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ZASTOSOWANIE PROMIENIA WODZĄCEGO SZTUCZNEGO SATELITY ZIEM I
JAKO MIARY DŁUGOŚCI DLA CELÓW GEODEZYJNYCH

Wykorzystując trzecie prawo Keplera, jest możliwe wyznaczenie wiel­
kiej półosi orbity na podstawie zaobserwowanego okresu obiegu.

Jeżeli znany jest także mimośród orbity, mamy możność obliczenia
długości promienia wodzącego satelity na dowolny moment, nawet jeże­
li pozostałe elementy znane są tylko w przybliżeniu.

Niniejsza praca poświęcona jest przede wszystkim zbadaniu stopnia
dokładności jaki może być osiągnięty przy wyznaczeniu promienia wodzą­
cego.

Zakładając, że mimośród orbity jest bliski zera, wysokość perigeum
1000 + 3000 km oraz, że satelita ma mały stosunek powierzchni (masa,
promień wodzący może być obliczony, jak wykazano w rozdz. VI, z dokład­
nością 10- 5.

Niedostateczna znajomość współczynników harmonik tesseralnyoh ziem­
skiego pola grawitacyjnego jest główną przeszkodą w osiągnięciu wyższej
dokładności.

Pozostałe źródła perturbacji, takie jak: błędy współczynników har­
monik zonalnych, opór atmosfery, ciśnienie światła, przyciąganie Słońca
i Księżyca wpływają w sposób o wiele mniej znaczący.

Podany jest także sposób obserwacji i obliczeń eliminujący wpływ
błędów stacji obserwacyjnych na wyznaczenie okresu.

Rozdział VIII zawiera niektóre sposoby wykorzystania znanej długoś­
ci promienia wodzącego dla wyznaczenia współrzędnych punktów na powie­
rzchni Ziemi w układzie współrzędnych zorientowanych zgodnie z kierun­
kiem osi obrotu Ziemi i płaszczyzną równika.
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8 Janusz B. Zieliński

0 H A P T E R I

CONCEPTION OF THE METHOD AND ITS MAIN DEPENDENCES

We know from the experien.ce of natural Sciences that the
time intervals may be measured with a considerably higher ac-
curacy than the distances. Clocks that are able to maintain
during several weeks their ratę constancy of the order of 10“ ,̂
do not belong any morę to exceptions today, while the geodetic
measurements of an accuracy of 10- ^ represent,again and again,
a complicated technical problem.That is why,numerous attempts
are being madę with a view to replacing the direct method of
distance measurement by time measurement methods, which is,in
a given physical phenomenon, the function of length of the se­
gment involved. Among these methods rangę the measurements of
distances madę with the help of radio and light waves propa-
gating with the known speed.

The astronomy knows another phenomenon presenting a stric-
tly determined relation between the time and the distance -
this is the undisturbed Kepplerian motion in which the semi-
major axis of the orbit a is related to the period of revolu-
tion P by the third Law of Kepler

a? const (1.1)

The leading idea of the present study is to show the at­
tempts of utilizing this dependence. Of course,artificial sa-
tellites will be called into play here, for their orbits have
dimensions comparable to those of the Earth and may be shaped
by the man in order to attain optimal conditions. In addition,
the artificial satellites first of all remain under the in­
fluence of the gravitation field of the Earth, this allowing
for the other essential feature of this method to be stated,
i.e. the possibility of referring the involved measurements to
the center of the Earth's mass.

One of the main tasks of the contemporary higher geodesy
is to obtain possibilities of determining homogeneous coordi-
nates of points on the whole Earth/s surface in a system whose
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A p p lic a tio n  of th e  r a d iu s - y e c to r . . 9

position with regard to the fundamental physical elements of
the Earth body - its mass center and axis of revolution - would
be known. A particular and the most advantageous case would be
offered by a system whose origin were to coincide with the cen­
ter of the Earth's mass, and one of its axis - with the Earths
revolution axis. An additiohal condition should be that the
scalę of such a World Geodetic System be the same everywhere.

The fulfillment of the above conditions by means of me-
thods of the classical geodesy proves to be difficult net only
because of the distance between the different continents or
the separate geodetic systems or the necessity of gathering an
immense ąuantity of observational data, but also because the
computation and adjustment of extensive triangulation networks
reąuire the adoption of one or another hypothesis concerning
the inner structure of the Earth. The appearance of satellite
methods have opened new and vast possibilities. Using the sa­
tellite geometrie methods, such as satellite triangulation,we
perform the measurements of directions in the system of as-
tronomical coordinates - the declination and the right ascen-
sion - it means, in such a system whose orientation with re­
gard to the axis of the Earth's revolution, the instantaneous
or the mean one, is exactly known. In the dynamie methods,the
center of the Earth's mass is directly involved. A short re-
view and the dicussion of results obtained by this method are
presented in Chapter III. The work done so far does not, of
course, exhaust all possibilities offered by satellite me­
thods. It is, therefore, desirable to proceed to the improve-
ment of the existing and the search for new methods in this
domain.

The method proposed in this study is different from me­
thods applied so far, which are described in Chapter III. In
those methods, the ąuantities serving as starting points for
further computations and ultimate results were always the in­
stantaneous three-dimensional coordinates of the satellite.
Comparision, adjustment and transformation of these coordina­
tes led to the finał result represented by the geocentric co­
ordinates of the observing station. In our method, the only
basie element will be the radius-yector. Its length changes
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10 Janusz B. Zieliński

much, morę slowly - especially in orbita of smali eccentricity
- th.au the coordinates which vary literally with a cosmic ve-
locity. The idea of this method has sprung up in. 1963, after
Poland had taken the engagement to count the ephemerides of
the satellite Alouette (1962 Beta Alfa 1) for the socialist
countries participating in the multilateral scientific coope-
ration. The project for the respective observations,described
in Chapter VIII, was submitted to the Conference of Observers
of Artificial Earth Satellites in Moscow, 196J. However, the
specificity of this kind of research work is, that it cannot
be performed on a smali scalę; if we want to obtain reliable
scientific results, the collaboration of a great number of ob-
serving and computing agencies is reąuired, this being pos-
sible only within the framework of an International coopera-
tion. Before undertaking and, the morę, before irńtiating such
a collaboration, a thorough analysis of the whole problem is
indispensable. During the course of the work,this problem has
evolved to the present - a morę generał - form.

In this paper the application of the theory of radius-vec-
tor is being treated in broad outlines. Among the projects men-
tioned in Chapter VIII only one possesses a fuli analysis of
accuracy, namely, the project for which we succeeded in using
the substitutional observational data: the synochronous obser-
vations of Echo I. The main topie is being devoted to the theo­
ry itself and to the problem: which perturbations ought to be
taken into account and what is the accuracy with which we are
able to compute them?

Let us now go over to a brief discussion of the theory.
An element characterizing the linear dimensions of the or­

bit is its semi-major axis a. We shall determine it by measu-
ring the period of revolution or - what comes to the same -
the mean motion n. Introducing the mean motion, we can write
down the third Kepler's Law

n2 • a5  = , (1.2)
where

„ 2%n - p  •
In this formula /i designates the mass of the Earth (the

case being confined to the motion of artificial satellites)
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A p p lic a tio n  of th e  r a d iu s - v e c to r . . .  11

m u lt ip l ie d  by  th e  g r a v i t a t i o n  c o n s ta n t .  L e t u s f i r s t  see  what
e f f e c t  th e  e r r o r  o f  th e  p e r io d  m easurem ent w i l l  have on th e
ao cu racy  o f  a .

D i f f e r e n t i a t in g  (1 .2 )  we have

a
Assuming t h a t  dP = 0 ,0 1 , t h i s  b e in g  n o t a t  a l l  an e x o rb i-

t a n t  ao cu racy  f o r  o b se rv in g  p o s s i b i l i t i e s ,  we o b ta in  f o r  o r -
b i t s  a t  a l t i t u d e s  from  1000 t o  3000 km

d a  = 7 ni .

I t  fo llo w s  from  th e  u l t e r i o r  a n a ly s i s  a s  w e ll  a s  from  nu-
m erous p u b l ic a t io n s  ( f o r  i n s t a n c e :  S a t e l l i t e  O r b i ta l  D ata SAO
S pec. R e p t . ) ,  t h a t  th e  ao c u ra c y  o f  p e r io d  e ą u a l  t o  0?01, t h i s
c o rre sp o n d in g  t o  th e  ao cu racy  n : 10“ 6 , would be r a t h e r  the in -
f e r i o r  l i m i t  o f  a o c u ra c y . W hereas, th e  e r r o r :  7 m  c o rre sp o n ­
d in g  a ls o  to  th e  r e l a t i v e  a o c u ra c y : 10~ć , i s  from  th e  geodetic
p o in t  o f  v iew  ą u i t e  s a t i s f a c t o r y .  A f u r t h e r  r e d u c t io n  o f  th e
v a lu e  o f  d -a w i l l  g iv e  no e f f e c t s  b ecasu e  i t  would be below
th e  l e v e l  o f  o b s e rv a t io n  e r r o r s .

The ą u a n t i ty  /i i s  a ls o  encumbered w ith  a  c e r t a i n  e rro r.T h e
l a t t e r  h a s  th e  fo llo w in g  b e a r in g  upon th e  s e m i-a x is

d a  = a  * . ( 1 .4 )
z

Assuming t h a t  u  i s  e ą u a l  to  398603 kur sec  (se e  C hap te r
z —2V) and t h a t  d Ą  i s  e ą u a l  t o  3 kur sec  , we o b ta in  f o r

H = 1000 km, da = 18 m

H = 3000 km, da = 23 m .

The ą u a n t i ty  and i t s  ao cu racy  i s  o f  a p a r t i c u l a r  impor-
ta n c e  f o r  th e  p r e s e n t  th e o r y .  I t  d e f in e s  th e  s c a lę  o f  th e  sy ­
stem  o r  o f  th e  g e o m e tr ic a l  c o n s t r u c t io n  which w i l l  be c o n s i -
d ered  i n  some c o n c re te  c a s e .  Anyway, th e  e r r o r  o f  p. w i l l  ap -
p e a r  as a  s y s te m a tic  e r r o r  n o t  b r in g in g  abou t l o c a l  deform a-
t i o n s  o f  a  g iv e n  c o n s t r u o t io n .  We d e r iv e  th e  r a d iu s - v e c to r
from  sem i-m ajo r a x is  u s in g  th e  fo rm u la

r  = a ( l  -  e • cos E) . ( 1 .5 )
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12 Ja n u sz  B . Z i e l i ń s k i

T h is  b r i e f  d is c u s s io n  le a d s  t o  th e  con.clu.sion. t h a t  th e  accura­
cy  we have a  chance o f  a t t a i n i n g  by t h i s  method i s  o f  th e  o r­
d e r  o f  10"6 , t h i s  am ounting to  7 m -  10 m, a c c o rd in g  to  th e
a l t i tu .d e  o f  o r b i t .  And s o ,  we s h a l l  adopt th e  fo llo w in g  r o l e
w ith  r e g a rd  t o  th e  need o f  in t r o d u c in g  p e r tu r b a t io n  c o r r e c -
t i o n s  and t h e i r  a c c u ra c y : c o r r e c t io n s  w i l l  be c o n s id e re d  neg-
l i g i b l e ,  i f  th e y  g iv e  a  p e r tu r b a t io n  s m a lle r  th a n  one meter i n
r a d i u s - v e c to r , w h ile  th e y  w i l l  be c o n s id e re d  su ff ic ie n tly  p r e -
c i s e ,  i f  th e  a c c u ra c y  i s  b e t t e r  t o  one m e te r .

However, n o t  a l l  ty p e s  o f  o r b i t s  and , n a t u r a l l y ,  n o t  a l l
ty p e s  o f  s a t e l l i t e s  can  be chosen  f o r  t h i s  m e th o d .In  o rd e r  to
av o id  r a p id  changes i n  th e  l e n g th  r ,  we s h a l l  u t i l i z e  o r b i t s
w ith  sm a li e c c e n t r i c i t i e s  o f  th e  ty p e  ANNA Ib  and ALOUETTE,
th o se  b e in g  s m a lle r  th a n  0 ,0 1 . For p o s s ib le  e l im in a t io n  o f
d i s tu r b in g  e f f e c t s  o f  th e  a tm o sp h e re , we s h a l l  f i x  th e  i n f e -
r i o r  l im i t  o f  th e  a l t i t u d e  t o  1000 km o v e r th e  E a r th / s  s u r f a -
ce and th e  u pper l i m i t  -  t o  3 000 km. F u r th e r ,  we adm it t h a t
th e  s a t e l l i t e  t o  be d e a l t  w ith  i s  o f  th e  ty p e  c a l l e d  heavy v e -
h i c l e ,  o f  a  Iow a rea /m ass  r a t i o ,  s im i la r  t o  ANNA o r  ALOUETTE.

For com puting th e  l e n g th  o f  th e  r a d iu s -v e c to r ,w e  are  g o in g
to  ad op t th e  fo llo w in g  a ssu m p tio n : we s h a l l  adm it t h a t  we h a -
ve a t  o u r d i s p o s a l  an a p p ro p r ia te  s e t  o f  o b s e rv a t io n s  well l o -
c a te d  i n  space  and t im e , p e r m i t t in g  f o r  th e  mean e le m en ts  o f
th e  o r b i t  t o  be computed w ith  s a t i s f a c t o r y  a c cu ra cy  (in  a c c o r -
dance w ith  th e  d e f i n i t i o n  g iv e n  i n  C hap ter I I ) , a s  well as t h e i r
v a r i a t i o n s .  T hus, we c e ase  d e a lin g  w ith  a l l  th e  lo n g -p e r io d
p e r t u r b a t i o n s , s iń c e  th e y  would be c o n ta in e d  i n  v a r i a t i o n s  o f
mean e le m e n ts . Only th e  s h o r t - p e r io d  and d iu r n a l  p e r tu rb a tio n s
w i l l  need t o  be ta k e n  i n to  a c c o u n t. I t  seems p u rp o se fu l to  i n -
d ic a te  h e re  t h a t  we a re  u s in g  f o r  th e  co m p u ta tio n  o f  p e r t u r ­
b a t io n s  caused  by  c o n s e c u tiv e  harm onics o f  th e  t e r r e s t r i a l  po-
t e n t i a l  o f  g r a v i t a t i o n ,  th e  v a lu e s  o f  c o e f f i c i e n t s  o f  harmo­
n ic s  d e te rm in ed  from  s a t e l l i t e  o b s e rv a t io n s .  Yet we do by no
means e n te r  i n  t h i s  way th e  " v ic io u s  c i r c l e " ,  s iń c e  th o s e  d e -
te r m in a t io n s  a re  m ain ly  b ased  on ob serv ed  lo n g -p e r io d  v a r i a -
t i o n s ,  w hich a re  g r e a t e r  th a n  s h o r t - p e r io d  v a r i a t i o n s  compu­
te d  h e re .
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A p p lic a tio n  of th e  r a d iu s -v e c to r 13

C H A R T E R  I I

BASIC FORMULAE AND DEFINITIONS OF THE THEORY OF MOTION
OF ARTIFICIAL EARTH SATELLITES

A f u l i  p r e s e n ta t io n  o f  th e  th e o ry  o f  m otion  o f  th e  a r t i -
f i c i a l  E a r th  s a t e l l i t e  i n  a l l  p o s s ib le  approach.es overruns th e
scope o f  t h i s  work and p ro v id e s  r a t h e r  m a te r ia ł  f o r  a  f a i r l y
volum inous handbook. H ence, we a re  go ing  t o  c o n f in e  o u rs e lv e s
to  fo rm ulae  and d e f i n i t i o n s  t h a t  a re  r e ą u i r e d  f o r  th e  s u b je c t
d isc u s s e d  h e r e .  The m otion  o f  s a t e l l i t e  p ro ce e d s  i n  th e  f i e l d
o f  a c t io n  o f  v a r io u s  f o rc e s  t h a t  a re  sh ap in g  i t s  t r a j e c t o r y .
The m ost im p o r ta n t among them  i s  th e  fo rc e  o f  g r a v i t a t i o n
which comes m ain ly  from  th e  a t t r a c t i o n  e x e r te d  by ou r g lo b e .

We s h a l l  assume t h a t  th e  mass o f th e  s a t e l l i t e  i s  n e g l i -
g ib ly  s m a lij  f u r t h e r ,  we s h a l l  n o t ta k e  i n to  acco u n t i t s  d i -
m ensions n o r th e  m o tio n  around i t s  c e n te r .

L e t us adop t a  c o o rd in a te  system  x , y ,  z ,  whose o r ig i n
c o in c id e s  w ith  th e  c e n te r  o f  th e  E a r th  m ass.

th e  e ą u a t io n s  o f  m o tionI n  a system  d e fin e d  i n  t h i s  way,
have th e  form

d2  x  „
m -----5- = Fx

d t d

d2  y  -
d t^

m = Fz
d t d

(2 .1 )

Fy, Fy, Fz -  a re  th e  v e c to r  com ponents o f  th e  fo rc e  a c t in g
on th e  s a t e l l i t e  and

m -is  th e  mass o f  s a t e l l i t e .
I f  we l im i t  o u rs e lv e s  t o  th e  fo rc e  o f  a t t r a c t i o n  o f  th e

E a r th  and in tro d u c e  th e  fu n c t io n

(2 .2 )
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14 Janusz B . Zieliński

where
dM -  i s  th e  e lem en t o f  th e  E a r th 's  m ass,
k -  i s  th e  c o n s ta n t  o f  g r a v i t a t i o n ,
r  -  (X2  + y2  + z 2 )1 / / 2 ;

and i f  we c o n s id e r  th e  mass o f  th e  s a t e l l i t e  to  be n e g l ig ib -
l y  sm a li a s  compared to  th e  mass o f  th e  E a r th ,  th e  e ą u a t io n s
o f  m otion  ( 2 .1 )  w i l l  ta k e  th e  shape

d2 x  = _ąu_ '
d t 2

d2z au
z

The f u n c t io n  U w i l l  be c a l l e d  th e  t e r r e s t r i a l  p o t e n t i a l
o f  g r a v i t a t i o n .

