corrections to those approximate elements, Adoptipg the observed coordinates
& and & ang introducing the three-dimensional coordinate system X9Y 32, Wwe obtain:

< 0 9 d d
Ad=2ﬁ ) a‘g‘f'Aai‘FZ ﬁ'o #'Aai

/2.2/
98 9 a8 d 98 9
Al = E(TL: o E’ani-" E Ty ° 'a-ézi-A31+§ 3z ° T:i 'Aai J

It results fron the very geometry of the orbit that the accuracy in its determiration
derpends not only on the accuracy and the number of observations but also on their distriby-
tion.

A precise determination of the ascending node will not be possible if the observations
are concentrated in the proximity of u = 9g° or 270°; nor shall we be able to determine
Eroperly the eccentricity irf only a small arc of orbit is being observed, With that, the dig—
tribution of observations depends mainly upon the visibility conditions, and S0, the alti-
tude of the orbit, its orientation with regard to the direction of the Sun., Yet for our pur-
Poses, we shall assume that the observations are uniformly distributed at least on the aro
of orbit = 180°, According to the analysis glven by Sotchilina [1963} in her paper devoted
to the accuracy of the determination of orbits, in such a case all elements will be found
with an accuracy of the same order. Sotchilina calculates the coefficients of welght of the
Farticular unknowns 011 as follows:

() - § L )

Q (n)=1§}?{?

Q (&):-—:;2-

9 (1)._;1? f /2.3/
9 fEE facm g

Oca.v)-ztg J
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where: N - number of observations, t — observaticn period expressed in days, a_ = e cos s
a, = e ein W, x '

The accuracy of the respesotive elememts 1s calculatsd with the help of formulas:

fi T P \/0—1: /204/
. cos 542 AS) X
m, = 9 E *+ /2.5/

where: g is the topocentric distance of the satellite.
Adopting the accuracy of observations as being:
mg =cosd my =2",
this corresponding to:
Smg = Qoosd m, Ta, 1076

m, = a o 1070 \}g—f‘m Ya, 1076

If we take N = 100 and t = 10%, we obtain:
myy = 1,501077 rad 3
m, = 0,5.1077 rad/d

we shall have:

my = 1,3.1077 rad

m = 1,3,1077 rad > /2.6/
Maye = 0,3.1077
Mgy = 05342077
my = mgy = Wy J

sinoce
de =da, cosw +day sinw /2.7/
mi = mﬁx (cosaw + sinau) /2.8/

It results from the above development that it is possible to attaln a very high acouracy
of the order of ZLO"'7 in the determination of orbltal elements = provided that the observa=
tions are properly distributed and their number and acouracy being as assumed.

Still, we did not have here into account & factor having an essential bearing, it means,
the errors of observing station coordinates. This factor does not appear im problems of the
classical astronomy, because of the great distances betwsen the observer and the body obser=
ved. The question is different with artificial satellites; having to deal here with the geo=
centric motion, it 1s necessary to know the geocentric coordinates of observing stations.

In order to evaluate the effect of errors of observing station coordinates, let us start
with the basic equations determining the position of the satellite in the Cartesian geocentric
system, on the ground of the known topocentric coordinates o amnd &

X=X+§ o008(=-8) 0088
Y=Y+ Qg o8ln(ef =) o 0086 /2.9/
Z2=2+q o.8inf
where:
Xy ¥y @ = ooordinates of satellits,
X, ¥, Z = coordinates of observing stations,
e(,S = spherioal ocoordinates observed,
Q@ = topooentric radius=veotor,
St = right asocension of the asoending node
assuming that the axis x ocoinoldes with the line of nodes. Coordinates of the observiag
point are expressed by formulae:

X=R o o0 o cos(s=8R)
f=R,o008Y . 8in(8=8&) /2,107
Z=R . sin
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where:
8 = sidereal time of the observing station
¥'= geocentric latitude
R = radius-vector of the observing station.
"6 Lay now write total differentials of equation /2.9//treating % as constant/:

dx - dX = - ¢ cos (A=)« 840 5 46 - @ sin(af~RN)» cos & dof + cos (KX =) . cos 5dq
5

dy = dY¥ = = ¢ sin (A -R) . sin § a & +Q cos(-8). cos & d + sin(f =) . cos & agil/2.11/

dz--dZ=+;<cosEdS+sin6d9 -

wherefrom wa can find do and 4 & :
cos&do(=_§.j;‘l%x_:§z-l(dx_dx)+ﬂ.ﬂ.§i:_@_l(dy_dy) }

< i i S = (e
0§ = meos(X=R) sinl (dx_d_x)_sin(d ) . sinc
? S
These equations serve in the so-called orbit improvement process as observation equations
in wiica the left-hand member represents a free term, assuming that d¥ = dY = 4Z = 0, and
that  dx, &y und dz  are functions of orbital elements. But dX, dY, dZ being in reality # 0,

their elfect will burden the free terms of equations /2,12/. Let us rewrite those equations
in tue following manner:

/2.12/

(dy—dY)+3°98—6-(dz-dZ)J

7 cos & do +(8)y = - sin(L=8) ax + cos(of - SL) dy

~

QG L +(A)eF - cos (o = ) sin £ ax - sin{(£ - SL). sin § dy +ces & dz j

/2.13/

! BV and (&)Y will be the effect of errors of observing station coordinates on the particular

! cquations, “uking the form of:

(A)y = - sin(K - &) dX + cos (f = ) ay

('A)S /2614/

- gos(ck~&) sin & ax - sin (of = SL)sin O di + cos & dZ

If tuae coordinates oI stations are determined by astronomical methods, we may expect the
error to reach = 50C m, owing the local deflections of the vertical. Admitting (£ - 1) =
315° for the first of equations /2.14/, and 225° —~ for the second one, § = 45°
| @i ¢ = 1200 km / of ‘an orbit of the type of Alouette, Anna, Echo I/ ,

)

. 2 obtain:
i A R
{ 3 icg%—— = ﬁ%&%% . 3438 ¥ 256 ) :
1, ; b L2315/,
‘; m;‘_ - QL COTL + 0L 1) 2 500 | 543572 254 J
f w0, s Ccr. see taat = wnen unfavorable circumstances eccur -~ this effect may be very im—

[wrtunt, exceeding many times the observation accuracy. It will be, to a certain degree,
tenuated Ly thé fuct tiat the coefficients: sin (K = &), cos (& - &) sin & , cos & will
“on tiedlr values in « way close to an accidental onej; what more, dX, di are not constants,
they bedinz de, .sdent upon the angle 8 /vide formula /2,10//%

»om the theoretical point of view the expressions (A)y and(a){ do aot coancentrate the
‘ol er’fect of coordinate errors of observing stations, for both § and the coefficients
inslunin: (of =8) and ¢ are functions of these coordinates

- 2 2‘
0Xefo ! g = \/(X—X)a + (y-t¥) + (z-2) /2,16/

™is reuainder will however be insignificant, and may be neglected in practice. Let us
astune thot the § will be found with an error of % 600 m, this giving - when @ = 1200 lkm -
 rel.tive accuracy of 1/2000. It is with this accuracy fhat the free terms will be defined

s the unknowns determined. Yet, the unknowns 4x, dy, dz Dbeing of the order of hundreds of
Leters their cetermination error will be within the range of onme meter this will be, in the
sume scale, curried over tn corrections of elements.
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The same situation 1s with reference to the itrigenometric coefficients.

So, there is still the problem, how to preoceed is order te eliminate or, at least, to
reduce this unfavorable influence. One of the measures could be the utilization of obssrvations
of the greatest possible number of stations, so that the errors of station positiocns take am
accldental character. Not always will this, however, be realizable. In such a case,; another
course of actiom ought to be applied.

We may antlcipate that it will be impossible to elimimate the effeot under considera~
tion from certain elements - eithex by computations or by use of speclal observing msthods,.
Such are the elements which define the orientation of the orbit: the right ascension of the
ascending node, the inclination and the argument of the perigee. Those elsments depend directly
on the coordinate system chosen. The remaining three elements do not depend on the choisce of
the system, and i% may therefore be presumed that we might succesd in eliminating the srror
effect of station positions wholly or, at least, partially., We shall mow shew that this is
possible for the mean motion and; comsequently, for the semi-major axis of the erbit. Let us
assume that we have a set of observations made in such a way that at each station the satsellite
had been observed several times during different passes. We shall consider two of such obser-
vatlons carrled out at the same station. Let us set for each of them the squations /24137,
subtracting them by member accordingly. Then we shall have:

9, cos 62 dol, +(A)k, ~ Q4 cos 51 def 4 “(Befy = = es:l.n(c:(2 —&2) axy + )

+ cos(of, -,) 4y, + sinle -fy) ax; - cos@41 =88y) dyy Jating

9,45, H0), =gy 48, ~A) &y = - cos(el, =R,) o sin &, dx, - sinfely =& 5) sin82 ay, +(

+ cos 62 dzy + cos(ehy -&;) sin 61 dxy + sin(o{l -&;) sin 51 dy, - cos 51 dzy )