The ex a m in a tio n  o f  th e  m otion  o f  th e  s a t e l l i t e  c o n d is ts  i n
th e  s o lu t i o n  o f  th o se  e ą u a t io n s  th ro u g h  t h e i r  in te g r a t io n  e i t -
h e r  by  th e  a n a ly t i c a l  o r th e  n u m erica l m ethod. T h is  s o lu t i o n
co m p rise s  s i x  i n t e g r a t i o n  c o n s ta n t s j  th e y  may be e i t h e r  i n i -
t i a l  c o o rd in a te s  and v e l o c i t i e s  a t  th e  moment t Q , o r  o r b i t a l
e le m e n ts . L e t us now assume t h a t  th e  f u n c t io n  U h as  a  sim p-
l e  form :

U = £  , ( 2 .4 )

where
(U = k • M.
T h is means t h a t  th e  whole mass o f  th e  a t t r a c t i n g  body

(E a r th )  i s  c o n c e n tra te d  a t  one p o in t  -  a t  th e  c e n te r  o f  th e
m ass. The i n t e g r a t i o n  o f  e ą u a t io n s  o f  m o tion  le a d  th e n  to  th e
th r e e  K e p le r 's  Laws w hile  th e  i n t e g r a t i o n  c o n s ta n ts  w i l l  con -
s i s t  o f  s i x  o r b i t a l  e le m e n ts . Such a  m otion  w i l l  be term ed Ke-
p l e r i a n  m o tio n , and a l l  d e v ia t io n s  from  t h i s  m o tion  w i l l  be
c a l l e d  p e r t u r b a t i o n s .  The K e p le r 's  Laws t h a t
w i l l  be o f te n  r e f e r r e d  to  i n  th e  p r e s e n t  p a p e r ,  h a v e , a s  we
know, th e  fo llo w in g  form :
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Application of the radius-vector 15

1° The trajectory of the body attracted in space (satelli-
te, for instance) it a conical curve (an ellipse - in the ca-
se of an Earth satellite), whereas the attracting body (the
center of the Earth - in our case) is in the focus.

To this corresponds the eąuation

r
a(l - e2 )

1 + e cos v ’ (2.5)

which is an eąuation of ellipse. The meaning of symbols will
be explained below.

2° The areas of sectors traced by the radius-vector are
proportional to the time during which they have been traced

o , (2.6)

A - area of sector
c - constant.
5° The cube of semi-major axis of orbit divided by the

sąuare of period is a constant ąuantity proportional to the
ąuantity )i

°r a3 n2 = u . (2.7)

In the above formulae there appear some
will be used hereinafter) that correspond to

elements (which
Keplerian ele­

ments applied to motion of planets:
S2 - right ascension of the ascen-

ding node
i - inclination of the orbital pia­

ne to the eąuator
a) - argument of perigee
v - true anomaly
e - eccentricity of the ellipse
a - semi-major axis of the ellipse.
A different choice of integration

constants is, naturally, possible; in
such a case, the orbital elements will

Fig. 1

be differently defined. Now and then this might be necessary,
e.g., for near zero values of eccentricity e when the angle u)

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska



16 Janusz B.Zieliński

becomes in d e te rm in e d , o r  f o r  i  b e in g  n e a r  z e ro  when S2beco­
mes u n d e te rm in ed .

A part from  th e  above e le m en ts  we a re  g o in g  to  use some o t -
h e r  e lem en ts  o r ą u a n t i t i e s  b e in g  fu n c t io n s  o f  th e  a fo re -m en -
t io n e d ,  and s o :

u -  argum ent o f  l a t i t u d e  = o) + v
r  -  r a d iu s - v e c to r  = a  (1 -e  cos E) (2 .8 )

/s?  •
P -  a n o m a lis t io  p e r io d  =AJ—--------- —

, 2irn -  mean m otion  = - j -
M -  mean anomaly = n • t
E -  e c c e n t r i c  anomaly r e l a t e d  to  th e  mean anomaly by th e

K e p le r ia n  e ą u a t io n

E = M + e s i n  E (2 .9 )

and w ith  th e  t r u e  anom aly -  by  means o f th e  fo rm ulae

t g  y -  e
t g  J . (2 .1 0 )

The r e a l  m otion  o f  an a r t i f i c i a l  E a r th  s a t e l l i t e  d i f f e r s ,
how ever, ą u i t e  d i s t i n c t l y  from  th e  K e p le r ia n  m otion  -  c o n s i -
d e ra b ly  morę th a n  m otions o f  p l a n e t s ,  f o r  i n s t a n c e .  The g re a -
t e s t  p e r tu r b a t io n s  a re  provoked. by th e  v e ry  f a c t  t h a t  n o t  o n ly
th e  mass of o u r g lob e  i s  no t c o n c e n tra te d . a t  i t s  c e n te r  b u t  t h a t
i t  does n e i t h e r  r e p r e s e n t  a  u n ifo rm  sp h e re  nor even  a  g lobe
composed o f  homogeneous s p h e r i c a l  l a y e r s .  I n  r e a l i t y , t h e  Earth
h a s  r a t h e r  th e  form  o f  an  e l l i p s o i d  and even  t h i s  sh o u ld  be
t r e a t e d  a s  an  a p p ro x im a tio n . In  morę a c c u ra te  app ro aches  th e
E a r th  and , c o n s e ą u e n tly , th e  f i e l d  o f  i t s  g r a v i t a t i o n  p o te n -
t i a l  dependen t upon th e  d i s t r i b u t i o n  o f  th e  mass sh o u ld  be ap-
p ro x im a ted  by s e r i e s  e x p a n s io n s , as  shown i n  C h ap te r V .In  th is
c o n n e c tio n  th e  K e p le r 's  o r b i t  can  se rv e  us m ere ly  as an a u x i-
l i a r y  c o n cep t n o t  a c tu a l i z e d  i n  r e a l i t y .  A K e p le r ia n  o r b i t
w hich i s  o s c u la to r y  to  th e  r e a l  t r a j e c t o r y  o f  th e  sa te H ite  a t
a  g iv en  moment t ,  i . e .  an  o r b i t  su ch  as would d ev e lo p  i f  a t
t h a t  moment th e  d i s tu r b in g  f o rc e s  su d d en ly  d isa p p e a re d ,w ill  be
c a l l e d  o s c u l a t i n g  o r b i t .  So, we can  im agine
t h a t  th e  r e a l  o r b i t  o f  a  s a t e l l i t e  c o n s i s t s  o f  i n f i n i t e s i m a l
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Application of the rad iu s~ v ec to r.. .  17

segm ents o f  oscu .la ti.ng  o r b i t s ,  o r  t h a t  i t  i s  s im i la r  t o  th e
K e p le r ia n  o r b i t ,  y e t  w ith  v a ry in g  e le m e n ts . Changes o f  th e s e
e le m en ts  w i l l  be term ed p e r tu r b a t io n s  o f  e le m e n ts .

Among th e  p e r t u r b a t i o n s , we s h a l l  d i s t i n g u i s h  th e  f o l l o -
w ings o n e s : s  e c u 1 a  r  p e r tu r b a t io n s  p r o g r e s s iv e ly  v a -
r y in g  w ith  tim e  and p e r i o d i c  p e r tu r b a t io n s .  The l a t -
t e r  a re  d iv id e d  i n t o :  s h o r t - p e r io d  p e r tu r b a t io n s  occuring  du-
r in g  one p e r io d  o f  r e v o lu t io n ,  d iu r n a l  p e r tu r b a t io n s  ap pea-
r i n g  d u r in g  th e  day o f  th e  o r b i t a l  p ia n e  ( th e  p e r io d  o f  tim e
d u r in g  w hich th e  E a r th  tu r n s  w ith  re g a rd  to  th e  o r b i t a l  p ian e
ab o u t J6 0  d e g re e s ) ,  and l o n g - p e r i o d  p e r tu r b a t io n s
w ith  a p e r io d  e ą u a l  t o  th e  p e r io d  o f  change i n  th e  perigee  a r ­
gument abou t 2TC.

I n  ou r p r a c t i c e  w ith  s a t e l l i t e s ,  we have to  do -  n e x t to
th e  c o n cep t o f  th e  o s c u la t in g  o r b i t  -  w ith  th e  mean e le m e n ts .
D i f f e r e n t  a u th o rs  ( Z hongolov ich  and P e l l i n e n  [1962[], Tchebo-
t a r i e v  ["19653 » G aposchkin  [1964] ) a re  u s in g  t h i s  d e s ig n a t io n
f o r  d i f f e r e n t  ą u a n t i t i e s ,  hence a  p r e c i s e  d e f i n i t i o n  a p p ea rs
t o  be n e c e s s a ry .  We a re  g o in g  to  ad o p t th e  d e f i n i t i o n  given by
Z hongo lov ich  and used a ls o  by G aposchk in , w hich seems t o  be
th e  m ost c o n v e n ie n t i n  o u r c a s e .  The p e r t u r b a t i o n
c o r r e c t i o n  w i l l  mean a  c o r r e c t io n  in c lu d in g  on ly
s h o r t - p e r io d  and d iu r n a l  p e r t u r b a t io n s .  The mean e lem en t w i l l
be e ą u a l  to  th e  o s c u la t in g  e lem en t l e s s  th e  p e r tu r b a t io n  c o r­
r e c t i o n ,  i . e .

£ „ = £ ,  +  <T£ , (2 .1 1 )

where
£o  -  o s c u la t in g  e lem en t
Ł -  mean e lem en tm

-  p e r tu r b a t io n  c o r r e c t i o n .
T hat way, th e  changes o f  mean e lem en ts  a re  cu m u la ting  s e -

c u la r  v a r i a t i o n s  produced  b o th  by th e  g r a v i t a t i o n  f ie ld  o f th e
E a r th  and any o th e r  p o s s ib le  c a u se .

A lso th e  te rm  "p e r io d  o f  r e v o lu t io n "  has v a r io u s  meanings.
Z hongo lov ich  [l9 6 0 c ] d e f in e s  th e  a n o m a lis t ic  p e r io d  a s  an

i n t e r v a l  o f  tim e  be tw een  two su b seą u e n t p a s sa g e s  af th e  s a t e l -
l i t e  th ro u g h  th e  p e r ig e e .  K ozai [1959} u se s  an e x p re s s io n  f o r
th e  mean m o tio n , d e f in in g  by th e  same p e r io d
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18 Ja n u sz  B . Z i e l i ń s k i

n = ^ g « a “ 5  1 ~ (1 -  s i n 2 i ) . V l - e 2 ] | 1 / 2  , (2 .1 2 )

where
a  -  i s  s e m i-a x is  o f  mean o r b i t ,
p  -  o r b i t  p a ra m e te r ;

t h u s ,  Kozai i s  in .clu .ding i n to  i t  a ls o  th e  s e c u la r  v a r i a t i o n  of
th e  mean anomaly i n  epoch . For o u r p u rp o se s , t ł ie  a n o m a lis t ic
p e r io d  w i l l  s ig n i f y  th e  p e r io d  o f  th e  o s c u la t in g  o r b i t  i n  a
g iv e n  epoch , co n n ec ted  w ith  th e  sem i-m ajo r a x is  o f  t h a t  o r b i t
by  th e  e ą u a t io n

n2  e? = .

Z*z s h a l l  p r e s e n t  a ls o  form u-
la e  f o r  c o o rd in a te s  and v e lo c i t ie s
o f  th e  s a t e l l i t e  i n  th e  fu n c t io n

/ o f  o r b i t a l  e le m e n ts .

r In  th e  c o o rd in a te  system X Y Z,
y  w ith  th e  o r ig in  a t  th e  c e n te r  o f

\ th e  E n ^ h '3  m ass, w ith  th e  Z -a x is
c o in c id in g  w ith  th e  E a r th / s  r e v o -

/ l u t i o n  a x i s ,  and w ith  th e  X -ax is
' d i r e c te d  t o  th e  a scen d in g  node o f

F ig .  2 th e  o r b i t ,  we have th e  fo rm ułae

X = r* c o s  u

Y = r« c o s  i . s i n  u ?

Z = r « s i n  i  s i n  u .

S ince

x  = X«cos S2 -  Y»sinS2

y  = Y’cos£2  + X «sinsz

(2 .1 ? )

(2 .1 4 )

th e  x - a x i s  b e in g  i n  t h i s  system  d i r e c te d  to  th e  e q u in o x . I f
we use  in s te a d  o f  u th e  t r u e  anomaly v ,  th e n  th e  fo rm ulae
(2 .1 5 )  w i l l  have th e  form  [ j)e u ts c h , 1965, p .  5 ]
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A pplication  of the ra d iu s-y e o to r 19

wń.ere

X = r ? 1 cos V +  p 2 s in V

y = r A cos V + 0,2 s in V

z -  r cos V + R2 s in V

(2 .1 6 )

R1  = sin . a) sin . i  R2  = cos co s i n  i .

P 1 = cos co cos sa -  s in co cos i s i n  są

P 2 = -s in c o  c o s 52. -  cos co cos i s in sa

= COS OJ s in s a + s in co cos i cossa

Q2
= - s in c o s in s a + cos co cos i C0S52

(2 .1 7 )

S u b s t i t u t i n g  i n  (2 .1 6 )  dependences

r  cos v  = a  (co s  E -  e ) (2 .1 8 )

r  s i n  v = a  V I -  e 2  s i n  E (2 .1 9 )

we o b ta in

x = a  (co s  E -  e )  + P2 V 1 -  e 2  s i n  EJ
y = a  (co s  E -  e )  + Q2  y l  -  e 2  s i n  EJ >
z = a  ^R^ (co s  E -  e )  + R2 "V1 -  e 2  s i n  E |̂

(2 .2 0 )

hence a f t e r  d i f f e r e n t i a t i o n

—I
x = — Pp s in  E  + P2  ’ 1 - e 2  c o s  E

(2 .2 1 )
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C H A P T E R III

REGENT RESULTS OF ORBITAL METHODS

Th.e possibilities of using artificial satellite observa-
tions for the determination of geocentric coordinates of pointa
on the Earth's surface were known and had been theoretically
worked out from the very moment of launching the first satel-
lites. A detailed analysis of those possibilities was given
by Veis Q1960j who discussed in his work the different va-
riants of Solutions, including the purely geometrie ones (syn-
chronous observations) and presented formulae and an accuracy
analysis. As to orbital methods, the following two had been
discussed morę broadly:

1° Simultaneous adjustment of orbital elements, their va-
riations and coordinates of observing stations;

2° Preliminary computation of orbital elements from obser-
vations carried out by a great number of stations over a lon-
ger period and, then, utilization of those data for computing
coordinates of.a certain limited number of stations,using ob-
servations performed during a markedly shorter period.

Proposing the method 1°, Veis is avare of the difficulties
connected with a simultaneous calculation of so many unknowns
which, in addition, are correlated and do not form well con-
ditioned eąuations. No wonder, therefore, that the application
in practice of this solution appeared to be a difficult task,
morę difficult than the determination of the oblateness of the
Earth, for instance. It is not long ago (in 1963) sińce the
first results of such determinations were published. We are
going to present here the results derived by K a u 1 a
[1963 a, 1963 b], I z s a k [1964] and V e i s [1964-] - in
order to see morę clearly the possibilities and the inconve-
niences of the methods applied.

Ali those papers are based on observations performed with
the help of Baker-Nun cameras belonging to the network of the
Smithsonian Astrophysical Observatory. In addition, the coor­
dinates of the same points had been determined, this facili-
tating the comparision of results. Kaula and Izsak are ap-
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Application of the radius-yector ... 21

plying in their work the method 1°. This method, for all the
difficulties bound with it, is attractive because it permits
to find the parameters of the Earth's gravitation field who-
se function are the variations of orbital elements.Fully rea-
lizing the difficulties of this method, Kaula assails his task
with the help of the richly eąuipped mathematical apparatus.
In the issue, tesseral harmonics up to the sixth order and zo-
nal harmonics up to the seventh order have been determined, in
addition to corrections for the origins of geodetic Systems
involving the respective observing stations. The six Systems
are:

The North-American Datum - extended over the area of the
Central America and the northern part of South
America. - 4 stations

The European Datum - extended over Africa
and the South - West Asia - 4 stations.

The Japanese, the Australian and the Havaiian Datums -
one station for each system.

Kaula does not give corrections of coordinates for indi-
vidual stations, that could be compared with results obtained
by the other two authors. We shall calculate the coordinates
of stations by means of adding to the initial coordinates the
coorections proper for a given Datum. In his first work
[1965 a], Kaula is utilizing 2546 observations of three sa-
tellites, in his second work [1963 b] - 10996 observations of
five satellites. It is interesting to notę that both versions
of Kaula have very similar results which are differring,howe-
ver, from the two other Solutions. Izsak proceeds analogical-
ly to Kaula, using even the same program for the evaluation of
the effect of tesseral harmonics. Still, he does not compute
corrections for geodetic Systems, but for coordinates of the
individual stations. Izsak is utilizing 15191 observations of
10 satellites. Apart from coordinates, Izsak determines 19tes­
seral harmonics to the 6th order, presuming that the values of
zonal harmonics are known from the results obtained by Kozai
[1962].

The work of Veis is based on very rich observational data
including 46538 observations of 14 satellites. The way of cal-
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c u la t io n  a p p lie d  by him i s  a m o d if ic a t io n  o f  th e  method 2 ° ,
c o n s is t in g  i n  a  tw o -s ta g e  d evelopm en t. D uring th e  f i r s t  s ta g e ,
th e  o r b i t a l  e le m en ts  had been  computed on th e  b a se  o f a p p ro x i-
m ate c o o rd in a te s  o f  th e  s t a t i o n  (o n ly  o b s e rv a t io n s  madę by th e
s t a t i o n  B-N had been  ta k e n  i n to  a c c o u n t) .  D uring th e  second
s ta g e ,  th e  c o r r e c t io n s  f o r  c o o rd in a te s  o f th e  s t a t i o n  have
been  c a lc u la te d  on th e  b a s i s  o f  d e v ia t io n s  be tw een  th e  p o s i -
t i o n s  found from  th e  e lem en ts  and th e  o bserved  ones (0 -C ) . As
compared w ith  th e  above S o lu t io n s ,  a d i s s i m i l a r i t y  i s  to  be
se e n  e s p e c i a l l y  i n  th e  ap p ro ach  to  th e  g r a v i t a t i o n  e f fe c ts .
The o r b i t  c o m p u ta tio n a l program  c o n ta in e d  o n ly  s h o r t - p e r io d
p e r tu r b a t io n s  caused  by th e  o b la te n e s s  o f  th e  E a r th  as w e ll as
th e  e f f e c t s  o f  th e  Moon and th e  Sun. A li  th e  o th e r  long-period
v a r i a t i o n s  have been  d e te rm in ed  from  o b s e r v a t io n s , u s in g  th e
l e a s t - s ą u a r e s  m ethod, and r e g i s t e r e d  as v a r i a t i o n s  o f  mean e -
le m e n ts . The in f lu e n c e  o f  t e s s e r a l  h a rm o n ics , p ro d u c in g  s h o r t-
p e r io d  a l t e r a t i o n s ,  had n o t been  ta k e n  in to  a c c o u n t;  th e  a u t -
h o r assumed t h a t  w ith  such  a  g r e a t  ą u a n t i ty  o f  o b s e rv a t io n s
t h i s  e f f e c t  w i l l  have an a c c id e n ta l  c h a r a c te r .  F i n a l l y ,  th e
g e o c e n tr ic  c o o rd in a te s  o f  th e  s t a t i o n  have been  determ ined, and
from  them -  th e  d isp la c e m e n ts  o f  th e  r e s p e c t iv e  Datums w ith
re g a rd  to  th e  g e o c e n t r ic  sy s te m . As an  a d d i t io n a l  r e s u l t ,V e i s
d e r iv e d  th e  v a lu e  o f  th e  sem i-m ajo r a x is  o f  th e  t e r r e s t r i a l
e l l i p s o i d  and i t s  f l a t t e n i n g ,  a s  w e ll  as  th e  c o n to u rs  o f  th e
g e o id  w ith  r e g a rd  to  su ch  an e l l i p s o i d .

The Table 1 , c o n ta in s  a  c o m p a ris io n  ( d i f f e r e n c e s ) o f  r e -
s u l t s  g iv e n  i n  a l l  f o u r  p a p e rs :  KI -  K aula ["1963 a], K U -  Kau-
l a  [1963 b ] , I  -  I z s a k ,  V -  V e is . C o o rd in a te  a c c u ra c ie s  f o r
p a r t i c u l a r  p o in t s  co rre sp o n d  t o  th e  mean g eo m e trie  accuracy o f
th e  th r e e  c o o r d in a te s ,  i n  agreem ent w ith  th e  r u l e  adop ted  by
V eis

m = V m
x  * ’ m z -

An a n a ly s i s  o f  th e  T able  1 le a d s  to  c e r t a i n  c o n c lu s io n s .
P rim o: I t  co n firm s  th e  c a p a c i ty  o f  th e  o r b i t a l  method f o r  a -
c h ie v in g  a c c u ra c ie s  o f  th e  o rd e r  o f  some t e n s  o f  m e te rs  i n
g e o c e n t r ic  c o o r d in a te s ,  i n  o th e r  te rm s -  th e  s a t e l l i t e  o r b i t
i s  a  s u f f i c i e n t l y  good m easu ring  " in s tru m e n t"  s e c u r in g  the n e -
c e s s a r y  a c c u ra c y  r a t e s  f o r  th e  needs o f  th e  H igher Geodesy.
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Secundo: The numbers i n  colum ns d e s ig n a te d  w ith  th e  l e t t e r  m,
c h a r a c te r iz e  i n  a  c e r t a i n  way th e  c o r r e c tn e s s  o f  th e  method
and o f  th e  s o lu t i o n .  And s o , e r r o r s  c o n ta in e d  i n  th e  column
mK T  a re  o f  th e  same o rd e r  a s  e r r o r s  g iv e n  by V eis i n  th e  co­
lumn my, a lth o u g h  th e  number o f  o b s e rv a t io n s  u t i l i z e d  in  th e
second case  was a lm o st 20 t im e s  h ig h e r .  E r ro r s  o f  mF T T  are d i -
s t i n c t l y  s m a l le r  th a n  th o se  o f  m^ (some 2 -5  t im e s ) ,  i n  s p i t e
o f  th e  s u p e r io r  number o f  o b s e rv a t io n s  used f o r  th e  l a t t e r  de-
te r m in a t io n .  T h is  seems to  show t h a t  a  s im u lta n e o u s  d e te rm i-
n a t io n  o f  many unknowns ( i t  m eans: n e x t t o  c o o rd in a te s  a ls o
g r a v i t a t i o n  p a ra m e te r s ) a llo w s  f o r  a c h ie v in g  a much b e t te r  i n -
n e r  agreem ent th a n  th e  h a n d lin g  w ith  a s m a l le r  number o f  un­
knowns. On th e  c o n t r a r y ,  th e  d i f f e r e n c e s  h x ,  Ziy, h z  s u rp a s s
i n  a l l  th r e e  colum ns m ark ed ly , and i n  some c a s e s  even  many t i ­
m es, th e  g iv e n  mean są u a re  e r r o r s .  Thence i t  a p p e a rs  t h a t  th e
a c c u ra c y  e v a lu a t io n s  i n  mK T , m̂ -j-p and m  ̂ a re  to o  o p t im is t i c .
M oreover, a  c o m p a ris io n  o f  harm onics Cm  n  (T ab le  3 )  d e te rm i-
ned s im u l ta n e c u s ly , shows t h a t  a ls o  th e r e  th e  agreem ent i s
r a t h e r  p ro b le m a t ic .  I t  seems t h a t  th e  r e s u l t s  ob tained  by V eis
-  b ased  on th e  g r e a t e s t  number o f  o b s e rv a t io n s  -  a re  n e a re rth e
t r u t h ,  and t h a t  th e  a c c u ra c ie s  g iv e n  by him morę a c tu a l .

A nother v e ry  i u t e r e s t i n g  example o f  th e  a p p lic a t io n  o f  th e
o r b i t a l  method i s  p re s e n te d  by A nderle  and O e s te rw in te r  [1963].
I t  i s  a r e p o r t  on D o p p le r 's  o b s e rv a t io n s  o f  th e  s a t e l l i t e  An­
na IB , c a r r i e d  o u t by s i x  s t a t i o n s  on th e  t e r r i t o r y  o f  th e  U-
n i te d  S ta te s  o f  A m erica. T here was a p o s s i b i l i t y  o f  com paring
th e  o b ta in e d  r e s u l t s  w ith  th e  a c c u ra te  t r i a n g u l a t i o n  netw ork
e x i s t in g  i n  th e  USA. An am azing ly  h ig h  a c c u ra c y  h as  b een  a -
c h ie v e d . The le n g th s  o f  ch o rd s  be tw een  p a r t i c u l a r  p o in t s  c a l -
c u la te d  from  g e o d e tic  c o o rd in a te s  and o b s e rv a t io n s  o f  th e  s a ­
t e l l i t e  ANNA d i f f e r r e d  w i th in  th e  l i m i t s  from  1 m to  23 m (the
le n g th s  o f  ch o rd s  b e in g  600-3500 km). There was o n ly  one p o in t
whose g e o d e tic  c o o rd in a te s  ap peared  to  be in a c c u ra te ,a n d  who-
se  p o s i t i o n  h as  b een  c o r r e c te d  a c c o rd in g ly .

The p re s e n te d  exam ples show th e  e x i s t in g  g r e a t  p o s s i b i l i -
t i e s  o f  th e  o r b i t a l  method which ought to  be developed and im-
p ro v e d .
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C H A P T E R  IVCOMPUTATION OF THE ORBIT AND ITS ACCURACY
The modes o f  computing o r b it s  o f a r t i f i c i a l  s a te llite s  fromobservation.s o f  d ir e c t io n s  -  and on ly  such w i l l  be here d e a ltw ith -  are m erely s l i g h t l y  m o dified  methods o f th e  c l a s s i c a lastronom y, used fo r  the c a lc u la t io n  o f  o r b its  o f  minor planetaand comets.We s h a l l  not d isc u ss  here the approxim ate methods,such as the G a u ss 's  or L a p la c e 's  methods a p p lie d  fo r  th e  de-te rm in a tio n  o f  approxim ate elem ents on the  b a s is  o f  s e v e r a lo b s e r v a tio n s . But l e t  us g iv e  morę a tte n io n  to  the  method d e-s tin e d  fo r  the most accu ra te  com putation o f  elem ents from theo b s e r v a tio n a l d a ta  a v a i la b le , the  s o -c a lle d  i m p r o v e -m e n t  o f  o r b i t s .  The p r in c ip le  o f  t h i s  method c o n s is ts  ine x p re ssin g  c o r r e c tio n s  to  the  observed co o rd in a te s  c< and (T bythe fu n c tio n  o f c o r r e c tio n s  to  the  o r b i t a l  elem ents△ c = E  • A e .  , (4 .1 )

U t j -  -LwhereA c  i s  th e  c o r r e c tio n  to  the co o rd in ate6^ -  th e  o r b i t a l  e lem en t.That way are form ing the o b se rv a tio n  e ąu atio n s in  whichth e  fr e e  terms are the d iffe r e n c e s  between th e  observed coor­d in a te s  and the computed from the approxim ate elem ents ( o - c ) ,th e  unknowns -  c o r r e c tio n s  to  those  approxim ate e lem en ts. A-d o p tin g th e  observed co o rd in a te s  o( and (T and in tro d u cin g  theth ree d im en sio n a l co o rd in a te  system x , y , z ,  we o b ta in
=  E  3x 3 e i  A 6 i + E 3 y  A 6 i (4 .2 )

r- 3<f 3x A(Z _  3cT 3y . p  v  3d" 3 z .
I t  r e s u lt s  from th e  very  geometry o f  the o r b it  t h a t  th eaccu racy  i n  i t s  d eterm in atio n  depends not on ly  on th e  a c c u ra -cy  and the nurnber of observations but a lso  on th e ir  d is t r ib u t io n .
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A p r e c i s e  d e te rm in a tio n  o f  th e  a sce n d in g  node w i l l  n o t be
p o s s ib le  i f  th e  o b s e rv a t io n s  a re  c o n c e n tra te d  i n  th e  p ro x im i-
t y  o f  u = 90° o r  270° 5 no r s h a l l  we be a b le  to  d e te rm in e  p ro -
p e r ly  th e  e c c e n t r i c i t y  i f  o n ly  a sm a li a rc  o f  o r b i t  i s  b e in g
o b se rv e d . W ith t h a t ,  th e  d i s t r i b u t i o n  o f  o b s e rv a t io n s  depends
m ain ly  upon th e  v i s i b i l i t y  c o n d i t io n s ,  and s o ,  th e  a l t i tu d e  o f
th e  o r b i t ,  i t s  o r i e n t a t i o n  w ith  re g a rd  to  th e  d i r e c t i o n  o f th e
Sun. Yet f o r  ou r p u rp o s e s , we s h a l l  assume t h a t  th e  o b se rv a -
t i o n s  a re  u n ifo rm ly  d i s t r i b u t e d  a t  l e a s t  on th e  a rc  o f  o r b i t
= 180°. A ccord ing  to  th e  a n a ly s i s  g iv e n  by S o t c h i l in a  [1963]
i n  h e r  p a p e r  d evo ted  to  th e  a c c u ra c y  o f  th e  d e te rm in a tio n  o f
o r b i t s ,  i n  su ch  a ca se  a l l  e le m en ts  w i l l  be found w ith  an  ac ­
c u ra c y  o f  th e  same o r d e r .  S o t c h i l in a  c a l c u la t e s  th e  c o e f f i -
c i e n t s  o f  w eigh t o f  th e p a r t i c u l a r  unknowns as fo llo w s

Na2 t 2

Q

Q (sa) = —
Na'

2
Na2

( 4 .3 )

Q (ax ) 1
2Na2

Q (ay ) = 1
2Na2

where
N = number o f  o b s e r v a t io n s ,
t  = o b s e rv a t io n  p e r io d  e x p re sse d  i n  d a y s , ax  = e cos co,

a „  = e s i n  co.

The a c cu ra cy  o f  th e  r e s p e c t iv e  e lem en ts  i s  c a lcu la ted  w ith
th e  h e lp  o f  fo rm ulae

mc . = €1 o (4 .4 )
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cos d~ńo()2  + (ęad ')2 ]
mo =  V 2N«6

where
-  i s  th e  to p o c e n t r i c  d iś ta n c e  o f  th e  s a t e l l i t e

A dopting th e  a c c u ra c y  o f  o b s e rv a t io n s  as b e in g

m j-= c o s ( f 2" ,

t h i s  c o rre sp o n d in g  to

ę  cos a  • 10

we s h a l l  have

■„ = * • IO ' 6 V ? £ ’S A • 1° '6 •
I f  we ta k e  N = 100 and t  = 10d , we o b ta in

mMo =  1 »5 , 1O"7  ra d

mn  = O,5»1O"7  r a d /d

mffl = 1 ,5  • 10“  7  ra d

nu = 1 ,5*10“ 7  ra d

m = O,5«1O-7
Oui

m = 0 ,5*10“ 7
C\ J

( 4 .5 )

( 4 .6 )

s iń c e

2 2 2 2m. = m_„ (co s  a  + s i n  co)
Q a~x.

( 4 .7 )( 4 .8 )
I t  r e s u l t s  from  th e  above developm ent t h a t  i t  i s  p o s s ib le

-7t o  a t t a i n  a  v e ry  h ig h  a c cu ra cy  o f  th e  o rd e r  o f  10 ' i n  th e  de-
te r m in a t io n  o f  o r b i t a l  e le m e n ts -p ro v id e d  t h a t  th e  ob serv a tion s
a re  p ro p e r ly  d i s t r i b u t e d  and t h e i r  number and a c c u ra c y  b e in g
a s  assum ed.
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S t i l l ,  we d id  n o t ta k e  h e re  in to  acco u n t a  f a c t o r  h av in g
an  e s s e n t i a l  b e a r in g ,  i t  m eans, th e  e r r o r s  o f  o b se rv in g  s t a -
t i o n  c o o rd in a te s .  T h is  f a c t o r  does n o t ap p ea r i n  p rob lem s o f
th e  c l a s s i c a l  as tro n om y , b ecause  o f  th e  g r e a t  d is ta n c e s  b e t -
ween th e  o b s e rv e r  and th e  body o b se rv e d . The ą u e s t io n  i s  d i f -
f e r e n t  w ith  a r t i f i c i a l  s a t e l l i t e s ;  h av ing  to  d e a l  h e re  w ith
th e  g e o c e n tr ic  m o tio n , i t  i s  n e c e s s a ry  to  know th e  g e o c e n tr ic
c o o rd in a te s  o f  o b se rv in g  s t a t i o n s .

I n  o rd e r  to  e v a lu a te  th e  e f f e c t  o f  e r r o r s  of observ ing  s ta -
t i o n  c o o rd in a te s ,  l e t  us s t a r t  w ith  th e
m ining  th e  p o s i t i o n
t r i c  sy s tem , on th e

o f  th e  s a t e l l i t e  i n
ground o f th e  known

b a s ie  e ą u a t io n s  de te r-
th e  C a r te s ia n  g eocen -
to p o c e n t r i c  c o o rd in a -

t e s  oc and cT
x = X + ę • cos cos <r

y = i s in (ot -S2 ) cos (T (4.9)

z = Z s i n  (T
where

x ,y ,z
X,Y,Z

= c o o rd in a te s  o f
= c o o rd in a te s  o f

s a t e l l i t e ,
o b se rv in g  s t a t i o n s ,

□c,d= s p h e r ic a l  c o o rd in a te s  o b se rv e d ,
ę = to p o c e n t r i c  r a d i u s - v e c to r ,
Si. = r i g h t  a s c e n s io n  o f  th e  a scen d in g  node
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A p p lic a tio n  of th e  ra d iu s -v e o to r 29assuming th a t  the a x is  x c o in c id e s  w ith  the  l in ę  o f  nodes.C oordin ates o f  th e  ob servin g p o in t are expressed by form ulaeX = R • cos tf' • cos (s -S 2 )Y = R • cos • s in  (s -  sa) * (4 .1 0 )Z = R • s in  4”wheres = s id e r e a l tim e o f  the ob servin g s t a t io n= g e o c e n tric  la t it u d eR = ra d iu s  v e c to r  o f  the o b servin g  s t a t io n .We may now w rite  t o t a l  d i f f e r e n t i a l s  o f  e ą u a tio n  (4 .9 )( tr e a t in g  S2 as c o n s ta n t) :dx -  dX = -  ę cos (a-S2) • s in cfd cT - (> sin(d-s?)«cosd'do( ++ cos (a-sa) •costfdędy -  dY = -  sin(d-S2)• sin rfd f + ^cos(a-sa)«cos<Tda + >(4.11)+ s in  (a-sa) ‘ cosddądz -  dZ = + ę cos d S  + sincT dęwhere from we can f in d  d a  and dcTcostfda = -  (dx -  dX) + G- ° ? ( d y  -  dY) (4 .1 2 )d<T = -c o s (d -s ą )s in r f  ( d x  _ d X )  +_  sin(a-sa) • sin<f ( d y  _  d y )  +  co stf ( d z  _  d Z ) ,
These e ąu a tio n s serve in  the  s o -c a lle d  o r b it  improvementp ro cess as o b se rv a tio n  e ąu atio n s i n  which the le ft -h a n d  mem-ber rep re sen ts  a fr e e  term , assuming th a t  dX = dY = dZ = 0 , andth a t  d x , dy and dz are fu n c tio n s  o f  o r b i t a l  e lem en ts . But dX,dY, dZ being in  r e a l i t y  / 0 , t h e ir  e f f e c t  w i l l  burden the  freeterms o f  e ąu atio n s (4 .1 2 ) . L et us rew rite  those e ąu atio n s inth e fo llo w in g  manneręcos(fda+ (A)o t= -sin fci-sa) dx + cos(a-sa) dy (4 .1 ?)ędó"+ (△)<$-= -c o s (a -s a )s in ( fd x -s in ( d -S Ł )« s in Jd y + c o s  tf dz
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30 Janusz B. Z ie l iń s k i

(A )^ and (A)(f w i l l  be th e  e f f e c t  o f  e r r o r s  o f  o b se rv in g  s t a -
t i o n  c o o rd in a te s  on th e  p a r t i c u l a r  e g u a t io n s ,  t a k in g  th e  form
o f

(A)^ = -  s i n  (ct-sz) dX + cos (ot-sz) dY (4 .1 4 )
I.