Taking into account the formulas /2:14f, we may write:

(8) oy =)ty = - sin(o(a -&,) dX, + cos (o{z -85) ar, + s:!.n(c{l 18y) &, - coa(e(y =&§Ly) &Y
A) 52 -5 = - cos(e(, ~8,) sin 62 &, - sin(df, -8,) sia 52 ax, + /2.48/

+ cos 52 az, + cosﬁxl -éll) sin 51 + sin(<>(1 -521} sin 51 dY, - cos 51' a2,

The effect of errors of observing station coordinates will be eliminated when the above
expressions = 0. Let us first consider the second equation /0:18/, as being mere simple.Here
an adequate condition will be provdded by 51 = 52 = 0. Since dzl = dzz, the right<hand member
becomes = 0. This is also a necessary condition because, if 81 #’62 s then the coefficlent
of 4Z 1is # 0, and if 251 = 62 # 0, then the ocoefficients of dX and 4aY will always be # 0.
Thus, we may deduce from this that for am utilization of the equation/2.17.2/ as an
observation equation for the improvement of the orbit, it is necessary %o have ohservations
carried out during the satellite pass through the topocentric eguator of the observing sta—
tion. Let us assume that this condition has been strictly fulfilled; then the equation/2.17.2/

will take the following form:

8,88, -G, a8y = 4z, - ds /2.19/

Substituting for dz the formulae connectimg them with the corrections of elements in the
form given by Sotchilina [1963] we shall have: :

de - dzl = (y2 el yl) dio + (Aza - Agl) dUo + (BZZ - Bﬁl) dax +

+(c,, - Chplday + (4,5 o t, = A,7t,) 4 B, + (A5 = A2;) dn] + (47, - A;l) dn)  /2.20/
In this equatiom all pairs of parameters desigsated with indices ;1 oaad 2 Will consist
of élementa differring slightly from each other, except for tl and tz. Especially for the
Keplerian orbit it will be as follows: :
8,6, -, a8, = 4, (t, - t, ) an /2.21/
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It is olearly seen from the equation /2,21/ that this method helps to determine aesura-
tely only the mean motion and its derivatives from precisely measured observation moments,

That is why, the following ocourse of aotion seems ‘o be advisable:

l. Acoomplishing the computations according to the normal procedure, applying the formulae
glven by Sotohilina and utilising the whole set of observations;

2. Computation = with the help of the formula /2,19/ - of correotions dio, dn;, dn; s assuming
a1, av,, da_, dAy to be = 0, and utilising only suoh observations which are adapted to the
present method;

3¢ Return to the above formulae and observations, handling now o,
and oorrecting -10, Uo, L I, H

4. Repeted use of the formula /2.19/ a.8.0. until an adequate convergence is attained.

The applioation of the above method, that is, the use of the squation /2,17.2/ is possi-
ble only with sateliites with great orbital inclinations. In order to utilize the equation
/2.17.‘1/ let us first omino the relationship occurring between the ooordinates X, Y, Z oonneo—
ted with the system of astromomical coordinates o and & and the system connected with the
rotating Earth, which yill be termed g ) % /the axis g in the plane of the Greenwich
meridian/

» Dgy Dy 88 oonstasts,

v 44
X= £ .o08(S -2)=p o sin (8, -
Y=g . 8in(S, =g)+p .+ cos (85, -SYf2.22/
Z = 2
where S, = the Greenwioh sidereal time,
\ —e ' analogiocally:

< X = dE o 008 (85, =&)~dyp. sin (8¢ = &)
Plg.l o = 4§ o sin (S5, -+ dn.e cos (g, - &) /2.23/

dl-dk

Substituting it in /2,18,1/, we obtain:

+

(Ao, <)y = - sin (o, -8,) [a E . 008 (835 ~8,) — a7 o sin (8., -9,) ]
+ 008 (e, -8, 2 g o 810 (8g, =83) + 47 .« cos (S5, -9,) ]
+ sin(ofy -8 [2 £« 008 (S5, -0 - ap . sin (S, -0,)] +
- com (o, =&, [a g. o1n (Sgpq =R¢) + 4N o 008( S5y =89) ]

(A)o(z -) 4 = dg[-— s:l:z(.o{2 - SG:Q) + am@(1 - sGr1)] +4d 'r([ooo (c:(2 - sGrz) - °°'(°(1'86r1)] $
/2.25/

+

/2.24/

The condition for the expression /2.25/ to be = 0 is
oy = Sger = A2 = 852 /2.26/

which will be satisfled when the observations are carried out on the same hour circle,
and especially in the meridian, Neither in this case, when the equation /2,17.1/ is being
accepted as an observation equation, can all elements be acocurately determined, because
some differences of quantities close to sach other appear in coeffioients. Thus, the
above mode of successive approximatior ocught to bte also applied here, We should, furthex,
define the acouracy of conditions to bde satisfied for observations of the satellite in
the meridiam and in the equator, so as to make the above method utilisable.

A =) &
Supposs, we want (8 ;(A)d’ and (-)—8-3-?-—@-—’ to be < 1"
Considering dx = dy = ds = 500 m, @ = 1200 ke e(-scr-o

we obtains

|(t2 = Sgra) = (of; = 8gzq)| < 40°
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imad io, i1f we imtead to make ebservatiems mear the moridiam, they have te be withim the ramge
of £ 20%7f the heur amgle. Fer the secend cass, cemsldering the mest unfaverable senditiiens
oKy =dby = 45° , oy =~ &, = 225°, we ebtain the fellewing limitatiens:

8y + 5, < 30°

A

16, -8, < 1°

By readerimg the meaz metien indeperdent of errers of the statien pesitien, we alse make
the erbital eesemtrieiily partislly indepsrdent ef thess errers, This is inp.rtant,fbr the aseu-
rasy ef the erbital eeeemtrieity is significant for the eemputatiem of the readius-veeter,

Aseerding te Breuwer snd Clemsaee [1961] y bage 236, we have:s

%% = Hx + Kz

%-} = 8 + K /2.27/
%% = Hz + K&
where: H = - ces v K-g-’;j'!—l fer e ¥ 0O

The part ef the derivative with the ceefficiemt H will intreduee the effeet ef the
pesitiem errers, but the ether part with the ceoefficiumts E will already be disburdemed
ef this effect. Se it seems that the determiratien acouraey of e will be lewer tham that
ef n , yet higher tham eof the remaining elements,

This seems te allew te state that - haviag ar» adequate ebservatiemal pregram -~ we are
able te determime twe of the elements we are particularly lutsrested im, that i8, » amd ¢ -
with am accurasy ef the erder ef 10"6, at least,

Chapter III

PERTURBATIONS PRODUCED BY THE EARTH'S GRAVITY FIELD

Asserding te the resemmendatiemn ef the Cemmissien VII em Celestial Mecehanises ef the
Internatienal Astrememical Uniem we ars gelng te use the fellowimg fermula fer the Earth’s
gravity petemtial im the extermal spase:

1] -';—‘— [1 +Z_1 :: (%)‘ Bon (-hp) (cnn eos m A + S,p 812 n)«)] 3 /3e1/

where: p = k.M - the gravity cemstant multiplied by the Earth’s mass
r - the distamce frem the cemnter ef mass
R -~ equaterial radius ef the Earth

C.m, Snm - numerieal sesfficlents
Pim - 8pherical fumctiemns er Legemdre’s assesiated pelyaemials expressed by the
gassral fermula:
. e m n B
= (1 - & (., &&1)7), .2
Tan () = (0 xz) ax® (2‘.n ° a® )' 132/

The fumctiens Pon writter im explieit form te the degree 4,4 as well as te the degres
550 and 6,0 are presemted further. Acoerdimg te the fermula /3.1/ the metien fgravity petemn-—
tial® will meam the petesmtial preduced by the atirastien, exeept for the imfluemce ef the
Earth s retatiem, which will be emitted.

The comastants appearimg im the fermule /3.1/ have beem mamy a time determimed with the
help ef differemt metheds. A review ef these determimatiems will allew te aseertals to what

extend they may be at presemt eemsidered complets. We shall refraim frem the applicatier ef
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wvelghted arithmetical means, because the
Proves difficult. Apart from accidental e
errors, characteristic for & given method
even the impossibility of establishing we
As a measurs of dispersion of the va
difference betwsen the greatest ang the 1
arproximately the same theorstical exagtn
range will he recognized as being the mos
The first of the constants appearing
Barth’s mass multiplied by the Gauss grav

evaluation of the aocuracy of different inferencass
Trors of the material observed, also Systematic
> ¢ome into play here, Thence the 41fficulty and

east of values, obtained by different methods with

888. The value Gorresponding to the niddle of the

the lemgth of the radius-vector. On the other hand,
T8 only upon the scale of the given geometric cop-

struction /for instance, the triangulation network/, causing ne local deformations, Thanks to

For the determination of P s the me
in executing a dirasct measurement af the
the linear dimensions of the lunar orbit.

where: n - the mean motion, a - the semi
masses of the Moon and the Earth respecti

Such an inference 1s almost entirely
surface, since the error of geocentric co
relatively small as compared with the ¢is
Eroximately * 200 m, this being the very
Source of errors is the unsufficient know
accuracy of the ratio MM/M .

This causaes that the accuracy of thi
thods. Yet, there is no doubt that within

Guence also the quautity‘p. According to

with measurements of another type - to proceed to
perfecting the value of Mo

thod theoretioally best fitting our Purposs consists
distance Earth-to-Moon and in establishing this way
We may then derive J from the formula:

3
=1 1 + a ; /3.3/

1 «+ HE
~major axis, p- 1ts solar parturbation, MM’ ME -
v8ly.

Independent of geodetic measuremsnts on the Earth’s
ordinates of the observing station on the Earth is
tance measured. This error may be estimated to be ap-
&ccuracy of the distancs measurement itself, But a
ledgs of the Moon s shaps in addition to a too low

S method is gt presant still lowser than of other me=

the method mentioned observations have been mads in

the United States {Yaples and others 1959/. Their results are given angd discussed by Kaula /1963 ¢

All otuer results contained in Taple
measurements carried out on the surface o
determination of the quantity/u from the

The Table 1 presents two results ach
based on a combined adjustment of the tri
one grounded on the determination efg'e,

1 are depending in ope or another way upen the geodetic
f the Earth, To these classical methods belongs the
absolute measurements of the Earth’s accelsration.
leved by this method: the one obtained by Kauls [1961&],
angulation and of the gravimetrical data; the other
made by Uotila [1962] s 8¢ being computed by Kaula,

Also the method based on the measurement of the lunar parallasx is to a large extent depen-

dent on the &ccuracy we cam produce for t

consists in a determination of the Earth—to-Moon distance by Lmeasuring the parallactic angle

from the known base oan the Earth. Such ob

Servations wers mads during a couple of years at the

those two remots points. The result of thls work is shown in Table 1, item 4, The method of

Using the observations made by O'Keefe an

¥ 0 Keefe and Andersen E1952] s may be successfully

4 the results obtained by Fischer concerning the di-

mensions of tne Earth, Kaula [1963 d] defined the value of‘p /Teble 1, item 5/

Also observations of artificial sate

basis of the Kepler’s Law and on the assumption of the known dimensions of the Earth., The work
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fone by Emulas [i963 & and b] in this domain, is presented in Tabls 1, items 6 and Te

For oomparative purposes the valuss of J such as adopted for oomputations at research
centers in United States and in Soviet Union will be given. They stand exactly in the middle
of the range designated by the remaining data conteined in Tabls 1. This seems to allow to
adopt in the present work the following value of A

398603 £ 3 k> seo~2

As far as the values of gonal harmoniocs of higher degrees are Cconcerned, undoubtedly
the best ones -~ we may even say - the only good values have been achisved thanks to observa=
tions of artifioial satellites. The reason 1s simple: insufficiency of observational data
which could be used for the same purpose by the gravitational method and the astronomical le-
velling method. The comparision of pessibliities of those three metnods was made by the author
in ome of his earlisr publications [Ziéliﬁski 1963] o While the gravimetrical and geodetic
data always concern only certain fragments of the Earth, the observed satellits psrturbations
are reflecting the influence of tha whole Earth’s solid with its various lrregularitiss. That
is the reason for which the latest publications pertaining to geodatic data [Fisoher 19611
and to gravimetrical data [Uotila 1963] adopt the values of the flattening and the harmonics
020, CBO and 040, and do not consider them to be unknowns. It does not mean, however, that
the latter data are unquestionable. There exist in the satellite method many error sources
which do not permit to solve this problem simply at once. We see, for instance that - when
computing a oertain finit number of terms - the effect of the next terms is supposed to be
squal to zero this does not, however, correspond to the reality. Another disorepancy is caused
by the errors of geocentric coordinates of stations and by the diéturbing action of other fao-
tors, mainly atmospherical. This explains why the results given in Table2. gcolumn c20 diffexr
one from another,

It can be seen from that list that all CZO are included within the range from 1082.2 to
1083.3, and if we omit thne results obtained by Zhongolovich, based on observations of close
satellites, the upper limit will amount to 1083.15.

Thereupon, we shall adopt for our computations:

= - 4
Cog = — 2082.7 £ 0,5

A similar review of the valuss C30 shows that they range between 2,29 - 2,59, without
counting the result of Kaula [1961a] s &8 differricg distinotly from the remalning ones and
having been obtained in a way which can bring about additional errors [Zielifiski 1963] o Thus,
in accord with the principle adopted, we shall have:

Cyp = + 2445 £ 0,15

Considering the values C40 we obtair /omitting the Zhongolovich s result/ the range
from 1,03 to 2,1, adopting:
Cgo = + 160 0,50

and for Cso /omitting the Kaula’s result 1961/ ~ the range from + 0.07 to + 0.23, adopting
Cs0 = + 0.15 £ 0,08

The present task might have been dealt with somewhat differently by placing more re-
liance in the latest results based on a greater number of observations; then the coefficients
adopted here would certainly be nearer the reality. Howsver, the purpose of this work is not
to find the most probable values of cnm’ Sppe but to examine their effect when the extremal
ro3sible values will be adopted. For this reason, the method applied here seems to be adegquate.

48 to the tesseral harmonics, the comparative data are here much more scarce, but the
dispersion greater. The possibilities of the satellite metiucd are in this nase much more li-
mited and become comparable to the possitilities of the gravimetrical method. In consequence
of the Earth’s rotation about its axls, the tesseral harmonics do not produce distinct — as
do the zonal harmonics - long-period effects in the variations of orbital elements. The gi-
fects of errors of statlon coordinates and of observational irregularities appear here still
more strongly. And so, in order to be able to obtain correct results, we ought to have at
our disposal a richer documentation than available at present. :

For caloulations, data will be used - averaged in the same manner as before:

Cop = + 115 £ 0,70 S,, = = 125 £ 1,00

B
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Table 1
Method Author .M
ko sec™2
Radar measurement of the Yaplee and others /1963/ 398605.7
Earth~to-Moon distance
Geodetic measurements Kaule /19617 398602.0
Raula+Uotila /19627 398604.3
' Fischer /1962/ 3986040
Hotion of the Moon and Fischer /1962/ . 398605,7
&eodetic measurements 0 Keafe + Anderson
Fhotographical observations Kaula /1963/1960 Iota 2 398603.7
of artificial satellites
Kaula /1963/1961 Alpha 398599,3
Delta 1
Compilation NASA 398603,.2
Compilation MichajXow /19647 398603

Since the attraction of the Zarth is so most important of the forges acting upon the
artificial Satellite, the perturbaticns produced by the EBarth’s gravity field évidently be~
long to the greatest disturbanoes; hence, their qualitative ang quantitative evaluation will
be of a fundamental Significance for the pressnt subject matter. Such evaluation wiil be made
by using the bumerical integration method. For this purpose, we are 80ing to use formulae for
equations of satellite motion in rectangular coordinates, taking into account the farther
terms of the Earth’s gravitational potential up to 050 for zonal harmonics and to 022, 522 -
for tesseral harmonics, Those formulae were &lven by Kotchina [1962] in a somewhat different
form without derivatic:s; they have been derived by the author again for checking purposes
/Zielihski 1967/,

cluce we are Interested only in Short-period ang diurnal perturbations, the integra-
tion will be rerformed over the Interval of g single revolution of the satellite for zonal
narmonics and over 24 hours - for tesseral harmonics,

éx _ Jy )

525 0x

a2 3y

7. ! /304
at dy

@z _ Ju

at? dz J

where U 4s the gravitational potentlal defined by the formuls /3.1/. We write it now in
an explicit form, confining ourselves tp the terms 50 in zonal harmonics and to 22 = in {esg=
seral ones /and remembering that Cios Cll’ Sll’ 021, S21 are equal to 0/:

U= U00 + U20 + U22 + U30 + U4O + U50

where the particular terms are respectively:
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Let us now introduce the coordinate system X,¥,z, the origin of which is at the ceu-
ter of the Earth’s mass, the z-axis colncldes with the rotation axis, the x-uxis being orilen—

tated in the direction of the vernal equinox. After expressing functions P

v
00 ~U X
= “F3 )
Uz 2 -5x2°  x
N 2 pRC, ( * )

0 x 2 r‘9 >
eu,, ) 4 2
40 _ 15 o4 —21xz®  l4xz® _3)
T T B MR CLo (‘;ﬁ"‘*rg 7
Uso _ 21 .nBe. (=322 30xz° _5_x__z.)
X T T AR50 \TI5 L1l 9
{Ugg _ % o —429x2® 495wzt _ 135xd® | x )
X ST Ceo \TI5 YL ‘a'fI"‘r =2y
U
00 _ _py
Yy 3 )

- 2 14

"ﬁzr“o‘%)“ﬁzczo ("3‘2“ *i?)
_5 23 (=1iEd zg_z_\
7y ‘a}‘R'so(r9 )