(A)j- = -  cos (ci-sz) sinó"dX  -  S in  fcii-sz) sincT dY +cosddZ .

I f  th e  c o o rd in a te s  o f  s t a t i o n s  a re  d e te rm in ed  by a s t r o n o -
m ic a l m ethods, we may e x p e c t th e  e r r o r  to  r e a c h  ± 500 m,owing
to  l o c a l  d e f l e c t io n s  o f  th e  v e r t i c a l .  A d m ittin g  (oi-sz) = 315°
f o r  th e  f i r s t  o f  e g u a tio n s  ( 4 .1 4 ) ,  and 225° -  f o r  th e  second
o n e , ó" = 4 5 ° , and ę =  1200 km (o f  an o r b i t  o f  th e  ty p e  o f

A lo u e t te ,  Anna, Echo I ) ,
we o b ta in

— = iiógóa:g ^ T  • 3 ^ 8 '=  2 ; o

? (4 .1 5 )

= . 34JS,= 2.4
So, we can  see  t h a t  -  when u n fa v o ra b le  c irc u m s ta n c e s  o c -

c u r  -  t h i s  e f f e c t  may be v e ry  im p o r ta n t ,  ex ceed in g  many t im e s
th e  o b s e rv a t io n  a c c u ra c y . I t  w i l l  b e , t o  a  c e r t a i n  d e g r e e ,a t -
te n u a te d  by th e  f a c t  t h a t  th e  c o e f f i c i e n t s : s i n  (ct-ss),cos(x-sz)
sincf, co cT w i l l  ta k e  t h e i r  v a lu e s  i n  a  way c lo s e  to  an  a c c i -
d e n ta l  o n e5 an d , what m orę, dX, dY a re  n o t c o n s ta n ts  ,they  being
dependen t upon th e  a n g le  s (v id e  fo rm u la  4 .1 0 ) .

Erom th e  t h e o r e t i c a l  p o in t  o f  v iew  th e  e x p re s s io n s  (A)^
and (A )j’ do n o t  c o n c e n tra te  th e  t o t a l  e f f e c t  o f  c o o rd in a te
e r r o r s  o f  o b se rv in g  s t a t i o n s , f o r  b o th  and th e  c o e f f ic ie n ts
in c lu d in g  (oi-sz) and (f a re  f u n c t io n s  o f  th e s e  c o o rd in a te s

e x . g . : ę = V (x -X )2  + (y-Y )2  + ( z -Z ) 2 ’ . (4 .1 6 )

T h is  rem a in d e r  w i l l  however be i n s i g n i f i c a n t , and may be
n e g le c te d  i n  p r a c t i c e .  L e t us assume t h a t  th e  <> w i l l  be found
w ith  an e r r o r  o f i  600 m, t h i s  g iv in g  -  when ę = 1200 km -  a
r e l a t i v e  a c cu ra cy  o f  1 /2 0 0 0 . I t  i s  w ith  t h i s  a c c u ra c y  th a t  th e
f r e e  te rm s w i l l  be d e f in e d  and th e  unknowns d e te rm in e d . Y e t,
th e  unknowns dx , dy , dz b e in g  o f th e  o rd e r  o f  hund reds o f  me-
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A p p lic a tio n  of th e  r a d iu s - v e c to r . . 31

t e r s ,  t h e i r  d e te rm in a tio n  e r r o r  w i l l  be w i th in  th e  ran g ę  o f
one m e te r; t h i s  w i l l  b e ,  i n  th e  same s c a l ę ,  c a r r i e d  over to
c o r r e c t io n s  o f  e le m e n ts .

The same s i t u a t i o n  i s  w ith  r e f e r e n c e  to  th e  t r ig o n o m e tr ic
c o e f f i c i e n t s .

So, th e r e  i s  s t i l l  th e  p ro b lem , how to  p ro ceed  in  o rd e r  to
e l im in a te  o r ,  a t  l e a s t ,  to  re d u c e  t h i s  u n fa v o ra b le  in f lu e n c e .
One o f  th e  m easu res cou ld  be th e  u t i l i z a t i o n  o f  o b s e rv a t io n s
o f  th e  g r e a t e s t  p o s s ib le  nurnber o f  s t a t i o n s ,  so  t h a t  th e  e r -
r o r s  o f  s t a t i o n  p o s i t i o n s  ta k e  an a c c id e n ta l  c h a ra c te r .N o t a l -
ways w i l l  t h i s ,  how ever, be r e a l i z a b l e .  I n  su ch  a  c a s e ,  ano-
t h e r  c o u rse  o f a c t io n  ought to  be a p p l ie d .

We may a n t i c ip a t e  t h a t  i t  w i l l  be im p o ss ib le  t o  e l im in a te
th e  e f f e c t  under c o n s id e r a t io n  from  c e r t a i n  e lem en ts  -  e i t h e r
by co m p u ta tio n s  o r  by use  o f s p e c i a l  o b se rv in g  m ethods. Such
a re  th e  e lem en ts  which d e f in e  th e  o r i e n t a t i o n  o f  th e  o r b i t :
th e  r i g h t  a s c e n s io n  o f  th e  a sce n d in g  node , th e  in c lin a tio n  and
th e  argum ent o f  th e  p e r ig e e .  Those e lem en ts  depend d i r e c t ly  on
th e  c o o rd in a te  system  ch o sen . The rem a in in g  th r e e  e lem en ts  do
n o t depend on th e  c h o ic e  o f  th e  sy s tem , and i t  may t h e r e f o r e
be presum ed t h a t  we m ight succeed  i n  e l im in a t in g  th e  e r ro r  e f ­
f e c t  o f  s t a t i o n  p o s i t i o n s  w holly  o r ,  a t  l e a s t ,  p a r t i a l l y .  We
s h a l l  now show t h a t  t h i s  i s  p o s s ib le  f o r  th e  mean m otion  an d ,
c o n s e g u e n t ly , f o r  th e  sem i-m ajo r a x is  o f  th e  o r b i t .L e t  us a s -
sume t h a t  we have a  s e t  o f  o b s e rv a t io n s  madę i n  such  a way th a t
a t  each  s t a t i o n  th e  s a t e l l i t e  had b een  o bserved  s e v e r a l  t im e s
d u r in g  d i f f e r e n t  p a s s e s .  We s h a l l  c o n s id e r  two o f  su ch  o b s e r -
v a t io n s  c a r r i e d  ou t a t  th e  same s t a t i o n .  L e t us s e t  f o r  each
o f  them  th e  e ą u a t io n s  ( 4 .1 3 ) ,  s u b t r a c t in g  them  by members a c -
c o rd in g ly .  Then we s h a l l  have

ę2 cos<f2  do<2  + (A )a2  -  ę^cosd)] doC] -  (0)0^ =

= -s in fc (2 -5 ^ )d x 2 + cos(c<2 -522 )dy 2 + sin(c(1 -521 )dx1 -co s(c (1 - ja l ) dy^

ę 2
d<^2 +  ^ ^ 2  “  ?1d $1 ~ ^ ^ 1  = “  c o s &2 ~IS22̂  * s i n < ^2d x 2 +

-  s in (o t2 - ^  )s in tf2 dy2  + c o s ^ d Z g  + c o s J s i n d ^ d i ^  +

+ sinCo^-SŁ] Jsind^dy^ -  cosd^ dz^
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32 Janusz B. ZielińskiTaking in to  account the formulae (4 .14), we may write(A)*2  -  (AJoiz] = -sin(o<2 -5^)dX2  + cos(ot2 -5^) <3Y2  ++ sinfa^-s^ ) dX1 -  C O S(O<1 - Ą 1 ) dŶ(△Jó  ̂ -  (A)<£| = -cos(ol2 -5c^)sinó'2 dX2  -  sin(ol2 ~iS^)sin^2 d Y 2 +. (4.18)+ cos o 2 dZ2  + cos (oĉ -SŁ]) s in  O^dZ  ̂ ++ sin  (c^-s^ JsinfjdY^ -  cosd^ dZ  ̂ .The e ffe c t  of errors of observing sta tio n  coardinates w illbe eliminated when the above expressions = 0 . Let us f ir s t  con-sid er the second eąuation (4 .18), as being morę sirnple. Herean adeąuate condition w ill be provided by = 0. SincedZ  ̂ = dZ2, the right-hand member becomes = 0. This is  also anecessary condition because, i f  (f̂  d"2  * then the coefficiento f dZ is  jl 0 , and i f  0 , then the c o e ffic ie n ts  of dXand dY w ill always be 0.Thus, we may deduce from th is  that fo r  an u t il iz a t io n  ofthe eąuation 4 .1 7 .2 , as an observation eąuation fo r the impro-vement of the o r b it , i t  is  necessary to have observations car-ried  ęut during the s a t e ll i t e  pass through the topocentric e-ąuator of the observing s ta tio n . Let us assume th at th is  con­d itio n  has been s t r ic t ly  f u l f i l l e d j  then the eąuation 4 .17 .2w ill take the follow ing formę2 dc}2 “  S l d< 1̂ =  d z 2 “  d z 1 * (4.19)Su b stitu tin g  fo r  dz the formulae connecting them with the cor-rections of elements in  the form given by S o tc h ilin a  £l96jjwes h a ll have
d z 2"d z 1 = (y2 - y i ) d iQ + (AZ 2 -A Z 1 ) dU0  +

+ DAX + (GZ2-GZV  d a ^ +  ( A z2’ t z -A z1t 1 ) d  n o +
+  (^ 2 -A ZP  d n ó +  <A 'Z2-A Z1>
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A pplication  of the ra d iu s-v eo to r 33

In  t h i s  e ą u a t io n  a l l  p a i r s  o f  p a ra m e te rs  d e s ig n a te d  w ith
in d ic e s  t^  and t 2  w i l l  c o n s i s t  o f  e lem en ts  d i f f e r r i n g  s l i g h t -
l y  from  each  o th e r ,  a x c ep t f o r  t^  and t 2 « E s p e c ia l ly  f o r  th e
K e p le r ia n  o r b i t  i t  w i l l  be a s  fo llo w s

^2 d d 2 "  <?1d d 1 = A z d n  ’ (4 .2 1 )

I t  i s  e l e a r l y  se en  from  th e  e ą u a t io n  (4 .2 1 )  t h a t  t h i s  me-
th o d  h e lp s  to  d e te rm in e  a c c u r a te ly  o n ly  th e  mean m otion  and
i t s  d e r iv a t i v e s  from  p r e c i s e l y  m easured o b s e rv a t io n  moments.
T hat i s  why, th e  fo llo w in g  c o u rse  o f a c t io n  seems t o  be a d v i-
s a b l e :

1 . A ccom plish ing  th e  co m p u ta tio n s  a c c o rd in g  t o  th e  norm al
p ro c e d u rę , a p p ly in g  th e  fo rm u lae  g iv e n  by S o t c h i l in a  and u t i -
l i z i n g  th e  whole s e t  o f o b s e r v a t io n s ;

2 . C om putation  -  w ith  th e  h e lp  o f  th e  fo rm u la  (4 .1 9 )  -  o f
c o r r e c t io n s  dńQ , d n^ , d n " , assum ing d i Q , dU0 , dax , da^ to  be
= O, and u t i l i z i n g  o n ly  su ch  o b s e rv a t io n s  which a re  adap ted
t o  th e  p r e s e n t  m ethod;

3 . R e tu rn  t o  th e  above fo rm u lae  and o b s e rv a t io n s ,h a n d l in g
now n0 , n ^ , n" a s  c o n s ta n t s ,  and c o r r e c t in g  i Q , UQ , ax , e^.;

4 .  R epeted  use o f  th e  fo rm u la  (4 .1 9 )  a . s . o .  u n t i l  an  ad e -
ą u a te  convergenee  i s  a t t a i n e d .

The a p p l i e a t i o n  o f  th e  above m ethod, t h a t  i s ,  th e  use  o f
th e  e ą u a t io n  (4 .1 7 .2 )  i s  p o s s ib le  o n ly  w ith  s a t e l l i t e s  w ith
g r e a t  o r b i t a l  i n c l i n a t i o n s .  In  ? .y
o rd e r  to  u t i l i z e  th e  e ą u a t io n  \
(4 .1 7 .1 )»  l e t  us f i r s t  examine \
th e  r e l a t i o n s h i p  o o c u rr in g  b e t -  \
ween th e  c o o rd in a te s  X,Y,Z eo n - \
n e c te d  w ith  th e  system  of  a s tro -  \  \ G r

nom ical c o o rd in a te s  and (f and ł j
th e  system  co n n ec ted  w ith  th e
r o t a t i n g  E a r th ,  which w i l l  be y
te rm ed  ( th e  a x is  i n  th e  'F i g .  4
p ia n e  o f  th e  G reenw ich m eridian)

X = J, .c o s (S G r  -  S2) -  p  « s in (S G r  -  sa) l
Y = S,»sin(S(}r  — s a ) + p .c o s (S G r  - s a )  > , (4 .2 2 )
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34 Janusz B. ZielińskiwhereSG r  -  the  Greenwich s id e r e a l  t im e ,a n a lo g ie a llydX = d i, • c o s (S G r  - s z )  -  di? • s in ( S G r  - s z )
dY = d i, • s in ( S G r  - s z )  + dp • c o s (S G r  -S 2 )  > (4 .2 3 )dZ = d .S u b s t it u t in g  i t  i n  ( 4 .1 8 .1 ) , we o b ta in(△)<x2 -(AjoCj = -sin(o<2 - s ^ ) [ d i> « c o s ( S ^ - s ^  )~d  p • s in ( S G r 2 - ^ )] +

+ eos(ci2 ŝ22 ) [ d ^ .s in ( S G r 2 -S22 ) + dp • c o s (S G r 2 -5Z2 )J +r (4 .2 4 )+ s i n (<□(>]-SZq )^d^«cos(SG r 1 -sal ) -  dp • s in ( S G r 1 -ffi1 )J +-  c o s ^ ^ - s i ] ) [dJ)« s in (S G r 1 -sz1 ) + dp •co s(S G r 1 -621 )J 5
(△)o<2 -(A )^  = d ^ - s i n ^ - s ^ ) *  008(3^2-522 )+cos(^2 ^ ) « s i n ( S G r 2 -ó^)++ s i n ^ - S Ł ]  )« co s(S G r 1 -S21 )-cos(o<1 -S2l  )» s in (S G r 1 -ls21 )] +

+ dp ^sin(c<2-ffi^)*sin(SG r 2-'s^)+cos(«2-<S32), c o s (S G r 2--S^) +
-sin(o<1 -sa1 )« s in (S G r 1 -sa1 )-  003(0^-5^ )• cos ( S ^ - s Z ] )] ;(△)o(2-(^)o<1 = di, ^+sin(o<2-SG r 2 ) + s i n (<x-]“ s G r i  )]  +

T 1+ dp |cos(«2 - S G r 2 ) -  c o s(« 1 - S G r 1  )J ;The c o n d itio n  fo r  the e x p re ssio n  (4 .2 5 ) to  be = O i s°<1 “  S Gr1 “  o ( 2 “  S Gr2 ’ (4 .2 6 )which w i l l  be s a t i s f i e d  when the o b se rv a tio n s are c a r r ie d  outon th e  same hour c i r c l e ,  and e s p e c ia l ly  i n  th e  m e r id ia n .N e it-her i n  t h i s  c a s e , when th e  e ąu atio n  (4 .1 7 .1 )  i s  being accepted
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A pplication  of the ra d iu s -v e c to r . . 35as an observation eguation, can a l l  elements be accurateiy de-termined, because some d ifferen ces o f g u an tities  close to eachother appear in  c o e ffic ie n ts . Thus, tbe above modę o f succes-sive approximation ought to be also applied here. We should,fujrther, define the accuracy of conditions to be s a tis fie d  forobservations of the s a t e ll i t e  in  the meridian and in the egua-t o r , so as to  make the above method utilizable.Suppose,we want(A)« -(A>x (△)(£■ -  (A)------ =-^------- - and ------ =—̂ -------- - to be < 1 .Considering dx = dy = dz = 500 m, ę = 1200 km-  SG r  = 0 ,we obtain | (<*2 “  S Gr2) "  (°H ~ S Gr -i) | < 40 .And so , i f  we intend to  make observations near the meri­dian, they have to be within the rangę of ± 20' o f the houran gle. For the second case, considering the most unfavorableconditions = 45°, <x2  -S22  = 225°, we obtain the f o l -lowing lim ita tio n s :
2—— < 50’

| CT2 - Ą  | < 1 °  .By rendering the mean motion independent of errors of thestatio n  p o s itio n , we also make the o rb ita l e c c e n tr ic ity  par-t i a l l y  independent of these erro rs. This is  important, fo r theaccuracy of the o rb ita l e c c e n tr ic ity  is  s ig n ific a n t fo r  thecomputation of the rad iu s-vecto r.According to Brouwer and Clemence Ql961̂ ] ,page 256, we ha-v e : = Hx + Kx3e-|Z .=  Ky + Ky (4.2?)
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where
H = - cos v , K = 2 s ^Q  v - for e = 0 .

The part of the derivative with the coefficient H will in-
troduce the effect of the position errors, but the other part
with the coefficients K will already be disburdened of this
effect. So it seems that the determination accuracy of e will
be lower than that of n, yet higher than of the remaining e-
lements.

The afore-said evaluations are confirmed by inner accura-
cies of elements, published in SAO. Rept. For instance: sate-
llite 1960 lota 2 (Echo I - Rocket)

from 3 • 10“8 to 2 • 10"7

from • 10“8 to 5 • 10“8  .

Satellite 1960 Beta Mu 1 (Anna I B)

~  from 10~7 to 3 • 10- 7

m from 5 • 10- 8  to 10“^ .

Satellite 1960 Alpha Delta 1 (Midas 4)

from 2 • 10“ 7 to 10“6

m e from 2 • 10- 6  to 5 • 10“6  .

This seems to allow to state that - having an adeąuate num-
ber of well-distributed observations and an appropriate ob-
servational program, - we are able to determine two of the e-
lements we are particularly interested in, that is, n and e -
with an accuracy of the order of 10~8 , at least.
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C H A P T E R  V

CONSTANTS OF THE EARTH'S GRAVITY FIELD

A ccording  to  th e  recom m endation o f  th e  Commission V II on
C e l e s t i a l  M echanice o f  th e  I n t e r n a t i o n a l  A stro n o m ica l Union we
a re  go ing  t o  use th e  fo llo w in g  fo rm u la  f o r  th e  E a r th 's  g r a v i -
t y  p o t e n t i a l  i n  th e  e x te r n a l  space

r o o  n>n . »-»
U = ^  1 + L E - )  P nm( s i n ^ ) ( C nm c o s m A + S n m s i n  m^ )

r  L n*l
( 5 .1 )I

where
/JL = k-M -  th e  g r a v i ty  c o n s ta n t  m u l t ip l ie d  by th e  E a r th 's

mass
r  -  th e  d is ta n c e  from  th e  c e n te r  o f  mass
R -  e ą u a t o r i a l  r a d iu s  o f  th e  E a r th
0__, S__  -  n u m erica l c o e f f i c i e n t snm ’  nm
P ^  -  s p h e r i c a l  fu n c t io n s  o f  L e g e n d re 's  a s s o c ia te d  p o ły -

nom ia ls  e x p re sse d  by th e  g e n e ra ł  fo rm u la :

P (x ) = (1 -  x ^  —— f——— • d  (X~ D  \  , ( 5 .2 )
W - 1 1  d x m U n -n  dxn  )

The fu n c t io n s  PnTn w r i t t e n  i n  e x p l i c i t  form to  th e  deg ree
4 ,4  as w e ll as t o  th e  d eg ree  5*0 and 6 ,0  a re  p re s e n te d  i n  th e
C hap ter V I I I .  A ccording to  th e  fo rm u la  (5 .1 )  th e  n o t io n  " g ra -
v i t y  p o t e n t i a l ” w i l l  mean th e  p o t e n t i a l  p roduced  by th e  a t -
t r a c t i o n ,  e x c ep t f o r  th e  in f lu e n c e  o f th e  E a r th 's  r o t a t i o n ,
w hich w i l l  be o m itte d . L e t us d w e ll upon th e  p h y s ic a l  s ig n i f i -
cance o f p a ra m e te rs  Cnrr| and SnTri. For t h i s  p u rp o se , a  s h o r t
r e c a p i t u l a t i o n  o f  th e  d e r iv a t i o n  o f  th e  fo rm u la  5 .1  may prove
u s e f u l .

We know from  th e  a n a ly s i s  th e  theorem  [G ru sz in sk y  1965,
page 2 0 5 ] c o n c e rn in g  th e  below  f u n c t io n  expanded i n  s e r i e s  o f
L e g e n d re 's  p o ly n o m ia ls

-  = — 1

V R2  + ę 2  -  2R ^ COS e
(5 .3 )
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where th e  d e n o ta t io n s  o f  th e  sym bols r ,  R, ę  and 9 are  th e  s a ­
me as i n  F ig . 5«

I  ’ £  (»«• e> , <5.4>
5  n=0 r

where
P n = P no -  t h e  L e g e n d re 's  po lyno m ial

s y  o f  th e  d eg ree  n .
? / In  such  a c a s e ,  th e  g r a v i t a t io n a l p o -

/  t e n t i a l  o f th e  m a te r i a ł  p a r t i c i e  w ith  a
/ r  mass dM w i l l  have th e  fo llo w in g  form

\  y  0 0  n
\ ® /  dU = d M .S - ^ - y  P (co s  9 ) (5 .5 )

V n=0 r  + 1 n

0
Fig. 5 and th e  p o t e n t i a l  of a  body with th e  mass M

m
f  Rn

U = 2 Z / - ^ T  p n <c o s  e ) d  m . ( 5 .6 )
n=04 r

L e t us ap p ly  now a n o th e r  th eo rem , w hich i s  e x p re sse d  by
th e  fo rm u la  '

P n ( c o s  =  P n ( c o s 1 ł ; ) Pn (cosV') +

n
+ 2 Z  Pnm  ( c o s v ) p  (c o s V ')c o s  m (a-X) ( 5 .7 )

1 1  l l f l l l  J .  11X11 l i l i i

where

cos 0 = c o s ip co s tp '+  s in Y  s in V ’ • cos(A -^ ') . (5*8)

I f  we c o l lo c a te  th e  p o in t s  Z ,0  and S i n  th e  system o f sp h e -
r i c a l  c o o rd in a te s  ę ,  and th e  o r ig in  o f  th e  system a t  th e
p o in t  0 , d e n o tin g  90 - f i  by V , th e n  we o b ta in  th e  dependence
(5 * 8 ). L et th e  c o o rd in a te s  V and co rresp o n d  to  th e  p o in t  S ,
and V  and X -  t o  th e  p o in t  Z. Then s u b s t i t u t i n g  t o  th e  f o r ­
m ula (5*6) we have

U = - | + ^ / R  P1 0 ( C O S V )P 1 0 (C O SV') +
r  J ( 5 .9 )

t P ^ t c o s y )  (co s  W') (COS )\ cos źV+ sinTi sin/V )J 4-
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- y j R 2 [jp2 0 (co sv )P 2 0 ( c o s ^  + J  P2 1 (cosiłi) P2 1  (cosYO (cosA cosA' +

+ s in A s in A ')  + - ^  P2 2 (cos Y ) P2 2 (co sv 9 (c o s  2A cos 2 A '+

+ s in  2A s i n  2 A ')Jd M + . . .  (5*9)

I f  th e  i n t e g r a t i o n  i s  ex ten d ed  over a sp h e re  with. a  r a d iu s
R e Q

e g u a l to  th e  .e ą u a to r i a l  r a d iu s  o f  th e  E a r th  Re , th e n  can
be p u t  b e fo re  th e  i n t e g r a l  s in g ,  as  w e ll  as th e  f u n c t io n s  o f
v a r i a b le s  V and A .

We s h a l l  o b ta in

U = —
Re  ’

1  +  2 r  P 1 0 (C O S10 cos Y ')dM

+ P z ) 1 (co sY )(co sA )/ P^^ (cos^OcosA 1 dM + sinA  I P ^  (cosY’)sinA 'd M

Eef1,
5 \  r P2 O (cosV ). i P2 O (cosV')dM +

(5 .1 0 )

+ j  P2  ̂( COSIF) ( C O SA / P2  ̂(co s^ ')c o s> 'd M +

+ sinA / P2 1  (cos<ł'1) sinA’dM ) -  P2 2 (cos V) ( c o s  2A i P2 2 (cosY’)cos2A'd]^

+ s i n  2A / P2 2 (cosV^ s i n  2A dM )

As se e n  from  th e  above , th e  c o e f f i c i e n t s  0__ and S„„ a re’ nm nm
i n t e g r a l s  o f  th r e e  v a r i a b le s  R ,Y ’ and A' ex ten d ed  over the sphe­
r e  w ith  th e  r a d iu s  Rg , w hereat

dM = dV • 6 , (5 .1 1 )

where
dV -  th e  e lem en t o f  volum e,
6 -  th e  f u n c t io n  d e f in in g  th e  d e n s i ty .
The in te g r a n d s  a re  th e  a s s o c ia te d  L egendre f u n c t io n s  Pnm

(cosvO m u l t ip l ie d  r e s p e c t i v e ly  by cos nA o r  s i n  mA .
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We s h a l l  now c o n s id e r  morę c lo s e ly  th e  c o e f f i c i e n t s  
^ 1 1 ’ ®11 a r l d  $21 ’ $21 ’ u s  c -̂o o s e  ^he c o o rd in a te  system  x , 
y ,  z ,  assum ing t h a t  b o th  t h i s  system  and tłie  system  R,%A h a -  
ve t h e i r  o r ig in s  a t  th e  c e n te r  o f  th e  E a r th 's  m ass. Tłius, we 
have th e  dependences

R cos tp = Z , R s i n  V cos /\ = X, R s i n  ¥  s i n  _A = Y , ( 5 .1 2 )

d M = 0 . (5 .1 3 )

R e fe r r in g  t o  th e  fo rm u la  (5*10) i t  can  be se en  t h a t  th e  
c o e f f i c i e n t s

Re  * C1 0  =/R P1 0  (COSVO dM = / R  c o s v ' dM = 0 (5 .1 4 )

R e ’ C 11 = J  R  (cos^O cos/f dM = j * R s in ip 'c o s /\  dM = Ó

(5 .1 5 )
Ro  • S-w = /*R P4 4  (cos<p')sin^’dM = f  R s i n y ’s i n  A‘dM = 0

e  i i tj i i v

R 2  *$21 =</ ,R2p2 i  (cosV')cos/V dM = -^yR 2 s in 2 v 'c o s  '̂dM

(5 .1 6 )
= 3 / R 2 s i n v ’cos<P'cos^'dM  = 3 /  z x  d M

R2  s 2 i  = 3 / z  y d  M .

Por th e  l a t t e r  two c o e f f i c i e n t s  we have o b ta in e d  in te g r a ls  
e x p re s s in g  th e  so  c a l l e d  m o m e n t s  o f  d e v i  a  -  
t i o n s  o r  p r o d u c t s  o f  i n e r t i  a ,w h ich  
become z e ro s  when th e  a x is  o f  th e  b o d y 's  a x ia l  symmetry c o in -  
c id e s  w ith  th e  a x is  o f  th e  c o o rd in a te  sy s tem , t h i s  b e in g  th e  
c a se  h e re .

So, i n  v i r t u e  o f  th e  d e f i n i t i o n  o f  th e  c o o rd in a te  sy stem , 
th e  te rm s w ith  s u b s c r ip t s  10 , 11 , 21 a re  e ą u a l  t o  z e ro .

The c o n s ta n ts  a p p e a r in g  i n  th e  fo rm u la  (5*1) have been ma­
ny a  tim e  d e te rm in ed  w ith  th e  h e lp  o f  d i f f e r e n t  methods. A r e -  
v iew  o f  th o s e  d e te rm in a tio n s  w i l l  a llo w  to  a s c e r t a i n  t o  what 
ex tend  th e y  may be a t  p r e s e n t  c o n s id e re d  c o m p le te . We s h a l l  
r e f r a i n  from  th e  a p p l i c a t io n  o f  w eigh ted  a r i t h m e t i c a l  m eans,
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becau.se th e  e v a lu a t io n  o f  th e  a c c u ra c y  o f d i f f e r e n t  in f e r e n -
c e s  p ro v es  d i f f i c u l t .  A part from  a c c id e n ta l  e r r o r s  o f th e  ma­
t e r i a ł  o b se rv e d , a ls o  s y s te m a tic  e r r o r s ,  c h a r a c t e r i s t i c  f o r  a
g iv e n  m ethod, come in to  p la y  h e r e .  Thence th e  d i f f i c u l t y  and
even  th e  i m p o s s ib i l i t y  o f  e s t a b l i s h in g  w e ig h ts  n e c e s s a ry  f o r
th e  a v e ra g in g .

As a  m easure o f  d i s p e r s io n  o f th e  v a r io u s  r e s u l t s  we w i l l
ad o p t t h e i r  r a n g ę , i .m . th e  d i f f e r e n c e  between th e  g r e a t e s t
and th e  l e a s t  o f  v a lu .e s , o b ta in e d  by d i f f e r e n t  m ethods w ith
a p p ro x im a te ly  th e  same t h e o r e t i c a l  e x a c tn e s s .  The v a lu e  c o r -
re sp o n d in g  t o  th e  m idd le  o f  th e  ran g ę  w i l l  be re c o g n iz e d  as
b e in g  th e  m ost p ro b a b le .

The f i r s t  o f  th e  c o n s ta n ts  a p p e a r in g  i n  E ą u a tio n  ( 5 .1 )  -
th e  ą u a n t i ty  fi d e n o tin g  th e  E a r th 's  mass m u l t ip l ie d  by th e
Gauss g r a v i t a t i o n a l  c o n s ta n t  -  i s  o f  an e s s e n t i a l  im po rtance
f o r  th e  p r e s e n t  s u b je c t  b e c a u s e , a s  in d ic a te d  i n  C hap te r I , i t
i s  upon i t  t h a t  depends th e  a b s o lu te  a c c u ra c y  i n  th e  d e te rm i-
n a t io n  o f  th e  le iag th  o f  th e  r a d i u s - v e c to r .  On th e  o th e r  hand ,
th e  e r r o r  o f  th e  adop ted  v a lu e  o f  p. b e a rs  o n ly  upon th e  s c a ­
l ę  o f  th e  g iv e n  g eo m e trie  c o n s t r u c t io n  ( f o r  in s ta n c e ,th e  tr ia n -
g u l a t io n  n e tw o rk ) , c a u s in g  no l o c a l  d e fo rm a tio n s . Thanks to
t h i s ,  i t  i s  p o s s ib le  -  by th e  c o m p a ris io n  w ith  measurements o f
a n o th e r  ty p e  -  t o  p ro ceed  t o  th e  d e te rm in a tio n  anew, w ith  th e
v iew  o f  p e r f e c t i n g  th e  v a lu e  o f  p .

For th e  d e te rm in a tio n  o f  fi, th e  method t h e o r e t i c a l l y  b e s t
f i t t i n g  ou r p u rp o se  c o n s i s t s  i n  e x e c u tin g  a  d i r e c t  measurement
o f  th e  d i s ta n c e  E arth -to -M oon  and i n  e s t a b l i s h in g  t h i s  way th e
l i n e a r  d im ensions o f  th e  lu n a r  o r b i t .  We may th e n  d e r iv e  p
from  th e  fo rm u la

u q2 C1  + Ą)^ .

where
n -  th e  mean m o tion ,
a -  th e  sem i-m ajo r a x i s ,
JJ -  i t s  s o l a r  p e r tu r b a t io n ,
MM , ME - m asses o f  th e  Moon and th e  E a r th  r e s p e c t i v e ly .
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Such an  in fe re n .c e  i s  a lm o st e n t i r e l y  in d ep e n d e n t o f  geo -
d e t i c  m easurem ents on th e  E a r th 's  s u r f a c e ,  s iń c e  th e  e r r o r  o f
g e o c e n tr ic  c o o rd in a te s  o f  th e  o b se rv in g  s t a t i o n  on th e  E a r th
i s  r e l a t i v e l y  sm a li  a s  compared w ith  th e  d is ta n c e  m easured .
T h is  e r r o r  may be e s tim a te d  to  be a p p ro x im a te ly  i  200 m, t h i s
b e in g  th e  v e ry  a c cu ra cy  o f  th e  d is ta n c e  m easurem ent i t s e l f .  But
a so u rc e  o f  e r r o r s  i s  th e  u n s u f f i c i e n t  knowledge o f the M oon's
shape o r ,  morę s t r i c t l y ,  o f  i t s  r a d iu s  i n  th e  d i r e c t i o n  o f th e
E a r th ,  i n  a d d i t io n  to  a  to o  Iow a c c u ra c y  o f th e  r a t i o
The r a d iu s  o f  th e  lu n a r  lim b amounts t o  1737»85 km a  1 d -
w i n  1 9 4 9 ] th e  e s t im a te s  o f  th e  r a d iu s  i n  th e  d i r e c t i o n  to
th e  E a r th  show d i f f e r e n c e s  ra n g in g  betw een  1738 and 1740. As-

uming t h a t  th e  s u r f a c e  o f  th e  Moon i s  approx im ate  to  th e  e -
o u ip o te n t i a l  and s u b s t i t u t i n g  th e  moments o f  i n t e r t i a  computed
from  th e  lu n a r  l i b r a t i o n ,  K a  u  1 a  [1963 c ]  finds th e  Moon's
r a d iu s  to  be 1738 ,7  i n  th e  d i r e c t i o n  to  th e  E a r th .

The M /̂M-g r a t i o  was l a t e l y  de te rm in ed  from  th e  E a r th 's  mo-
t i o n  abou t th e  c e n te r  o f th e  Earth-M oon m asse s , on th e  ground
o f  o b s e rv a t io n s  o f  th e  m inor p l a n e t  E ros [ R a b ę  1950, D e -
1 a  n o 195OJ. The r e s u l t s  d e r iv e d  o s c i l l a t e d  w ith in  th e  l i -
m its  o f  from  1 /8 1 .2 2  to  1 /8 1 .5 8 . The m ost r e c e n t  d e te rm in a -
t i o n s  from  r a d io  o b s e rv a t io n s  c a r r i e d  o u t w ith  th e  h e lp  of th e
cosm ic p rob e  o f  M ariner I I  le a d  t o  th e  r e s u l t  o f  1 /(8 1 .5 0 1 $  ±
± 0 .0 0 3 5 ) . [ K a  u 1 a 19&3 o ] . Y e t, a s  th e r e  was ą u e s tio n  o f
a s in g le  o b s e rv a t io n  i t  would be r a t h e r  d i f f i c u l t  t o  adopt
t h i s  r e s u l t  a s  b in d in g . A c e r t a i n  p r o g re s s  was a t t a in e d  a f t e r
r e i t e r a t e d  c a l c u l a t i o n  o f  th e  E ros o b s e rv a t io n s ,  ta k in g  i n to
a c co u n t th e  new m easurem ents o f  th e  a s tro n o m ic a l  u n i t ,  based
on r a d a r  o b s e rv a t io n s  o f  V enus. The r e s u l t s  o b ta in e d  rangę be­
tw een  1 /8 1 .2 6  and 1 /8 1 .5 6 . The above d iv e rg e n c e s  d em o n stra te
t h a t  th e  a c c u ra c y  o f  t h i s  method i s  a t  p r e s e n t  s t i l l  low er
th a n  o f  o th e r  m ethods. Y e t, t h e r e  i s  no doubt t h a t  w ith in  th e
n e a r e s t  y e a rs  b o th  th e  f ig u r ę  o f  th e  Moon and th e  M^/Mg r a t i o
w i l l  be p r e c i s e l y  de te rm ined  by means o f  a s t r o n a u t i c a l  me*-
h o d s , and i n  conseguence a ls o  th e  ą u a n t i ty  ju. A ccording to  th e
method d e s c r ib e d  o b s e rv a t io n s  have been  madę i n  th e  U n ited
S ta te s  [ Y a  p 1 e e and o th e r s  1959j» T h e ir  r e s u l t s  a re  g i -
v en  and d is c u s s e d  by K a  u 1 a  £1965 o and d j .
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A li  o th e r  r e s u l t s  c o n ta in e d  i n  T able 2 a re  depend ing  i n
one o r a n o th e r  way upon th e  g e o d e tic  m easurem ents c a r r i e d  o u t
on th e  s u r f a c e  o f  th e  E a r th .  To th e s e  c l a s s i c a l  m ethods b e -
lo n g s  th e  d e te rm in a tio n  o f  th e  ą u a n t i ty  /u from  th e  a b s o lu te
m easurem ents o f  th e  E a r th / s  a c c e l e r a t i o n

(1 = a f  Ye [ l  + j  m -  f  -  m f  -  m f 2  -  0 ( f 4 ) ] ,  (5 .1 8 )

where
a g  -  e g u a to r ia l  r a d iu s  o f th e  E a r th
-j- -  e ą u a t o r i a l  a c c e l e r a t i o n
f  -  o b la te n e s s

u) -  a n g u la r  v e lo c i t y .