U 4 2
40 _ L2 .»4 :__Jﬂ__Z z ;&1&.-17

T T r
SUso _ 21l (<22rel . 29y 215)
vy " 8 500,13 oL 29 J
3Uq0

I 0
¢ 2 - r3

3';}%'(2 g‘}“‘zczo (i’?"' zg‘j’)

by HKs¥sZ 5
and sin 2A, cos 2 Aby sidereal time = s, and after the differentlatlon, we have:

/3.6/

737/

/3.8/
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du —547,6 2
TR, (S Ayt e

The derivatives of tesseral harmonics may be represented by the general formula:

du ‘
nm n
74 = %p PR cos ns (Pqnm Com + 0, Snm) + 8in ms (Qqnm Com = Ppm Smn] /3.9/

where ¢ q isg ldentical to x or J or z,
The value of khm for n = 2, m=2 jig; k22 = 3

whereas the respective Pqnm and Qqnm :
2 .2
= =Xy /x 2x = —Ll0x 2
Pxpp = LTLLI i) Wpp = =T =%
r r
2 2 2
= Z2V/XE=y</ =2 . = =10 xy 2x
Ry22 - - 3 Q722 . + ;5 ; /3010/
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electronic computers. A number of new methads have ar en, adapted to the new possibilities,
optimalizing the processes of calculus and Progranming, Aflong them ig the methog given by ¢,
Runge ip 1855, improvea by W, Eutta in 1901 ang adapted to the mechanical Gomputation by g,
G111 4n 1957, A full description of the Runge«Kutta-Gill method, including ths derivation of
formulae ang the logical Scheme of the Program igs bresented in the Romanelli’s work [1962] °
Those formulae are constituting g simple computatiop sckeme, Suppose that ¥e have n + 4
differential equations of the first grder in the form:

y{(x) = £ (yo (x) , y1(x)............yn (x)) /3e11/

whereat;
yé(x) =f, =1 or Vo (x) = x ’ /3.12/
and boundary values .
7y (x,) = Vi /3.13/

The indige J owill denote the number of the 1teration, that is:

=1, 2, 3; 4

For 41 = 0, 1, 2, *cececely; We calculate;

yij = kij = fi (y0’3_1, y1,j_1 """'yj,n-1) /3.14/

For 3 = 1, Vi = ¥y (xo) 80 this is either the initial value /for the first step/ ox
3
Y4 computed in the preceding step,
Next:

T T e oy (g g, ] /315

137,00 3 [ay (i o, Uger)] - <l 1318/

where:
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8 =3 by =2 0y = %

8y = 1 -Jgr b2 = 9 0y = 1 -»/;7

a3xz1-e-4§| b3-1 03=1+@ 231/
=3 by =2 = %

We iterate the caloulation cycle /3.14/, 73415/, [/3.16/ for J=2,3, 4, Having the

values of ’1,4 we are broceeding to the next step, subatituting them for Iy 9°
In our case, we have to integrate the following equations: ’
at \
ko=a:5 = 4
dx
k.'nﬁ = VX
h=H -vny
a
k3=ﬁ = Vg ? /3.13/
= ¥x _ avx
K= 5= S -esx
2
= &y _ avy
5= ok = SF = mx
. _dazadVZ__PSZ
6" 4¢2 © dt =

Since the motion equation is an eéquation of the second order, it has to be integrated
twice; the first equation will give the velocity, the Second one - the coordinates. This ig

Yet, not the coordinates by themselves are of interest for our subject matiter, but the
radius=-vector or, more precisely, the variations of 4% produced by one or another term of the
formula for the gravity potential, On account of this, the Program has been elaborated so as

to perform the entire integration c¢ycle twice for the two pairs of constants c;m, S and
c;m, S;m s Whereas only the result:
AR = 8" - g° /3.19/

was made availablg in outlet, where:
R=Yx2 + 72 , 22 /3.20/

Tor ¢!, Spms c;m, Sgnm  Were either substituted the values of harmonics differrisg one
from another ty the error value aooording to the definition &lven sarlier in this Chapter, or
0 was substitutes for c’, S°, and the most probable values - for ¢", 8", m this manner, both
the absolute quantities of perturbations ang their possibie érrors had been caloulated, In
addition to 4 R, the variations of the latitude argument A u haye been computed, They are
useful for an estimation as regards perturbations to be taken into acoount in some methods
desoribed ip Chapter V; in whioh we are using the inorement of the latitude argument during

a short time interval,
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calculus, has its Source in tpe ver,

and not always is
the Ccomputer employed, The error

rower % [Ziélkowski 19

¢ircular orbit, the oon

A few words

of whion the caloulys h,

[2ie116sk1 10677 ,

Variant no 2:
Variant no H
Variant no :
Variant no H
Variant po 62
Variant no 7:
Variant no 83

should

as been carried

this oorresponding to Hp = 996 km, Tt 1s the 1ow
dopted, thus the perturbations caused by the Ear

T of Steps 3
0 have gt the same time ap oscillating Trun, 1ncreasing
ecreasing where the vdriations are prooeeding Slow;

ept for 1, does not

ations, In thie connection, the constant M and the coordi-
have &ssumed the following values:

P = 0.0055002277 R3; pyp¢2

Xy = 1.15504871 g

Y, = o

Zy= 0

VXp= 0

YYo= 0.0813991572 R/min*

Vo= 0.0681186354 R/min*

of error of the term 020 amounting to

0 = 5020~ /pig.ay ,
30 = + 245,107 sy, 5, ;

of 6rror of the tery Ci0 ¢ 4cCy) = 15,1078 /Fig.3/ ;

of the term c

40 = + 16.10~7 /Pig.4/ ;

of error of the term Cyo ¢ Acw = 5,10~7 /Fig.4/ 5
of the term Csp = + 15,10~8 /Fig.5/ ;

of the terms ¢
of error of ta

22 = + 1151078 g4 Sy, = = 125,108 /Fig.6/ -
¢ terms C,, ang S amounting to AC.. o 70,107
AA 22 22 -8



For reasons beyond the author’s centrol, there was no possibility of cyrrying out
the further calculus. The effect of the terms CBm’ S3m had not been computed. This will
certainly be done in the future, for the program is already prepared. At the moment we may,
however, say that i1t is supposed to be saallar than the effect of 022 N 522 o

From the optained results the following conolusions are proceeding: the accuracy known
for the coefficients of zonal harmoniocs allows for the radius-veotor to be computed with an
accuracy of 10'6. For this purpose, the terms up to 040 ought to be taksn into account,
the accuraties known for them being adequate. As regards the perturbations produced by har—
moniocs 022, 322, they exceed 100 m, so they have to be taken into conslderation. Simulta-
neously, however, the accuracy of coefficients, defined in acoord with the principle adopted
in the preceding chapter, will produce an error in the determination of the length of the
radius-vector, amounting to 70 m, this given an accuracy of 10—5.

Chapter IV

OTHER PERTURBATIONS

1. Atmospheric Drag

The atmospheric drag can be fairly called the major ennemy of geodetic satellites.

It is for this reason that we have already at the beginning adopted assumptions tending to
minimize the perturbations caused by the resistance of the medium. And 50, we have adopted

an orbit approximate to the circular one, at an altitude of more than 1000 km over the Earth’s
surface, and a satellite of a small area-to-mass ratio /the so-called heavy satellite of the
type of Anna 1 B or Aloustte/. It might be sald, in addition, that in our case only the short—
period and diurnal perturbations seem to be dangerous because they do not find reflectdon in
variations of the mean elements which can be determined from observations. We shall now tzy

to estimate the order of magnitude of those perturbations and to find out whether they can

be regarded as negligibly small.

Let us briefly recall the mechanism of the arising of perturbations produced by the
atmospheric drag. Suppose that the atmosphere remains motionless with regard to the orbital
plane whose eccentricity # 0. Moving in a medium offering resistance, the satellite consumes
a part of its kinetio energy and loses by the same ite velocity. Since the greatest retarda=-
tion occurs in the vinicity of the perigee, it is there that the largest velocity variations
take place, this producing a change in the shape and in the dimensions of the orbits it
should be added that the distance to the perigee will show markedly slower variations than
the distance to the apogee. Thus we shall have secular variations of two elements of the
semi-axis a, and in consequence of the period P and the mean motlon n , and of the eccen=
tricity e. Still, in addition to these secular variations leading to the circular shape taken
by the orbit and to the lowering of the altitude at which the satellite is moving until it
collapses, short-period variations may be expected to ocour, for at each point of the orbit
the retardation force has a different magnitude which can be represented as a function of
anomaly. It ie only in the case of an orbit being circular and the atmosphere having a sphe-
rical structure that the periodical terms in perturbations of eslements could be avoided.
Unfbrtunately, the atmosphere does not represent an ldeal spheroidal structure. As demonstra=
ted by explorations based on observations of artificial satellites, the atmosphere has ra-
ther an ovoid shape produced by the difference in temperatures of the daytime and the night-—
time side of the Earth globe. The axis of the bulge forms an angle of near 30° in right
ascension with the Earth-to-Sun direction and is orientated eastward from it. Moreover,
owing to the rotation about the Barth’s axis, a flattening of the atmosphere can be noticed.
All that causes that even g satellite being in circular orbit, is moving in a medium whose
density is a function of the place and so, short-perlod psrturbations may occur.
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where
-1 g
of = z S i
§ = density or atmosphers, :
CX = asrodynamic cosfficient which amounts % for this type of motion,
3 = area of the Cross=section of satellits,
B = mass of satallite,
€ = longitude in orbit,