T a b l e  2

Method Author
f.M

3 -2km sek

Radar measurement o f th e Y a  p 1 e e and o th e rs
Earth-to-M oon d is ta n c e (1963) 398605.7
G eodetic  m easurements K a u l a  (1961) 398602.0

K a u l a  + U o t i l a
(1962)
F i s c h e r  (1962)

398604.3
398604.0

Motion of th e  Moon and F i s c h e r  (1962) +
g eo d e tic  measurements 0 K e e f e + A n d e r -

P h o to g rap h ica l observa-
s o n
K a u l a  (1963) 1960

398605.7

t io n s  of a r t i f i c i a l  s a - l o t a  2 398603.7
t e l l i t e s

K a u l a  (1963)
1961 Alpha D e lta  1 398599.3

C om pilation NASA 398603.2
C om pilation M i o h a j ł o w  (1964) 398603

The T able 2 p r e s e n t s  two r e s u l t s  a ch iev ed  by t h i s  m ethod:
th e  one o b ta in e d  by K a u l a  [ l 9 6 l j , b ased  on a  combined
a d ju s tm e n t o f  th e  t r i a n g u l a t i o n  and o f th e  g ra v im e tr ic a l d a ta :
th e  o th e r  one grounded on th e  d e te rm in a tio n  o± madę by
U o t  i  1 a  [1 9 6 2 ], a e  b e in g  computed by K au la .
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A lso th e  method based  on th e  m easurem ent o f  th e  lu n a r  p a -  
r a l l a x  i s  to  a  l a r g e  e x te n t  dependen t on th e  a c c u ra c y  we can  
p roduce  f o r  th e  d im ensions o f  th e  E a r th ,  s iń c e  th e  above mea- 
surem ent c o n s i s t s  i n  a d e te rm in a tio n  o f  th e  E arth -to -M o o n  d is -  
ta n c e  by m easu ring  th e  p a r a l l a c t i c  a n g le  from  th e  known b ase  
on th e  E a r th .  Such o b s e rv a t io n s  were madę d u r in g  a  coup le  o f  
y e a rs  a t  th e  b e g in n in g  o f th e  2 0 th  c e n tu ry  a t  G reenw ich and on 
th e  Gapę. They a re  now b e in g  red u ced  a g a in  by F i s c h e r  
[ l9 6 2 ]  , u s in g  th e  l a t e s t  r e s u l t s  o f th e  t r a i n g u l a t i o n  which 
c o n n e c ts  a t  p r e s e n t  th o se  two rem ote  p o in ts .T h e  r e s u l t  o f  th in  
work i s  shown i n  T ab le  2 , i te m  4 . The method o f  o c c u lta t io n  o f 
s t a r s  by th e  M oon,given by O'Keefe and A n d e r s e n  1962 , 
and d e s c r ib e d  i n  th e  P o l i s h  l i t e r a t u r ę  by K o ł a c z  e k  1963 , 
may be s u c c e s s f u l ly  a p p lie d  to  th e  d e te rm in a tio n  o f  fi -  i f  we 
c o n s id e r  th e  r a d iu s  o f  th e  E a r th  to  be a  known ą u a n t i ty .U s in g  
th e  o b s e rv a t io n s  madę by O 'K eefe and th e  r e s u l t s  o b ta in e d  by 
F is c h e r  c o n c e rn in g  th e  d im ensions o f  th e  E a r th ,  K a n i a  
[^1963 d ]  d e f in e d  th e  v a lu e  o f  fi (T ab le  2 , ite m  5 ) .

A lso  o b s e rv a t io n s  o f  a r t i f i c i a l  s a t e l l i t e s  have been  used  
f o t  th e  same p u rp o se  -  on th e  b a s i s  o f  th e  K e p le r 's  Law and on 
th e  a ssu m p tio n  o f th e  known d im ensions o f  th e  E a r th .  The work 
done by K a  u 1 a  [/1963 a  and b^] i n  t h i s  dom ain, i s  p r e s e n -  
t e d  i n  T ab le  2 , ite m s  6 and 7• A morę d e ta i l e d  d i s c u s s io n  o f 
i t  may be found i n  C hap te r I I I .

I n  a d d i t io n ,  a tte m p ts  o f  u t i l i z i n g  th e  D oppler-observations 
o f  s a t e l l i t e s  have been  madę by A nderle  and O e s te rw in te r  ( in  
th e  a fo re -m e n tio n e d  s tu d y  Q l963]\ a s  we 11 as th e  o b s e rv a t io n s  
o f  th e  r o c k e t  M ariner I I .  I n  t h i s  method th e  s c a lę  of 'the s y s ­
tem  -  which i s  b e in g  tra n s fo rm e d  a f te rw a rd s  by means o f  th e  
K e p le r 's  Law, i n to  th e  ą u a n t i ty  fi -  is s u e s -  from  in d ep e n d e n t 
d i s ta n c e  m easurem ents pe rfo rm ed  w ith  th e  h e lp  o f  th e  D oppler 
m ethod. The p o t e n t i a l  so u rc e  o f  e r r o r s  l i e s  h e re  i n  th e  atm o- 
s p h e r i c a l  r e f r a c t i o n  deform ing  th e  r a d i o - s i g n a l  p a th ,  and i n  
th e  o b s e rv a t io n  te c h n ią u e .  U n fo r tu n a te ly ,  th e  p u b l ic a t i o n s  a -  
y a i l a b l e  do n o t p e rm it f o r  a  morę com prehensive  o p in io n  t o  be 
form ed on t h i s  s u b je c t .  T hat i s  why, we a re  o m it t in g  h e re  th e  
r e s u l t s  o b ta in e d .
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For co m p ara tiv e  p u rp o se s  th e  valu .es o f ĴL such  a s  adopted
f o r  co m p u ta tio n s  a t  r e s e a r c h  c e n te r s ,  i n  U n ited  S ta te s  and i n
S o v ie t  Union w i l l  be g iv e n . They s ta n d  e x a c t ly  i n  th e  m idd le
o f  th e  ran g ę  d e s ig n a te d  by th e  rem a in in g  d a ta  oontained i n  Ta-
b le  2 . T h is  seems to  a llo w  to  adop t i n  th e  p r e s e n t  work th e
fo llo w in g  v a lu e  o f  (H

398603 ± 3 km5  sek“ 2  .

As f a r  a s  th e  v a lu e s  o f  z o n a l harm onics o f h ig h e r  d e g re e s
a re  co n cern ed , u n d o u b ted ly  th e  b e s t  ones -  we may even  say  -
th e  o n ly  good v a lu e s  have been  ach ie v e d  th an k s  t o  o bserv a tio ns
o f  a r t i f i c i a l  s a t e l l i t e s .  The r e a s o n  i s  s im p le : i n s u f f i c i e n c y
o f  o b s e rv a t io n a l  d a ta  which cou ld  be used f o r  th e  same p u rp o -
se  by th e  g r a v i t io n a l  method and th e  a s tro n o m ic a l  l e v e l l i n g
m ethod. The c o m p a ris io n  o f  p o s s i b i l i t i e s  o f  those th re e  methods
was madę by th e  a u th o r  i n  one o f  h i s  e a r l i e r  p u b l ic a t io n s
[ Z i e l i ń s k i  1 96 3 ]. W hile th e  g r a v im e t r ic a l  and geode-
t i c  d a ta  alw ays c o n ce rn  o n ly  c e r t a i n  frag m en ts  o f  th e  E a r th ,
th e  observed  s a t e l l i t e  p e r tu r b a t io n s  a re  r e f l e c t i n g  th e  in ­
f lu e n c e  o f  th e  whole E a r th 's  s o l id  w ith  i t s  v a r io u s  i r r e g u l a -
r i t i e s .  T hat i s  th e  r e a s o n  f o r  which th e  l a t e s t  p u b l ic a t io n s
p e r t a in in g  to  g e o d e tic  d a ta  [ F i s c h e r  1 9 6 l]  and to  gra-
v im e t r i c a l  d a ta  [ u  o t  i  1 a  1963] ad op t th e  v a lu e s  o f  th e
f l a t t e n i n g  and th e  harm onics C20’ $30 a n ^  $40 , a n <  ̂ c o n -

s id e r  them to  be unknowns. I t  does n o t mean, h o w e v e r ,th a t  th e
l a t t e r  d a ta  a re  u n g u e s tio n a b le . There e x i s t  i n  th e  s a t e l l i t e
method many e r r o r  so u rc e s  which do n o t p e rm it t o  s o lv e  t h i s
problem  s im p ly  a t  on ce . We s e e ,  f o r  in s ta n c e  t h a t  -  when com-
p u t in g  a  c e r t a i n  f i n i t  number o f  te rm s -  th e  e f f e c t  o f  th e
n e x t te rm s i s  supposed to  be e g u a l t o  ze ro  t h i s  does n o t ,  h o -
w ever, co rre sp o n d  to  th e  r e a l i t y .  A nother d isc re p a n c y  i s  cau -
sed  by th e  e r r o r s  o f  g e o c e n tr ic  c o o rd in a te s  o f s t a t i o n s  and ty
th e  d i s tu r b in g  a c t io n  o f o th e r  f a c t o r s ,  m ain ly  a tm o s p h e r ic a l .
T h is  e x p la in s  why th e  r e s u l t s  g iv e n  i n  T able 3»cdumn C^Q (Ap-
p e n d ix  2 ) d i f f e r  one from  a n o th e r .

I t  can  be se e n  from  t h a t  l i s t  t h a t  a l l  C^Q a re  included wl-
t h i n  th e  ran g ę  from  1082.2  to  1083.3» and i f  we om it th e  r e ­
s u l t s  o b ta in e d  by Z hongo lov ich , based  on o b s e rv a t io n s  o f c lo -
se  s a t e l l i t e s ,  th e  upper l im i t  w i l l  amount t o  1O83.15*
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Thereupon, we shall adopt for our computations

C2 0  = - 1082.7 + 0.5 •

A similar review of the values C^Q shows that they rangę
between 2.29 - 2.59, without counting the result of K a u-
1 a [1961 aj, as differring distinctly from the remaining o-
nes.

Thus, in accord with the principle adopted, we shall have

C3 0  = + 2.45 ± 0.15 •

Considering the values we obtain (omitting the Zhon-
golovich's result) the rangę from 1,03 to 2.1, adopting

C4 0  = + 1.60 ± 0.50

and for 0^Q (omitting the Kaula's result 1961) - the rangę
from + 0.07 to + 0.23, adopting

C5 0  = + 0.15 i 0.08 .

For the next values we shall obtain

c6 0  = 0.00 ± 0.70

Cr,0  = + 0.10 i 0.40

C8 0  = - 0.04 i 0.30

c9 0  = - 0.20 i 0.30 .

The present task might have been dealt with somewhat dif-
ferently by placing morę reliance in the latest results based
on a greater number of observations; then the coefficients a-
dopted here would certainly be nearer the reality.However,the
purpose of this work is not to find the most probable values
of C nm’ S nm’ e x a m i a e  their effect when the extremal
possible values will be adopted. For this reason, the method
applied here seems to be adeąuate.

As to the tesseral harmonics, the comparitive data are he­
re much morę scarce, but the dispersion greater. The possibi-
lities of the satellite method are in this case much morę li-
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m ite d  and become c o m p a ra b le  t o  t h e  p o s s i b i l i t i e s  o f  th e  g r a -
v i m e t r i c a l  m e th o d . I n  c o n se ą u e n c e  o f  th e  E a r t h ' s  ro ta t io n  a b o u t
i t s  a x i s ,  t h e  t e s s e r a l  h a rm o n ic e  do n o t  p ro d u c e  d i s t i n c t  -  a s
do th e  z o n a l  h a rm o n ic s  -  lo n g - p e r io d  e f f e c t s  i n  th e  v a r ia t io n s
o f  o r b i t a l  e le m e n ts .  The e f f e c t s  o f  e r r o r s  o f  s t a t i o n  c o o r d i -
n a t e s  and o f  o b s e r v a t i o n a l  i r r e g u l a r i t i e s  a p p e a r  h e r e  s t i l l
m orę s t r o n g l y .  And s o ,  i n  o r d e r  t o  b e  a b le  t o  o b t a i n  c o r r e c t
r e s u l t s ,  we o u g h t t o  h av e  a t  o u r  d i s p o s a l  a  r i c h e r  d o cu m en ta -
t i o n  t h a n  a v a i l a b l e  a t  p r e s e n t .

F o r c a l c u l a t i o n s ,  d a t a  w i l l  b e  u se d  -  a v e ra g e d  i n  t h e  s a ­
me m anner a s  b e f o r e

°22 = + 1 .15  ± 0.70 S 22 = -  1.25 i  1.00

= + 1.55 ± 1.50 S 31 = + 0.25 ± 0.90

°32 = + 0.20 ± 0.20 S 32 = -  0.03 ± 0.15

°33 = +0.072 + 0.135 S 33 = + 0.211 ± 0.128

°41 = -  0.16 ± 0.52 S 41 = -  0.01 ± 0.45

°42 = -  0.25 i  0.43 S 42 = -  0.05 i  0.32

°43 = + 0.084 ± 0.074 s 43 = -  0.006 + 0.032

C44 = + 0.004 + 0.0012 S 44 = + 0.011 ± 0.015.

0 H A P T E R VI

PERTURBATIONS PRODUCED BY THE EARTH'S GRAVITY FIELD

S in c e  t h e  a t t r a c t i o n  o f  th e  E a r th  i s  so  m ost im p o r ta n t  o f
t h e  f o r c e s  a c t i n g  upon t h e  a r t i f i c i a l  s a t e l l i t e . t h e  p e r t u r b a -
t i o n s  p ro d u c e d  by  th e  E a r t h ' s  g r a v i t y  f i e l d  e v i d e n t l y  b e lo n g
t o  th e  g r e a t e s t  d i s t u r b a n c e s 5 h e n c e ,  t h e i r  q u a l i t a t i v e  and
q u a n t i t a t i v e  e v a lu a t i o n  w i l l  b e  o f  a  fu n d a m e n ta l  s i g n i f i c a n c e
f o r  t h e  p r e s e n t  s u b j e c t  m a t t e r .  S u ch  e v a lu a t i o n  w i l l  b e  madę
b y  u s in g  th e  n u m e r ic a l  i n t e g r a t i o n  m e th o d . F o r t h i s  p u r p o s e ,
we a r e  g o in g  t o  d e r iv e  fo rm u la e  f o r  e ą u a t io n s  o f  s a t e l l i t e  mo-
t i o n ,  t a k i n g  i n t o  a c c o u n t  th e  f a r t h e r  te rm s  o f  t h e  E a r t h ' s
g r a v i t a t i o n a l  p o t e n t i a l  up t o  C6 Q  f o r  z o n a l  h a rm o n ic s  and t o
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0 ; | j | , S/|7[ -  f o r  t e s s e r a l  h a rm o n ics . Those fo rm u lae  were g iv e n  
by  K o t c h i n a  Ql962j i n  a somewhat d i f f e r e n t  form  w it -  
h o u t d e r i v a t i o n s ; h e re  th e y  have been  d e r iv e d  a g a in  f o r  c h e c -  
k in g  p u rp o se s .

S ince  we a re  i n t e r e s t e d  o n ly  i n  s h o r t - p e r io d  and d iu r n a l  
p e r t u r b a t io n s ,  th e  i n t e g r a t i o n  w i l l  be perfo rm ed  over th e  i n -  
t e r v a l  o f  a  s in g le  r e v o lu t io n  o f th e  s a t e l l i t e  f o r  z o n a l h a r -  
m onics and over 24 h o u rs  -  f o r  t e s s e r a l  h a rm o n ics .

As d em o n stra ted  i n  C hap ter I I ,  th e  d i f f e r e n t i a l  e ą u a t io n s  
o f  s a t e l l i t e  m o tion  i n  r e c t a n g u la r  c o o rd in a te s  have th e  form ;

d2 x 3 U 
d ?

p
d y _ 3U
7 ? ’ 3 y

d2z _ au 
7 ?  = 3z ’

(6 .1 )

where U i s  th e  g r a v i t a t i o n a l  p o t e n t i a l  d e fin e d  by th e  f o r ­
m ula (5 .1  )• We w r i te  i t  now i n  an e x p l i c i t  fo rm ,co n fin in g  c u r -  
s e lv e s  to  th e  te rm s  60 i n  z o n a l harm on ics and t o  44 -  i n  t e s -  
s e r a l  ones (and rem em bering t h a t  C^g, S ^ ,  0 ^ ,  a re  
e ą u a l  to  0)

U  =  U 00 +  U 20 +  U22 +  U30 +  UJ1 +  U J2  +  u 33 +

( 6 .2 )  
+ U4 0  + U4 1  + U4 2  + + U^o + U6 O

where th e  p a r t i c u l a r  te rm s a re  r e s p e c t i v e ly

U 00 = T

U 20 = ' r  (“r') C 2 0 , ;P 20 ( s i n £

U 22 = r ( l )  (C2 2 cos2A+ S2 2 s in 2 3 )  -P 2 2 (sin j3) ( 6 ‘3 )

U30 =  r  ( r )  ° J 0  *
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U31 = r  ( r f ( C 3'1c o s '1 +  S J1 s i a ^ )  * P
5 1  ( s in J J )

U32 = ' r ( ’r') (°52 c o s 2 ^ +  s j 2 s i n 2 ^  * P J2

^53 =  (CjjCOs3/\ + S ^ ^ s in jA ) • ( s i n P>)

U40 = ^ ( ł ) \ o  * P 4O ( s i Q ^

U 41 =  r ( r )  <C4 1 c o s^  + S ^ s in A )  • P4 1  ( s in j i)

U42 = W) 4(G42COS2  ̂+  s 42 s i n 2 ^ > ’ P4 2
( s i n ^ )

4
u 43 = T(F) <°43COS^  + S ^ s in jA )  • P4 3  ( s in j i)

4
U44 = r ( r )  ( W 0 3 4 * +8^3111471) • P ^ C s in ji )

U 5O ~ r ( r )  C 5O * P 5 o ( s 1 1 1 ^

U 60 =  r ( r )  °60 ’ P 6 0 ( s i n ^ )#

> ( 6 .3 )

L et us now in tro d u c e  th e  c o o rd in a te  system  x , y , z ,  th e  o -
r i g i n  o f  which i s  a t  th e  c e n te r  o f  th e
c o in c id e s  w ith  th e  r o t a t i o n  a x i s ,
b e in g  o r ie n ta te d  i n  th e  d i r e c t i o n
o f  th e  v e rn a l  eq u in o x .