The aguations /4:17 do not contain any assumptions pertaining %o the law of veriabllity

o:f'g
motion of +the aﬁmcspher;;

¢ 80Cording to the place,
owing to this, d e =

The only assumption introduced

di = Q,
examining the order of magnituds rather than an agoursa
to bs expected - we may allo
Let us assume 5 ¢lrcular orbit in the squatorisl 2

is the neglsctimg of the rotary
In our tase; whers the question is of
te detarmination of perturbationg o and
W oursslvas far-going simplificaticnse
lane;: ¢ = 0,4 =0, g = 7378 km., Thus:

Va=l=n,t la.2/
and the Fformulae /4517 will nave the form: .
5a=-2¢(nage j?dt
e -2 g, R jcosmg? ai /4.3/
t€=0

&aa Tor 8 = @
to take it into consideration,

Further, let the satellite be of the shape and of

S=0.7350%, 5.
Therefors :
& = 0.0051 n/xg = o,
n2a2:
na = 7,35023 km/ss0 =
8 = 0,0009962 sgg=1

i

n2® = 54230 wn?/s0q - 5.4230 , 104
0:553 o 10™ onf/g . sec

2e{n a2 =
2¢ na = 0,750 , 107
the integral j’g

[1961] . 1t

In order to compute the value of

atmosphere given by Martim apd others
clal satellite, which takes

Ple = 398603 1’56072 /7378 1oy -

takes indeterminaie values, so we have not

the dimensions of Alougttes

145 kg

G51, emg/g

54,0259 1n2/ge42

7035023 . 10° om/seq

cm2/590

cm3/g . 880

dt, we ars 80ing to use the model of

iz a model based on observations of artifie
iuto account the daytime bulge, upon &ssumption of the mean level




Table 3
A ) q,(0) | () o(logg oy -togs )| 1089 | g (g/on’)
7 3 5 Z 5 B
180° ob 0.183 0,258 8.678 4,76.20718
210 2 0.106 0,149 18.570 3.72-10718
240 4 0,030 0,042 18,463 2,90-10718
260 58208 | 0,000 0,000 18,421 2,64:10718
270 6 0.020 0,028 18,449 2,81-10718
300 8 0,334 0470 18.891 7.78-10718
330 10 0.728 1,024 T7.445 2.79-1077
0 12 0.942 1.324 17.755 5,69-107L7
30 14 1,000 1,406 17.827 6.72-20717
60 16 0.935 1,315 17.736 5044-207%7
) 18 0.724 1,018 17.439 2.75-107L7
120 20 o463 04651 17.072 1.18-207%7
150 22 0,276 0.388 18.809 6.44-10"18
180 24 0.183 0.257 18.678 4,76-10"18
Table 4
A at g-at_, do
sec g.Cm ~ .S58c om cos M Q. At.cos M Ae
7 3 I 5 B 7
180°
0 2 1,25-107%2 -0.07 1,000 1.25.10712 - 2-10710
)
526 1,96-107%7 -0.18 0,866 1.70-107L2 - 2.10™10
240
438 1.27.107%0 -0.25 04500 0.64-10717 - 320710
260 '
263 0,69, 10712 -0.29 0.174 0,12-107%7 - 3020710
<70 350 0.98:10717 -0.34 0,000 0,00 - 3-10710
300
526 4,09-10717 -0.57 ~0.500 -2.04:10712 - 1-10710
330
525 14.66-10"17 -1.38 ~0.866 -12,70-107%? + 8-107%0
4] .
526 29,90-107%7 -3.03 -1.000 -29,90-10"%? +31-207%0
30 _ -
525 35.,31-107%7 —4,98 -0.866 -30,58-10"%7 +54.10™%0
60 -
526 28,59-10"L7 —6,56 ~0,500 -14.30107%7 +64.-107L0
90 ~15 «1.0
525 14,4510 ~7.36 0,000 0,00 +64.10
120 B -
526 6.20-10717 -7.71 04500 3.10-10713 +62-1071C
150 ' - -
525 3.38:107%° -7.89 0.866 2,93-10712 +60+ 10720
180 - —
263 1.25.10717 ~7.96 1,000 1.25.10"1% +59-10710

P = 6307
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of solax activity. It is presented in the form of a tabls containing 9 min and @ max for
the g;vqn altitude, and of a formula for caloulating ¢ at anvarbitra.zfy places This model
is ocertainly net an ideal one; yel possessss the quality of being relatively simple and ocop-
venient in application. Besides, it agrees quite well with other, more recent and mors compli-
cated models, , :

The model presented by Martin and others gives for the altitude of 1000 km:

Pmax = 6072 x 10717 g/o3 Pmin = 2464 x 10718 g/opd

Another model tomlat‘cd by Pastzold and Zschirdner [1961] gives zagpeotively:

S max = 94701 x 10717 g/op3 dn = 40313 x 10728 goad
max , min .

The Nicolet-—Jascchis [Jaochia 1964] model considering many varameters, givess
Qmax = 197 o 10717 Fnin = 586 o 10718

assumlng that the coefficient of solar activity has in the 10.8 =centimeterband the following
average value: i

a mistake of an order of magnitude. Martin gives the following formulae for the computation
of Q¢

log g (n,0) = 108 Q4 () +gq (o), [loggm (n) - 1og @ min (h)] J4odf
where: ‘

h - altitude above the Earth’s surfacs
€ - real solar time. :
The valuss of gq (@) are bresented in Table 3 coles.
" Substituting the respective vlalti:asrin the eguation 744/, we obtain the values of
¢ (- 2000.6) s @8 shown im Table 3, col.6. ‘ :
A - atands for tns ,ditt»crence of the right ascension betwsen the Sun and the given

point in the space; 1°39max = 0.827-17 leg Smin = 0-421 - 18 loggm - log Smin = 1406,

The integration will be made in the way of approximation, by the swmmation of products
of the dsnsity g multiplied by the corr-bpondiﬁg time interval. We shall observe the motion
of the satellite starting with the point lying opposits- to.the Sun, on the other side of the
Earth: / A o = 180°/, '

45 seen from the Table 4, the explored perturbations are very small. The secular pertur-
batlions of the seml-major axis amount to a few centimeters during one revolution, the perio-
‘41 variations being Tully negligible. The same is to be sald in respect of the eécoentrioity,
where the variations appear at the ninth digit after the point. This seems %o entitle us to’
state that in the present subject matter, with so selscted orbital and aerecdynamic conditions,

“the short-period and diurnal perturbations produsced by the atmospheric drag are practically
of no significance. )

20 Effect of the Solar amd Iunar Attraction

. The influence of the Sumn and the Moon on the motiom of the artificlal setellits are dif-
 ferring each other only &s a matter of quantity, while qualitatively they are the same. Let
us first consider the influence of the Moon, We shall make here use of the formulae for the
perturbation function of the sxterior body, kmown from the celestisl mechanics:

: [ 1 ; © E )
R = = oy = R /405/
F (!r-r" r?

where ¢ )x' - the mass of the diéturbing body multiplied by the gravitational oconstant,
¥ - the radius-vestor of satellite,
r’= the radius~vector of the disturbing body
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in series of Legendre’s functions and remembering that

Feo T ar,r’oos¥
we obtain

R :L’—' [1 + 1’ cosV 4+ ;: (?-')2(3 cosz\i’-d) - :—%' oos‘f’} B-: [1 + 3-(.1'.)2(3 oos 2\(_1)} /4.6/
T r T T r Sz
with an accuracy to the terms of the second order.
In the formula /4.6/ only the second term will produce short—period perturbations,
because of being the functlon of the angle Y o Lat us make an evaluation of the magnitude
of this term.
In the case of the Moon }u' amounts to 1/81 of the terrestrial Jis T’= 380 000 km,
r —- will be adopted for 9500 km /the altitude of the satellite orbit being approximately
300U km/,
The ratio L. will be 1/40.

Therefore: .
2
1 1
Ry = 81,407 [1 +3 (7,6) (3 cos 2¥ - 1)]

The spherical function P20 taking the values in the range * 1, the variable part of
the formula /6/ will assume values in the range
B2 .07
For the Sun, j1’= 332 000 u, and r’= 15 000 z.
Thus it will be:

R, = 2% & [1 + %(—i—;—ﬁa)a (3 cos 2V - 1)]

the varylng part of the formula being embodied in the range:

Booe o —d—up o B 4,07
* 225,10 t

Both of these magnitudes are comparable with the effact of the error found for the harmonic
Cyge 4s remembered from the Chapter III, this error, whose value was assumed to be 5.10"7,
gave us perturbations of the order of ome meter. Since we have to do in this case with a
still smaller quantity, it can be concluded that the solar and lunar effects nead not be
taken into account.

3. Effect of the Solar Radiation Pressure

It would not be necessary at all to oonsider the influence of the 1ight pressure if
the satellite moving in orbit were to travel all the time in Sun rays. The force exsrted by
the 1light pressure would then bes constant and could produce only secular variations in the
orblt. Yet since mostly a part of the orbit lies in the area of the Earth’s shadow, that
factor ceases to act, and the quantity of the additional acceleration becomes dependent upon
the positior of satellite in orbit. Let us try to evaluate the quantitles of the short=pe-—
riod perturbations produced by this situation. For this purpose, we shall use the method
applied by Wyatt [1963] and Poliakhova [1963] s where a comparision of the effect of the
solar radiation pressure and the atmospheric effect is being made.

The accsleration caused by the lighkt pressure is expressed by the formula:

)
FL =P o /4:.7/

whereby:
p = denotes the sclar light pressure at the distance of the astronomical unit, exerted on

a perfectly reflecting body,
S - the area of the acting cross—section of satellite,
m - the mass.



where ;

Cx = aerodyuamio‘ooofrioient,
9~ atmospherio density,
vV = velocity of satellite,

The ratio of quantities /4.7/ ang /4.8/ will be independent of the characteristios
of satellite

) Substituting nows

¢ = 67,1077 g . om™
V=73 .10 on o 300~1

1,8 10‘4

F
] -
A 714.0 , 10

43 a matter of fact; the authors of the afore-mantionqd studies ag well as others,
like Kozaj [1963b] s for Sxample, do not deal with the question oy short-pericd parturbations,
considering only secular terms which also depend on whether op not the satellite passes through
the shadow of the Earth,

4. Other Possible Sources of Disturbance

ie are 801ng but mention here some other factors acting upon the motion of satellite
to a markedly lesser degree thap the three preceding affects, Those arxe:

= the effect of the Earth’s magnetic fleld,

= the effect of the electrostatig Tield existing in the 1onosphere,

=~ the effect of the radiation reflected frop the Earth,

= the collisions with micrometeorites,

- the relativity eifect,

This list could be complemented, according to the law of interdependenoe of phenomens
in the Nature, Yet, all those factors produce but minimal effects, ang their influence on the
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Chapterxr © e
APPLICATION OF THE RADIUS=VECTOR THEORY

This Chapter presents some possible applications of the theory of the artificlal sa-
tellite radius-veotor. They are given successively, starting with the most particular solu-
tions imposing the fulflllment of certain specified orbital and observational conditions
and ending with the quite general procedures allowing to utilize arbitrary orbits'/seleoted,
evidently, within the framework of restrictions assumed by the basic principles of the theo-
ry/ as well as observations oarried out in the standard way. Thils sequence is also in accordance
with the chronology of formation of the particular concepts.

The first one was the project of observation of the satellite ALOUETTE, presented during
[ the Conferenge of Observers of Artificial Satellites in Moscow [Zieliﬁski 1963] « We are going
to discuss it hereinafter as the projeot of observations of a ciroum-polar satellite for the
determination of the radius of the :Barth’s parallel. The other concepts have sprung up as ths
particular problems had arisen - such a8 the tetrahedron method im triangulation = and as the
work on the subject-matter was progressing. There exlst probably also some other possibilities
of utilizing the radius-=vector of the artificial satellite, susceptible to lead to interes-
ting solutions.

1. Determination of the Earth’s Parallel Radius

The objective of our program is to determine the Earth’s parallel radii of the observing
sjte for the investigation of the shape and the dimensions of the Earth. If we observe ths sa-
teliite S from the point P twice during two consecutive passages through the great circle of

the topocentric equator, we obtain a situation as in

P Fig.7: the arc represents the parallel of the obser—
R LY ving site, or more precisely, the fragment of tircle
0 £ :f Kﬁ- S circumscribed by the parallel radius of the observing

5 % site. After a full revolution, the satellite will be
\ almost at the same position as before /except for the
\doz/ translatory motion of the Earth/. During this time,
Fig. 7 Pz the Earth will perform a revolution at an angle of (3
equal to the draconic period P, this angle to be de~
fined from the observations. The angles 0P1S and SPZO can be determined from observations
toc. Assuming that we nave the quantity of £, we may without difficulty solve the tetragon
01>1SLP2 and caloulate the value of R /after having introduced the correction for the displace-
ment of the point S, produced by the motion of the orbital nodes/.

! From AOP1S
b4 - R
sin of 4 sin 84
From AOst /5e1/
£ S S
sin o o sin 8, 4
I‘ sin  , sl s, |
sin o 4 ~ sin sy !
yet as 84 +8, =8
thence
sin of sin/s - 8,/
2 1 = -
GLr = =15 5, sin s . otg 84 cos 8
wherefrom sinol ,

02
otg 8y = 8T o4 o 51D 8 +otg 8 /52/




Having 8y, we compute

T . 8in 8, L. 8in ‘2'
| Ra _‘?"u 1 = N-_‘ino(z /503/
The e¢lement T 1s foung using the formulag;
? = r e cos ‘Pﬂ /5.4/
sintps = 8ln u , gip ¢ ' /5.5/

wWhere: » . radius-vectop

U = argument of latitude

i- inclination,

The condition of two consecutive tranaits may be extendeq to a greater number of pag-
Sages during which the satellite ig observed for the seoong time, Provided that ye are able

distance T, within the limits of tolerance, we assume, as wg have done before, that the long-
reriod variations are known frop observations with an adequate acouracy, As regards the Short-
period variations, those of them whioch are the function of zonal barmonics of the Earth‘s gra~-
vity potential Will be equal tg 2ero, for the argument of latitude 1g the same during the

first ang the secong obscrvation. Only the effects of tesseral harmonicg of the diurnal beriod

are remaining, The long—periog varlations are minimal in the case of ALOUETTE, They are charac-

terizeqd by the fact that from the launching moment, that is, from the end orf September 1962
t111 miq May 1963 the Semi-major axig & did not undergo changes within the bounds of the de-
termination accuracy: 10=2 o Ra /Re = radius of the Eartp [NASA 1963] o T111 the 18th May 1963,
a = l.15892 , Ro; later on - t111 the eng of August 1963, a = l.15891 , Roy

Table 5

N — e o . I — T
i Ho of rev, | Influence of ] Influence of | Total ( ‘}no of | Potal-secu- :
{ i c ! S { pertur— ;fgv. = sgoy-| lars= Diurnalg
E : 22 | 22 : ation | lar pertur— :perturbationf
! | ! ! | bation |

i i | i | |

: ! | | !

| | I B e N
| 0 ! 0 0 I 0 | 0 | 0
' 1 ! 0 i 0 o Po=a0%) %107
I 2 | +1%,107 ] - 1.0 | 0 | -2 g' +2 ‘
i 3 | +1.2070 -2 —_— | -3 I +2

| 4 ! +2.107% | -3 - I -4 [ +3

| 5 .' +3.207 -6 | -3 [ ez

t' 6 ," + 5,107 ! -8 -3 | -5 | +3

u’ 7 | + 7,107 i -11 -4 [ I o2

! 8 | + 9207 | 14 -5 [o_g [ +2

] 9 | +12,107 i ~18 -6 | -8 [ s

! 10 | +15.100 -22 ~7 I -5 | o+2

| 11 f +18,10™7 I -26 -8 , -10 I +a2

i’ 12 i ®l.107 | -32 -11 |- | 0
S ! | | _

On this basig and in agcorg with the considerations of the Chapter VII, we are arriving
4l the conclusions that uring the interval of o dogen or ¢ of revolutions 1t 18 not necessa-~
T¥ to take the atmospherie drag into acoount,

48 to the influence of tne nodal motion, we know that 1t 4g little for Batellites with

d
& great inclination op the orbit, Ip the case of ALOUETII, it amounts to &pproximately -02985/1 .
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As it follows from the computations of Kotohina, correctsd in such o way that the values
of 022 and 822 be compatible with those adopted in the present work, the diurnal pertur—
bations of the node of a polar satellite are: /Tab.5/. ’

The picture of diurnal perturbations shows a deviation from the mean varistion pPropor-
tional to tima, by a magnituds of the ordsr of 3°, 10‘5, or approximately 071, This corres—
ponds to ths observation aoourasy 096; hence the conclusion that for the computation of the
correction for the alteration in the node, the application of the sacular variationm will do.