Thereupon

E a r th 's  m a ss ,th e  z -a x is

F ig . 6

x = r  c o s ji  s in (7 \ + s )

y  = r  co sJS co s(/\  + s )

z = r  s i n  ji ,

where
s -  i s t  th e  s i d e r e a l  G reenw ich t im e .
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50 Janusz B. Zieliński

The fu n c t io n s  o f  Pnm  w i l l  be p re s e n te d  i n  t h e i r  e x p l i c i t
fo rm , a s  f u n c t io n s  o f  th e  an g le  fi ; and f u r t h e r  -  a s  fu n c t io n s
o f  th e  c o o rd in a te s  x ,  y ,  z ,  s u b s t i t u t i n g

s in  fi = j cos f i  =Vx2 + v2 (6 .5 )

z 2
^20 =  2* (J s io ^ jJ  ~ 1) = 4’ \ ~ 1^

\ r  /
2 2

P2 2  = 3COS2 J3 = 3 x

T

P 30 = (Ssin^/J -  Js in JJ) =

P 31 ~ 2 c o s 7i  ( 5 s in 2 J3 -  5 ) = -  1^
\ )

P 32 =  Z'5 C ° S 2 ]J s i n j ł  = 15 —— 'l-.

P3 5  = 15cos5 J3 = 1 $ ( x 2  + ^ 2 ^ >/2-

H. o \  (6 .6 )
P 40 = 8 ( 5 5  s i n 4 P ~ JO sin 2 /} + 3 )  = ~ ^ 5 -  + 5 )

\  r  r  /

i 2 2* /  2 \P 41 = g’ c o s £  <55 sin^/5  -  15sinj3) =
r  \  r  r  /

2 2 / ?
P 42 =  ^2 c o s 2 J3 (7 s in 2 J3 -  1 ) = x̂ t /  _ l \

/2
p  = 105 co s 5 Jł s i n £ =  105 ( ^ - +  X 4--- -

4 (X2  + v2  )5
?44 = 105 co s4 p  = 105 kx----+-jp -

P 50 =  5” (& 5  s i t 1 ^  ~ 70 s in 5 jS+ 15 s in ji)

P 60 =  l i  ( 2 5 1  s i n 6 /3  “ 515 s in jU  + 105 s in 2J3 -  5)
1 /231 z 6  315 z4  . 105 z2  A

= ----pr- +-p— “ 5f
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Applioation of the radiue-yector 51

We have to  e x p re s s ,  m oreo ver, th e  sin .es
a n g le  A by th e  c o o rd in  a  t e s  x , y , z ,  and. th e

and c o s in e s  of th e
ang le  s .

Erom th e  F ig . 6 , we have

= x  cos s  + y s i n  s

p = - x  s i n  s + y cos s
(6 .7 )

b u t
= V x2  + y2  • cos 7\

"2 =VX2  + y2  • s i n
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hence

cos A -  x  o o s _ s  +  y  3 i t l  8

V x2  + y2

(6.8)

o-in 'A _ - x  s i n  s + y cos s 0X11 J\ — ---- -——-----------------------  •

Tłiereupon
p p

sin27\ = (y ~ x  ) s in 2 s  + 2xy cos 2s
x2  + y2

cos

s in

_ 2xy s i n  2s + (x2  -  y 2 )cos 2s---------------------- 2 -------2-------------------
x  + y

_ y (3x 2  -  y 2 )co s  J s  +  x (3y2  -  x 2 )8 in  3e
H 6.9)

cos

s in

za  _ x (x 2  -  Jy 2 )cos 3s + y (3 x 2  -  y2 ) s i n  3s
” --------------------------

_ 4xy(x 2  -  y 2 )cos 4 s  -  (x2  -  y 2 )2  -  4x2 y2 ) s in 4s

cos :2  -  y2 ) s i n  4s

A f te r  s u b s t i t u t i o n  th e  fo rm ulae  (6 .3 )  ta k e  th e  form

= 1*
rU 00

U30 -  l gR 3 C3 O (6 .10 )
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Application of the rad ius-vactor 53

U J2 = 15p.R ^ cos2s r  . 2xyz q°52 +  7 S 32

*  8 i n 2 s  °32  -  ( l 2  ; / > 2  B
3 a )

UJ 3  .  15^B5  c o s js  (*^7^ °55 + s \  +
♦ sinjs y2) Oj5 . > S j  Y

TT 1 U P4 r  (  +U 40 "  8 M R  " V -  p j
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U43 = 105JUR4  c o s 3 s ^ L ( z ! _ ^ ń l  o4 3  +  yz ^ ^ 9 ~ y 2 )  s4 ^  +

+ sin Xoiyz (3^ - y2 ) G _ xz(x2 - ?y2 ) g \
+ SLN —  Q4 5 ----------r 9 S4JJ

4 / (X2  — v 2  )2  — 4x 2 v2
U44 = 105^1 R c o s4 s  y ± ^ 2-?2)s V.

„  3 i n  4 S  72 ) O w  _ U 2  -  72 )2 - ^  s^]®-10’

TT _ 1 1 1 R 5 P  f e j z 5  7O»3  . 15_z\
u 50 -  8 h R  ° 5 0 ^ ^ r r  - ^ r  +

TT 1 .. „6 n  /2 3 1 z 6  315Z4  . 105z2  5 \
U60 ~ 1 6 ^ R  C60 ~~TJ-------- ~ -------------------

\  T r  r  T y

We now w r i te  e ą u a t io n s  o f  th.e ty p e  o f  6 .1  f o r  z o n a l h .a r-
m on ics, t h a t  i s ,  , k e e p in g  i n  mind th .a t

3 r  _ x  , 3 r  _ y  • 0 r  _ z '
3x r  ’ 3y “ r  * 0z “ r  ’

3 U 00
- 7 x - =  "  p

S ^ - - ^ U R2 C f -5 x z 2  . x  \
-  2  p-R C2 0  j

dU 30 _ 5 U R3C (  ~ r̂ x ^  4. \
+ ^ r )  l  ( 6 . w

_ 1 5 U A  ( -21xz 4  x  14xz2  x  \
-  Q I yy- + -----------

\  r  T y  T '  /

3 U 3O _ 21 R 5G  Z-33XZ5  30XZ3  _ J x z \
° 5 O T 5 ^/

3 U 6O _ 7 ,, R 6 r  ( -4 2 9 x z 6  . 4?5xz 4  13$xz2  . $ x \
= 1 3 ^ E  ° 6 0 ^ - ^ 1 5 —  +  / I 3
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3 U,

3 U 2O
3 y

= - |  R C2 0
-5 y z 2

r ?

9 U 5O
3 y ” °5O

> ( 6 .1 2 )
3 U 4 0

8 y
z4 1 4 y z 2

r ?

3U,50 __21 R 5C—  “ 8 t / |T y
, Z - 3 3 y ;p
’5 °

3 0 y z ^
~ T T

3 U 6O
~ ^ y ~

7 i, R 6  ~ T6 M R  C 60
4 9 5 y z 4  I 5 5 y z 2  + ^ y

13 11 +  9
r ■> r  r 7

3 u oo u  z
"  "  r 5

> ^ MB2 C2 0 ^ - ^ )

= 1 ^ 0 , 0

9 U 40  _ R4 ( - 6 3 z $  . 20z_l _ 1 5 z \
-  8 C4 0  l 11 +  “ 9 ^  777 ]

\  -L X  X  /
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The derivatives of tesseral harmonics may be represented
by the generał formula

3U__ n '
=  k nm G 0 S  m s ^% TnO nin +  ^%m^nTn +

(6.14)
+ sin ms j

whert.
<l-is identical to x or y or z.
The values of are as follows

*22 3  5  ’ k J1 =  i ’ k J2 = t = 15 । = “2 »

k 42 = ¥ • ^4^ =  05 » ^44 =  05 »

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska



A pplication  of the ra d iu s-v e c to r 57

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska



58 Janusz B. Zieliński

-9 x z 2 (x2 -3 y 2 ) x (x 2 -3 y 2 )
'43 - ------------7^1 + ----- ’

QZ4 } = -9yća^.-Z) .

,W  , łĄ 2 ), QZw „ . (6 .17)

The n u m erica l m ethods have g a in e d  i n  s ig n i f ic a n c e  e sp eo a l-
l y  a f t e r  th e  in t r o d u c t io n  o f  e l e c t r o n i c  com puters.A  nurnber o f
new m ethods have a r i s e n ,  ad ap ted  to  th e  new p o s s i b i l i t i e s , o p -
t im a l i z in g  th e  p ro c e s s e s  o f  c a lc u lu s  and p r o g r ammin g .  Among
them  i s  th e  method g iv e n  by G. Runge i n  1895, im proved by  W.
K u tta  i n  190'1 and a d a p te d  to  th e  m ech an ica l co m p u ta tio n  by S.
G i l i  i n  1951* A f u l i  d e s c r ip t i o n  o f  th e  R u n g e -K u tta -G ill  me­
th o d , in c lu d in g  th e  d e r iv a t i o n  o f  fo rm u lae  and th e  l o g ic a l
scheme o f  th e  program  i s  p re s e n te d  i n  th e  R o m a n e l l i ' s
work p l9 6 2 j. Those fo rm u lae  a re  c o n s t i tu t in g  a  s im p le  compu­
t a t i o n  schem e. Suppose t h a t  we have n + 1 d i f f e r e n t i a l  equa-
t i o n s  o f th e  f i r s t  o rd e r  i n  th e  form

y ^ (x )  = f i (y 0 ( x ) ,  y 1 ( x ) . . .  yn (x ) )  (6 .1 8 )

w h erea t

y ^ (x )  = f o  = 1 o r y 0 (x ) = x  (6 .1 9 )

and boundary  v a lu e s

y i ( x o )  = y io  • ( 6 *2 0 )

The in d ic e  j  w i l l  d eno te  th e  number o f  th e  i t e r a t i o n ,
t h a t  i s

J = 1 ,2 ,3 ,4  .

For i  = 0 , 1 , 2 , . . .  n , we c a lc u la t e

y ij “ kij ~ fi^y o,d-1’ y 1,j-1 <6-21>
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A p p lic a tio n  of th e  ra d iu s -y e o to r 59

For 3 = 1 1 yj_ 0  = y ^ (x Q ) so  t h i s  i s  e i t h e r  th e  i n i t i a l
v a lu e  ( f o r  th e  f i r s t  s te p )  o r y i  computed i n  th e  preceding  step.

Next
= y i . j - 1 +  h [ a o ( k i j  -  ( 6 , 2 2 )

^ 3  = < k , j - i +  5  [ a j ( k i j  -  V I , J-I (6-23)

where

h  -  v a lu e  o f th e  s t e p .
We i t e r a t e  th e  c a l c u la t io n  c y c le  ( 6 .2 1 ) ,  ( 6 .2 2 ) ,(6 .2 J) f o r

3 = 2 ,3 ,4 .  Having th e  v a lu e s  o f  y i  we a re  p roceed ing  to  th e
n e x t  s t e p ,  s u b s t i t u t i n g  them f o r  y i  Q ,

I n  our c a s e ,  we have to  i n t e g r a t e  th e  fo llo w in g  eąu a tio n s:

k = = 1o d t

k -  -  VXK1 “ d t  “ VA

kp = #  = VY
d a u

> (6 .2 5 )
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I n i t i a l  d a ta :  XQ , YQ , ZQ t  VXQ , VYQ , VZQ .
S in ce  th e  m o tio n  e g u a tio n  i s  an e g u a tio n  o f  th e  second o r­

d e r ,  i t  b as  t o  be in te g r a t e d  tw ic e ;  th e  f i r s t  e g u a tio n  w ill g i-
ve th e  v e lo c i t y ,  th e  second one -  th e  c o o rd in a te s .

T h is  i s  shown i n  th e  schemes

Y e t, n o t th e  c o o rd in a te s  by th em se lv es  a re  o f i n t e r e s t  f o r
o u r s u b je c t  m a t te r ,  b u t  th e  le n g h t  o f r a d iu s -v e c c o r  o r ,  morę
p r e c i s e l y ,  th e  v a r i a t i o n s  o f  i t  p roduced  by  one o r a n o th e r
te rm  o f th e  fo rm u la  f o r  th e  g r a v i t y  p o t e n t i a l .

W ith a  yiew  t o  i n v e s t ig a t in g  th e  p e r tu r b a t io n s  caused  by
a d e f i n i t e  te rm  o f  th e  n -d e g re e  and th e  m -order from  th e  f o r ­
m ula ( 6 .2 ) ,  we alw ays k e p t th r e e  te rm s :  00 , 20 and th e  exam i-
ned te rm  nm, e g u a tin g  th e  rem in in g  ones t o  z e ro .  I n  a  g r a v i -
t a t i o n a l  f i e l d  d e te rm in ed  i n  su ch  a  way, th e  m o tion  o f  s a t e l -
l l i t e  h as  been  computed tw ic e  f o r  two d i f f e r e n t  va lues o f  co e -
f f i c i e n t s  CnTn, Sn w « T here were s u b s t i tu t e d  e i t h e r  th e  v a lu e s
o f  harm onics d i f f e r i n g  one from  a n o th e r  by th e  e r r o r  va lue  a c -
c o rd in g  to  d e f i n i t i o n  i n  C hap ter V or ze ro  was s u b s t i tu t e d  fo r
th e  f i r s t  p a i r  and th e  m ost p ro b a b le  v a lu e s  f o r  th e  second p a ir
o f  c o e f f i c i e n t s  C_ , S__ . I n  t h i s  m anner th e  c o o rd in a te s  o fmu mu
th e  s a t e l l i t e  were o b ta in e d  i n  th e  same sy stem , b u t in  two d i f ­
f e r e n t  p o t e n t i a l  f i e l d s .  The d i f f e r e n c e s  i n  p o s i t i o n  i s  d e te r ­
mined by a  c e r t a i n  v e c to r  d [d x ,d y ,d z ^ |, c o o rd in a te s  o f  which
b e in g  nexb tra n s fo rm e d  in to  th e  n o n o rth o g o n a l system  [dr,du,dw].
The axes o f  th e  l a t t e r  system  a re  d e f in e d  as  f o l lo w s : r  -  d i -
r e c t i o n  o f  th e  r a d iu s  v e c to r ,  u  -  d i r e c t i o n  o f  th e  v e lo c i ty
v e c to r ,  w -  t r a n s v e r s a l  d i r e c t i o n  s e le c te d  in  su ch  a  way t h a t
th e  th r e e  v e c to r s  d r ,d u ,d w  have th e  same o r i e n t a t i o n  a s  dx,
d y .d z .

I t  h as  been  adop ted  t h a t  th e  i n t e g r a t i o n  s te p  i s  e g u a l t o
one s i d e r e a l  m in u tę , t h i s  c o rre sp o n d in g  a p p ro x im a te ly  to  1 /100
o f  th e  r e v o lu t io n  p e r io d .  On acco u n t o f  th e  c i r c u l a r  o r b i t , th e
c o n s ta n t  i n t e g r a t i o n  s te p  h a s  been  a c c e p te d .
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Application of the radius-veotor 61A few words should also be devoted to the ch a ra cte risticso f the Computer with the help o f whioh the calculus has beencarried out.I t  i s  a GIER machinę madę in  Danemark executing some 10.000flo a tin g -p o in t operations per second. Calculations are carriedout with an accuracy to 29 d ig its  in  the binary system, th iscorresponding to approximately 8̂ - decimal d ig it s , that meansth at the roundings appear when the number is  greater than 2 7 == 536 8?0 912. The programming is  performed in  the ALGOL 60language, so i t  is  r e la t iv e ly  easy to be mastered.The programsare universal and may be used by others at d iffe re n t computa-tio n  centers. For th is  reason, the author is  enclosing here-with the copies of programs elaborated and u tiliz e d  by him.For performing the in tegratio n  process, a programme teimedRKG had been estab lish ed . The follow ing input data were beingintroduced into machinę: number of the varian t computed, twod iffe r in g  values of c o e ffic ie n t CnTn, two values for Sn m , num­ber of step s, c o e ffic ie n t k ^  and m (as taken from the formu­la  6 .1 4 ), semimajor axis  in  megameters, e x x e n tr ic ity ,in c lin a -t io n , argument of perigeum and R .A . of node in  degree.The geo-physical constants were used= 398603 km5 sec- 2C2 0  = 0.001082?R = 6.378165 Mgm.The programme is  conceived so that the fragment computingPX,QX,PY,QY,PZ,QZ, is  replaoeable with appropriatenes to  theevaluated v a ria n t. Most of calcu latio n s were performed far theo rb it: a = 7»398 Mgm, e = 0.0025, i  = 80?5» to = 0 , S2 = 0 (sa-t e l l i t e  A lo u ette). The computations were madę according to thefollow ing seąuence:1) Variant 20 -  e ffe c t  of error of the term C2 Q amounting to△C2 0  = 5.1O“ 7  F ig . 7-2) Variant 30 -  e ffe c t  of the term = +245.10~83) Variant 30 -  e ffe c t  o f error of the term 0-̂ 0! ACJQ =15. 1Ó- 8F ig . 84) Variant 40 -  e ffe c t of the term C^Q = +16.10- 7
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Fig. 8

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska



A p p lic a tio n  of the  r a d iu s - y e c to r . 63

Mariant 40

5) Variant 40 - effect of error of the term 0^=5* 10“? Fig.9
6) Variant 50 - effect of the term Cą n  = +15*10- 8  Fig. 10

—fi7) Variant 22 - effect of the terms C2 2  = +115.10 and S2 2  == -125.10“5 6 7 8  Fig. 11.
8) Variant 22 - effect of errors of terms ?22 and S2 2  amoun-ting to C2 2  = 7O’1O“ 8 , = 100.10“ 8 .
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Wariant 50

Jnfluence of the term C50

Fig. 11
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Fig. 13
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Fig. 15
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100 m

50

Var44
H-tOOO i -80,5

~9 -9
-IDO C  t 4 ,o S  * H

IO

F ig . 169) Variant 32 -  e f fe c t  of the terms C ,o  = +200’ 10“ ® and S , o  == -3 ’ 10“ ° ,  F ig . 12.10) Variant 33 -  e ffe c t  of the terms G ^  = +72.10“ $ and == +211.10“ $ F ig . 13-11) Variant 41 -  e ffe c t  o f the errors o f terms and a-mounting to △GZ(̂  = 52.10- 8 , A S ^  = 45»10” 8  F ig . 1412) Variant 42 -  e ffe c t  of the errors of terms C42 a n d  S^2amounting to A C 2̂  = 43»10“ 8 , ~ 52 «10“ 8  F ig . 1513) Yariant 44 -  e ffe c t  o f the errors of terms G„ „ and S„ z,amounting to ACZ|Z| = 12.10 , A S Z|Z| = 15’ 10 , F ig . 16.The in tegratio n  outcomes are presented in  the form of d ia-grams.The follow ing conclusions can be induced: the accuracyknown fo r the c o e ffic ie n ts  o f zonal harmonies allows fo r  the—6radius-vector to be computed with an accuracy o f 10“  .For thispurpose, the terms up to C^Q ought to  be taken into account,the accuracies known for them being adeguate. As regards theperturbations produced by harmonics C2 2 , S2 2  they exceed 100 m,s imu.ltaneously> however, the accuracy of c o e ffic ie n ts  will pro-duce an error in  the determination o f the lenght of radius-v e cto r , amounting to 70 m, th is  givin g an accuracy 10~5.
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A certain surprise for the author were the absolute ąuan-
tities of perturbations of third degree. After having madę the
evaluations pertaining to the harmonics 22, we could -suppose
that the next terms would give smaller effects and that their
omission would not bring about a drop in accuracy in computing
the radius-vector be Iow 10”^. Yet the further computations ha-
ve showed that in the case of term 33, their effect exceed e-
ven 300 meters for the same orbit. So, this terms can not be
ommited, anyway. The influence of the errors of fourth degree
harmonics cah still bring about inaccuracy of the order of 70m.