The influence of the inclination will be imperceptible because of the stability of that
element and becauss of utilizing here the sine which undergpes little changes in the vicini-
ty of 90°, ‘

As seen from the formulae /5.4/ and /5:5/, an dmportant role is played by the argument
of latitude u:

- Sdn i cos udu
dl}os = QOS\PS /596/

¢f==-x,sinyg, dPg = =r tgP sin i . cos u du /577

Substituting 1 = 900, r = 7378 km, and assuming that 4f & 15 m, we shall obtain the
followlng performance of the acouracy required in defining u:
Iwo milliseconds may be regarded as the

{ Table 6 upper iimit of accuracy 4o -be achieved in
{ defining the moment of observation and in
u | duj at determining Tg . For obssrvational reasons
. — = as shown In the text to follow - 1t will
o " be possibls to make observations at gao~
1 28 140 ms 0
1o° 2" 14 graphical latitud:s < 60, this gorres-
o " ponding to u<48" for an orbit of 1000 km
200 1;5 8 over the Earth. So we may acospt that the
300 1"'0 s maximal accuracy to be achieved in the de-
400 O”’8 4 termination of u is = 0'.'7, this cocresponding
20 0.7 2 to 03003(t = T,0 ). Only in the immediats
600 O‘.Ié 3 neighbourhood of the squator those require~
700 0;5 2 ments are losing their importance.
800 0.5 e Let us consider now the mode of observation
90 0%5 2 and the influence of observational errors.

The observation should Ffurnish - as computa~
tional elements - the angles of 45 &, and & in the plane of the parallel. The angle /180..¢f/
will be the differenve between the topocentric right ascension of the satellite at the moment
of 1ts transit through the equator on the celestial sphere and the local sidersal tims corres-—
ronding to this moment. The angle § will be simply the difference hetwsen the moments of
both passages through the squator on the celastial sphere in sidereal time, Thus the observas
tion will consist of the time recording and the measurement of the right ascension of the sa~
tellite when its declination %s equal to O,

Let differentiate the formulae /5.2/ and /5.3/ with regard to 0(1 andof,, considering
that dd.‘ = d°(2 = def

-ds1 =siru:(1 < 008 0f, -sinc(a cosef i of
sinzs1 siuao(,l sin s
~ 2
sin(el, -dy) sin s,
! d 31 RS smzd“ sin 8 @ dﬁ( /5‘9/
) £ (sin oy o cos 8,d 8, = sin 8, 008 &, del) /5410/
ainaa(

) ~F [sin(o(1 -e(a)ain251 + 8in f,‘oosd,) sinac(1 sin s} def

7 /5.13/
sin 0(1 e 84n 8




1 =¢f, = oy we obtaing

o dﬂ(l /5.121

For such ap obsorvation, with an orbit of § = 1000 kn and the 88ographical latitude of the

Therefore:

Serving site. For the accuracy o this element t, be below 2", 1t means, in order o avold
the error of deflection of the vertical, we must have geodetic Coordinate dats in one of the
newer systems /for instance; Hayford, Kroscwski/, 1o which the error of their orientation
1s supposeq Bot to exceeq 2", Those Soordinates need, Moreover, to be reduceq to the position
of the 1nstantancous pPole. The case where only astronomioally determinsqg Coordinates arg known
will be disousseq Separately, A

The accuracy achieved in the measurement of the angle € is considerably higher, 17 we
Mmeasure the tipe with an accuracy of A ¢ o * 0§002, then A6 = * 0303; S0 wa are not going
to analyse here this influence,

Assuming that pp 5m and mer = 2", we obtain

mp, = 25np,

A8 said before, this estimate Mmay be regardeg as bedng too optimistio, but our observa-
tion wiyl brove to be or avall even whep Op  1s much greater. In this ¢onnection we may recall

a4 single observation is able to Supply an nformation of the same class as the complicated

cften that we have the possibility of observing two Consecutive transits; yet, as sgig bcforc,
this fact reveals no greater significance because or the stability of the selecteg orbit, In-

to be able to baest determine the necessary orbital €lements, There are, unfortunately, periods
during which the visibility conditions allow only for g very short are of the Ssatellite to be
observed., Thig occurs when the line of the orbital B0des is near the EBarth—to-Sun direction,
This effect 1s Stronger with lower orbitg and fesbler with highar orbits, Therefore it 1s more
&dvantagseoys to chooss higher orbits.}Next to ALOUETTR - MIDAS 3 ang MIDAS 4 witn orbits at

an altitude of approximately 3500 km, or other sat:llitc, may be includeq into the observation

The visibility conditions define, also the rangs or geographica] latitudes at which
the observations of this type can be carried out, Since the observation has to be rerformed

thal distance at which an observation is pPossible, The correspcnding formulae for the compu~
tation are Zlven by Cichowicz [1963] o It follows thereof that for Zmax = 85° and in theg
range of X 340 of the houp angle, P must be Smallexr thap 609.

E]
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2. Computatior of the Triangulatlion by the Tetrahedron Method

This method hus been described in detail and results have been presented in previous
works by the author, [Zicliﬂski 1965] , [Paoholski, Zielifiski 1966] In this paper only
the general oonception will be recalled with some final conclusions.
If we observe the satellite from the point
A at twe positions S1 and S2 corresponding
to two moments T, and T,, we obtain the
484, 4S,, BS,, BS, directions in the system
of absolute orientation, it means, in such
‘one whose Z-axis is covered by the rotation
axls of the Earth, and the XY-plane - by the
equatorial plane., If; knowing the orbital
elsments, we are going to calculate the length
of the segment of the straight line 3182, we
shall be able to solve readily the tetrahe-~
dron AB 8182, and to find the distance and the direction AB. Choosing arbitrarily the coordi-
nates of the point A, we can compute the coordinates of the point A and, further on, in the
same way the coordinates of all polnts of the network. The points of the computed network sub-
nitted afterwards to an adjustment, will obtain their coordinates in the absolutely oriented
system with the length unit independent of the distance measurements performed on the Earth’s
surface and, hence, disencumbered of measurement errors of bases, errors of reduction from the
secid to tae ellipsold, a.s.0. Also another source of errors disappears, connected with the
trenspocition of the length from the measured .slde to the unmeasured sides, because the num-
I "bases" exceeds markedly the number of sides.

Thanks to the participation of Poland in the International Observation Irogram of the
oatellite BCHO 1, in 1963, a possiblility was offered for the test of this concept by using the
ocbservational data collected., For this purpose, analytical formulae have been derived for the
length of the base segment 3132 = [ in the function of orbital elements, and a theoretical
ascuracy analysls has been made; the main idea of the experiment was to demonstrate the vali-
dity of this analysis, If it proved to be valid for ECHO 1, it ought to be good alsc for other
satellites which fulfilling all the orbital and aerodynamic requirements, will secure much more
accurate results than the balloon ECHO. The computations gave the agreement of results as pre-
dicted by the theoretical analysis or even better. According to this analysis the accuracy of
determinatior of the segmentl/in the space from the orbital elements of satellite Echo 1 is
of the order ¥ 170-190 cm, for the case geometrically advantageous. From observations we have:

A Fige 8

Table 7
loal &geod my T
Riga-Uzhgorod 932,096 km 931.932 km Zo4m f250m
Riga-Nikolaev 1232.409 km 1232,336 km t57nm fi127m
ecal - calculated from orbital elements
(geod' calculated from geodetlo coordinates
m¢ - mean error of. the result
m - mean error with unit weight

m, and m, bear also upon some observational srrors not discussed in theory. If cempared to
the results derived by other orbital methods, s.g. Vels [1964} , which being based on tens of
thousands of observations had given mean-square errors within the limits 7-30 m, our results
may be regarded as encuraginge.

3., Connection of the Triangulation Network with the Center of the Earth ‘s Mass

The method desoribed im Seot.5.2, enables to determine the coordinates of all points in
a system with strictly defined directions but with an arbitrarily chosen orilgin.
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Having evaluated the coordinates of points A and By, we can also
nates of the two remalning vertexes of the tetrahedron - S1 and §
of the radius-vector at this polnt, we may put down:

compute the coordi-
oo Since we know the length

(XS1 - Xo) 2, (YS1 - Yo)2 + (231 - 20)2 = r?

(XS2 - Xo) 2, (Y82 - Io)z + (zs2 - Zo)2 =5 J

where Xo, Yo, 20 are the coordirates of the mass center,

As many such equation systems can bs written as many fetrahadrons have been formed in
the network, this allowing for the coordinates Xo, Yo, and Zo in the adopted system to be
found, Aftexr having made a parallel shift, we obtain a coordinate system with the origin at
the center of the Earth’s mass,

During the last years, several projects of the world triangulation network have been
rresented. One of the most elegant and - a* the Same time — one of the most sfficient pro-
Jects is the Zhongolovich rroject [1965] « This project possssses, however, some limitations
consclously imposed by the author himself who considers certain difficulties to be solvable
only in the future, 4mong those difficulties is the question of conveying the sputial net-
work & linear scale, Zhongolovich Suggests to apply here laser-beacon for measuring one of
the segments;: satellite-observing station, Stating éxpressively that this will be a task of
the future, he draws the attention to a whole series of technical problems bound with it,

“nother problem that the author of the world triangulation network has left irresolved
15 the question of relating the network to the center of the Earth’s mass, although he states
in the introduction that this 1s the very ultimate objective of any studles of this kind,

The method applying the radius~vector allows also for that part of the project to be
com;lemented,

4s Determination of the Parallel Radius by Using the Tetrahedroﬁ Methoed

In Ject.5.1 the method of determining the parallel radius of the Earth has been discuse
ced, in whiclL an accurate mowledge of the seocentric distance of the observing site was
“eing wosumed, Let now gzive a thought to the question how we have to proceed if this condi=
tion is not satisfied,

L twofold aiming at the point S which - in reality - is moving and 1is considered mo-
tionless onl; owing to certain
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sorrections introduced into the calculus, may be calied Quasidl=-synchronou Se
The same quasi-synchronism can be applied to the observation of other selected points, for
example, points remote in time from the point S, by an interval of * & t. Thus, we ave able
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to construct a tetrahedron apalogous to the tetrahedron used in triangulation, whereby the
place of the previous two points A and B will be taken by a single point P which - during

the time separating two observations — would have changsd its position in space. 1n the issus,
we shall obtain the distance of P1Pé permitiing to determine = immediately thersof:

PyFy

R = —=5% o 00880 6}’2 /5.147

Now we may venture to define an element which is perhaps even more interesting than R,

namely - the parallel component of the defleation of the vertical. For this purpose, the for-
mula /5.11/ from the Secte5.1 can be utilized. We shall rewrite it in the forms

—AR.sm4qismS

2 5 /5.15/
£ [sin(q1 -«,) sin Sy + sio 8, cos«y sin e, sin §]
where: 1§ « component of the vertical deflection
AR - difference between the radius determined in the mannsr described in 5.1 /RI/ and
the radius determined in the way described here /RII/.

AR = RII - RI /5,167
The quasi-synchronization of points 31 and 52 may ba achieved with the same acouracy
~u ¢l the roint S, Only minute variations of slenents come into play here, osccurring during

tiic time of At 1-2 min; they can be easily taken cars of,

5. Synchronous Observations Not Forming Tetrahedrons

The last of two methods we are golng to present here, are the most complicated as a
matter of analysis, but they offer the possi_ility of utilizing the existing observational
material as well as any oiher observations to be rade in thé futurse with the help of the stane
dard procedures.

Sa
A

Fige 10

Let suppose that synchronous observations of a satellite or of satellites being at
-re to bg carried out from two points 4 and B. Bach of those observations

e . .
L"" PR s.)/z’ lJ&, U)
LY Zor tes following equation oystem to be formulated:
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The three observaticns give a system of 21 squations with 21 unknowns,

The matter of solvisg thiz system stends like 4n the preceding case, Owing to the faot
thet we kmow the approximate soordinates of all points; we ere in a position to solve this
system fully uniguely with the eid of the iteratien methed, although somé more real sclutions
exist here, '

As 4t alwaye is, the scourasy depends strongly upon the configuration, S0, for the point
& to be properly determined a good location of observed points S1 is needsd.

Chepter VI

FINAL CCHCLUSIONS

The comsiderations presented in this atudy and the outoomes of computetions made in G Hn-

nection with the werk, lead to the following conoclusions:

1° If we have at our disposal & set of cbservations sarrisd put with an accurmey to Zogn and
b O§002, well distributed in spasce and time, it 1s possible to compute the orbital sle-
ments, especially the semi-major axis and the ¢ccentriclty, with an accuracy better than
107°, Applying therewith an appropriate observatiocn program, we can disburden completely
the semi-major axis and pertlally the eccentricity of position errors of observing sta-
tions /Chapter II/.

2%  The present state of lmowiedge on the Earth's gravity field permits to compute the ra—
dius—vector accurate to 10"5 = 4f the satellite is travelling on an orbit of H sgual to
1000 km end 1 being equal to 80°, It is the loweat orbit within the adopted limitatione
H = 1000 ¢ 3000 km = having been purposely chosen for our calculatiocns as the least favo-
rablse. With higher orbits the effect of harmonice of higher orders is rapidly dropping be-
cause of the Ligh powers » appearing in the dencminator /Chapter III/.

3° Perturbation influsnces of atmospheris provenance produced by the attraction of other ce—
lestial bodies or generated by other causes -~ are small and need not be taksn into cone

slderation /Chapter IV/,

Let reflect on the question in what sense those resultes offer possibilities of utilizing
the theory of radius-vector. Although the acouracy to 103"5 may bs not very attractive for Lro=
blens being resolved on the Esrth‘s surface such for example, a8 the comnection of continents,
but beccmes rather interesting with the problem of referring surface points to the center of
the Earth’s mass, The studiss existing so far in this domain 4id not pass the mentioned acou-
racy limit, neither, However, the investigations on the Barth’'s gravity are making a rapid pro-
grass., The accuracy kmown for the 022 and 322 harmonics responsible Ffor the largest pasrturba—
tlons, is continually ilmproving and will, no doubt, in the nearest future attain the same order
of acouracy as the zonal harmonics. This gives foundation for hops that %% will be possible to
achieve also with regerd to this part of the theory am acouracy of the order of at least 2,107
% 3.10"6. St1iil, i1t seems necessary to remark that it may be hardly possible to improve here
the accuracy by means of augmenting the number of observations because the érrors, having their
source in the acocurscy of the theory, would not be of an acoidental naturs.

The author fully reslizes that the present atudy does not exhaust the subject matter. It
would be, primerily, very desirable to undertake the integration for other types of orbilts
with different inclinatioms end altitudes above the Barth’s surface. An examlnation of the in-
fluence of tesseral harmonics of the third and the fourth order would alsc be of avail. Such
caloulations insxeocutable without the aid of elscironic computers are connected with rather
large expenditures., It is to be hoped, however, that this investigation work will be continuad,

It is the most pleasant duty of the author to éxpress his gratitude to all persons who
have not spared advice or support during bis work on the above problem:
=~ to Professor W.Opalski - for some valuable remerks and obssrvationa,
= to Dr.L.Cichowicz - for his generous help and initiative having enoouraged the author to

take up innovative subjeots,
= %o Mr.W.Pachelski, M.S0., and Mro.K.2i6tkowski, M.Sc., from the Computing Center of the Po-
lish Academy of Soilences -~ for imparting their axperiencss in the domain

of orbital computation, numeriocal integration and programmation, and




~ to the rersonnsl of the Establishment for Numerical Computations of the Warsaw University,
where the calculation operations had been carried out.
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HPRMEHEHHE PATUYCA-BEKTOBA HCKYCCTBEHHOTO CIYTHEKA SEMEE B TEOJESHH,
KAE MEPH ROITOTH

Coxepzanzns

HounoZsays rperxf saxonm Kemnzepa, wmozmo onpegesnss HOAYOCH OPONTH CUYTHUKA HE 0CHO-
BAHER 380666DBHDOBAHHOTO NEPHOZA €re o6panenus. BCAM waBecren TAKZ® BHCHSHTDHCHTET 0p—
6ETH, TO NPEREMAR, YTO O 63ZH30K Hyaw, wuommo PHUMCAETE Panuyc-BeETOD COyTHNRA ZAg HPOES~
B0XBHOTO WOMEHTA, Xage P 0AyIae, ©0IH GCTAIDHNE PROMEHTH HIBECTRH NHES OPHOTMBHTCIBHS ,
Hacroasas pabora mocmgmesna ryamBumm 06pasey BCCISZOBAHAD, © R8Kof Toumeormm 2BIACTCH BO3-
MOXHHM ONDOXCXOHES DajNyca-BexToDa. Ip= mpexnocmaxsx, wro SKCHGHTDHCHTOT ODSHYH OyEsoR
HyaID, 4TO BHCOTa nepmres 1000-3000 XzM. & COOTHONOHNS MACCH /HOBGDIEOCTE CNYTHREKE BexH-
EC, OKQ3INBAGTCEZ BO3KORHHM BHYHCISEHS D&ZHYCa~-BEKTODE ¢ TOTHOCTED 10'5. OCHOBENM npemsgy-
CTBHOM 3 EOCTHXGHNHE Goanmef PEUHOCTH ABIAASTOE HEJCCTETONHOGTH CBeZeHER 0 Rousddunmenrax
TOCO6PAZFNHX TSDMOHEX 36MHOTO IDABETE&NEOHHOID Doaf. [IpowEe npuSHEN Bosuymenu#, wax to:
OmEGKE KCOIPPEOHEHTOB BOHAZBHHX TADHMOHHK, COUDOTHBIOHNS &THOCQOLH, JaBXcHES cBeTa, OPETA~
ZXCHHe COXHNZ ¥ JYHH - BH3NBADT Topasgo MsHbEHE DepPTyp6anuu. Ipusexsn Tarze cmocos Ba6ED-
XenEfl ¥ BNUNCHEHUA SIeMEHTO3 ODPOETH, JAMMARNDYDNE] Bamgnme OCWHOOK KOODZEHAT MoOT E85aD-
Zerns#. B nmocierHeu paszexe PaGOTH HPHBGASHO HECKOLBKO CHCCOGCE KCUOXNHB0BAHRS H3BECTHOIO
Panuyca~BeXTOPa LAL ONPENOISHET KOODIUEAT ToUex H8 NOBEPXHOCTH JeMiH B TeoueRTpEICCKON
CHCTOMO, OPHeHTEDOBAHEOR co0TESTCcTBeHHO o HAnpaBIeHHEM OCH BpameHHa X HRXOTHOCTHE 8XBarTops.