In order to examine the influence of the orbital inclina-
tion, the variant 32 was calculated for four values: i=80?5,
63°4, 30°, 0°. It appeared that only the amplitudę of pertur-
bations is undergoing variations, the characteristic shape of
the curve is hardly changing: even for i = 0 it remains as it
was. The greatest perturbations occur with the mean inclina-
tions of the orbit.

Moreover, computations were madę, changing the height of
the orbit. It was found that the ąuantity of the perturbation
diminishes rather slowly with the growth of a. With the chan-
ge of Hy from 1000 km to 3500 km the effect of the terms 22
decreases ty nearly 1/5, of the terms of the third degree -
by nearly 1/4, and of the fourth degree - by about 1/2. This
means that even with orbits of the Midas 4 or Geos type - if
we want to acąuire the lenght of the radius-vector to an ac­
curacy of 10"6  - the effect of terms of the fourth degree must
be taken into account.

As indicated hereinbefore, simultaneously with the evalua-
tion of perturbations in the radius-vector - the programme
showed changes in the position of satellite along the trajec-
tory (along-track variations) and in the direction perpendi-
cular to it (across-track variations). It follows from the com­
putations that the radial changes are, as a rule, smaller than
the tangential changes, but slightly greater (though not al-
ways) than transversal ones.
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C H A P T E R VII

OTHER PERTURBATIONS

SECTION 1 .  ATMOSPHERIC DRAG

The atmospheric drag can be fairly called the major enne-
my of geodetic satellites. It is for this reason that we have
already at the beginning adopted assumptions tending to mini-
mize the perturbations caused by the resistan.ce of the medium.
And so, we have adopted an orbit approximate to the circular
one, at an altitude of morę than 1000 km over the Earth's sur-
face, and a satellite of a smali area-to-mass ratio (the so-
called heavy satellite of the type of Anna 1 B or Alouette).
It might be said, in addition, that in our case only the short-
period and diurnal perturbations seem to be dangerous because
they do not find reflection in variations of the mean elements
which can be determined from observations. We shall now try to
estimate the order of magnitude of those perturbations and to
find out whether they can be regarded as negligibly smali.

Let us briefly recall the
mechanism of the arising of per-
turbations produced by the atmo­
spheric drag. Suppose that the
atmosphere remains motionless
with regard to the orbital pia­
ne whose eccentricity / 0. Mo-
ving in a medium offering resis-
tance, the satellite consumes a
part of its kinetic energy and
loses by the same its velocity.
Since the greatest retardation

F i g .  17

occurs in the vicinity of the perigee, it is there that the
largest velocity variations take place, this producing a chan-
ge in the shape and in the dimensions of the orbit; it should
be added that the distance to the perigee will show markedly
slower variations than the distance to the apogee .Bius we shall
have secular variations of two elements of the semi-axis a,
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70 Janusz B. Zieliński

and i n  consequen.ee o f  th e  p e r io d  P and th e  mean m o tion  n , and
o f  th e  e c c e n t r i c i t y  e .  S t i l l ,  i n  a d d i t io n  to  th e s e  secu la r v a -
r i a t i o n s  le a d in g  to  t łie  c i r c u l a r  shape ta k e n  by th e  o r b i t  and
to  th e  lo w erin g  o f  th e  a l t i t u d e  a t  which th e  s a t e l l i t e  i s  mo-
v in g  u n t i l  i t  c o l l a p s e s ,  s h o r t - p e r io d  v a r i a t i o n s  may be expec-
te d  to  o c c u r , f o r  a t  each  p o in t  o f  th e  r e t a r d a t i o n  fo rc e  h as
a d i f f e r e n t  m agnitude w hich can  be r e p r e s e n te d  a s  a  f u n c t io n
o f  anom aly. I t  i s  o n ly  in  th e  ca se  o f  an o r b i t  b e in g  c i r c u l a r
and th e  a tm osphere  h av in g  a s p h e r i c a l  s t r u c tu r e  t h a t  th e  p e -
r i o d i c a l  te rm s i n  p e r tu r b a t io n s  o f  e le m en ts  co u ld  be a v o id e d .
U n fo r tu n a te ly ,  th e  atm osphere  does n o t r e p r e s e n t  an id e a ł  sphe-
r o i d a l  s t r u c t u r e .  As d em o n stra ted  by e x p lo r a t io n s  based on ob-
s e r v a t io n s  o f  a r t i f i c i a l  s a t e l l i t e s ,  th e  a tm osphere  has r a t h e r
an  ovoid shape p roduced  by  th e  d i f f e r e n c e  i n  te m p e ra tu re s  o f
th e  daytim e and th e  n ig h tt im e  s id e  o f  th e  E a r th  g lo b e . The a -
x i s  o f  th e  b u lg e  form s an  a n g le  o f  n e a r  30° i n  r i g h t  ascension
w ith  th e  E a r th - to -S u n  d i r e c t i o n  and i s  o r ie n t a t e d  eastw ard
from  i t .  M oreover, owing t o  th e  r o t a t i o n  abou t th e  E a r th 's  a -
x i s ,  a  f l a t t e n i n g  o f  th e  a tm osphere  can  be n o t ic e d .  A li  t h a t
c a u se s  t h a t  even  a  s a t e l l i t e  b e in g  i n  c i r c u l a r  o r b i t , i s  moving
i n  a  medium whose d e n s i ty  i s  a f u n c t io n  o f  th e  p la c e  and s o ,

I f  a  g r e a t  number o f
s tu d ie s  i s  d evo ted  t o
th e  p rob lem  c o n c e rn in g
lo n g -p e r io d  and s e c u la r
v a r i a t i o n s ,  th e  th e o ry
o f  t h e i r  com pu ta tion .th e
d e te r m in a t io n , th e  atm o-
s p h e r ic  p a ra m e te rs  from
o b s e r v a t io n s , r a t h e r  a
sm a li  number o f  a u th o rs
have d e a l t  w ith  th e

s h o r t - p e r io d  p e r tu r b a t io n s  may o c c u r.

Fig. 18

s h o r t - p e r io d  v a r i a t i o n s .  T h is  problem  h a s  b een  approached  i n
a  morę d e ta i l e d  m anner by B r o u w e r  and H o r  i  [ l9 6 l”|
and la s o  by I  z s  a  k £1960], In  b o th  c a se s  though c o n c r e te ,
b u t  r a t h e r  c o m p lic a te d , m odels o f  th e  a tm osphere  have b een  a -
d o p te d , t h i s  c a u s in g  t h a t  a f t e r  th e  i n t e g r a t i o n  o f  d i f f e r e n -
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t i a l  p e r t u r b a t io n  eg u a tio n s ,v ery  c o m p lic a ted  fo rm u lae  had been
o b ta in e d . For ou r p u rp o se s , th e  fo rm u lae  g iv e n  by  B a  t  r  a -
k o v and P r o s k u r i n  [l9 5 ?J s h a l l  be used

o
z r  = -  2oŁ %n x7ó" (1 + 2 e  cos v + e 2 ) ^ 2
d t  (1 -e 2  )3 / 2

de _ 2ot n  a
«  =  ’  (1 -e 2 ) 1 ' 2 + 2 e

2 /o
cos v + e ) '  (e  + cos v )

dsa _ d i  _
d t  " d t

4 £  = -  (1 + 2 e cos v + e2 )1 / 2  s i n  v
d t  ( 1 - e 2  r / 2

> (7 .1 )
d t  _ 2 c ig  n  a  e M  +  o e cos v  + e 2 )1 / 2  ( __ +
d t  "  ^ _ g 2 ) 1 /2  U  e cos + e ) +  e  cos v  +

1 \  •
---------- ] s m  v ,

1 + V 1 -e 2 /

where

2 x m
ę = d e n s i ty  o f a tm o sp h e re ,
C = aerodynam ic c o e f f i c i e n t  w hich amounts to  2 f o r  t h i s

ty p e  o f  m o tion
S = a re a  o f  th e  c r o s s - s e c t io n  o f  s a t e l l i t e ,
m = mass o f  s a t e l l i t e ,
£ = lo n g itu d e  i n  o r b i t .

The e ą u a t io n s  ( 7 .1 )  do n o t c o n ta in  any assu m p tio n s  p e r ta i-
n in g  to  th e  law  o f  v a r i a b i l i t y  o f  ę ,  a c c o rd in g  t o  th e  p la c e .
The on ly  a ssu m p tio n  in tro d u c e d  i s  th e  n e g le c t in g  o f  th e  r o t a -
r y  m otion  o f  th e  a tm o sp h ere ; owing t o  t h i s ,  dsa = d i  = 0 . In
our c a s e ,  where th e  g u e s t io n  i s  o f  exam ining  th e  o rder o f mag-
n i tu d e  r a t h e r  th a n  an  a c c u ra te  d e te rm in a tio n  o f  p e r tu r b a t io n s
-  and when sm a li  g u a n t i t i e s  a re  to  be ex p ec ted  -  we may a llo w
o u rs e lv e s  fo r -g o in g  s im p l i f i c a t i o n s .
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L et us assume a  c i r c u l a r  o r b i t  i n  th e  e ą u a t o r i a l  p ia n e :
e = 0 , i  = 0 , a  = 7378 km. Thus

v = M = n - t (7 .2 )

and th e  fo rm ulae  (7 .1 )  w i l l  have th e  form

f a  = -  2 d n  aŁ  • J ^ d t

de = -2  n a  • J cos M ę d t > (7 .3 )

(Tg = 0 .

d o )fo r  e = O ta k e s  in d e te rm in a te  v a lu e s ,  so  we have n o t
to  ta k e  i t  i n to  c o n s id e r a t io n .

F u r th e r ,  l e t  th e  s a t e l l i t e  be o f  th e  shape and o f  th e  d i -
m ensions o f  A lo u e tte

S = 0 ,7 3 5  m2 , m = 145 kg .

T h e re fo re
p p

oi = 0 ,0051 m /k g  = 0,051 cm /g

n2 a2  = ^u/a = 54 ,0259 km2 / s e k 2

na = 7 ,55023 km /sek = 7 ,3 5 0 2 3 -1 O5  cm /sek

n = 0,0009962 sek - 1

na 2  = 54230 km2 / s e k  = 5 ,4 2 3 0  • 1 0 ^  cm2 / s e k

2 o in  a 2  = 0 ,553  * l O ^  cm^/g • se k

2 o in  a  = 0 ,7 5 0  • 10^ cm^/g • s e k  .

In  o rd e r  to  compute th e  v a lu e  o f  th e  i n t e g r a l  J d t ,  we
a re  go ing  to  use  th e  model o f  a tm osphere  g iv e n  by  M a  r  t  i  n
and o th e r s  [ l9 6 l]  . I t  i s  a  model b a sed  on o b s e rv a t io n s  o f  a r -
t i f i c i a l  s a t e l l i t e ,  w hich ta k e s  i n to  aocoun t th e  daytim e b u l -
g e , upon assu m p tio n  o f  th e  mean l e v e l  o f s o la r  a c t i v i t y . l t  i s
p re s e n te d  i n  th e  form  o f  a  t a b l e  c o n ta in in g  min and ę max
f o r  th e  g iv e n  a l t i t u d e ,  and o f  a  fo rm u la  f o r  c a l c u la t in g  a t
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an  a r b i t r a r y  p l a c e .  T h is  model i s  c e r t a i n l y  n o t an  i d e a ł  one,
y e t  p o s s e s s e s  th e  ą u a l i t y  o f  b e in g  r e l a t i v e l y  sim p le  and con-
v e n ie n t  i n  a p p l i c a t i o n .  B e s id e s , i t  a g re e s  ą u i t e  well w ith  o t -
h e r ,  morę r e c e n t  and morę co m p lic a ted  m odels.

The model p r e s e n te d  by M artin  and o th e r s  gives f o r  th e  a l -
t i tu .d e  o f  1000 km

<?max = 6 »7 2  x  1 0 " 1 7  8/cm 5  = 2 ,6 4  X 10- 1 8  g/cm 5

A nother model fo rm u la te d  by P a e t z o l d  and
Z s c h r ó n e r  [1961] g iv e s  r e s p e c t i v e ly

?m a x  = 9.701 x  1 0 " 1 7  S / c m 3  <?min = 4 ’3 1 5  x  1 0 " 1 8  S / c m 5
' 111 CL A. '  H I U-

The N ic o le t - J a c c h ia  ^ J a c c h i a  1964^] model c o n s i -
d e r in g  many p a ra m e te rs ,  g iv e s

^max = I . ? ?  • -I0 " 1 7  -  5 ,8 6  • 10’ 1 8

assum ing t h a t  th e  c o e f f i c i e n t  o f  s o la r  a c t i v i t y  h a s  i n  t h e 10,8
-  c e n tim e te rb a n d  th e  fo llo w in g  av e rag e  v a lu e

* 1 0 ,8  = 2 0 0  ‘

So i t  can be se e n  t h a t  th e  model o f M a rtin  and o th e r s  may
be a c c e p te d  w ith o u t f e a r  o f  m aking a  m is tak e  o f  an o rd e r  o f
m ag n itu d e . M a rtin  g iv e s  th e  fo llo w in g  fo rm ulae  f o r  th e  compu-
t a t i o n  o f  ę

l o g ^ ( h ,0 ) =  l o g ^ C h )  + ą (9 ) - [ lo g  ęm a x ( h ) - l o g  ? n i l l ( h ) ] t  (7 .4 )

where
h  -  a l t i t u d e  above th e  E a r th / s  s u r fa o e
9 -  r e a l  s o l a r  t im e .
The v a lu e s  o f  q (6 )  a re  p re s e n te d  i n  Table 4 c o l .  J .
S u b s t i t u t i n g  th e  r e s p e c t iv e  v a lu e s  i n  th e  e ą u a t io n  ( 7 .4 ) ,

we o b ta in  th e  v a lu e s  o f  ^ (1 0 0 0 ,0 ) , as shown i n  T able  4 , c o l . 6 .
△c< -  s ta n d s  f o r  th e  d i f f e r e n c e  o f  th e  r i g h t  ascension  b e t -

ween th e  Sun and th e  g iv e n  p o in t  i n  th e  sp a ce ; lo g  ę m n Y  =
= 0 ,8 2 7 -  17 . lo g  = 0 ,421  - 1 8 ,  l o g % a x  -  l o g ? ^  = 1 ,4 0 6 .
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T a b 1 e 4

△ d e q (e ) q (© ).(lo g P  -  logP . )x K &*max ig ę ę(g /cm 3 )

1 2 3 4 5 6

180° oh
0 .1 8 3 0 .2 5 8 18.678 4 .7 6  1 0 " 1 8

210 2 0 .1 0 6 0 .1 4 9 1 8 .570 3 .7 2  10 - 1 8

240 4 0 .0 3 0 0 .042 18 .463 2 .9 0  10“ 1 8

260 5h 20m
0 .0 0 0 0 .0 0 0 18.421 2 .6 4  1 0 " 1 8

270 6 0 .0 2 0 0 .0 2 8 18 .449 2 .81  1 0 " 1 8

300 8 0 .3 3 4 0 .4 7 0 18.891 7 .7 8  1 0 " 1 8

330 10 0 .728 1 .0 2 4 1 7 .4 4 5 2 .7 9  1 0 - 1 7

0 12 0 .9 4 2 1 .3 2 4 1 7 .7 5 5 5 .6 9  1 0 - 1 7

30 14 1 .0 0 0 1 .4 0 6 17 .827 6 .7 2  1 0 - 1 7

60 16 0 .9 3 5 1 .3 1 5 17 .736 5 .4 4  10- 1 7

90 18 0 .7 2 4 1 .0 1 8 1 7 .439 2 .7 5  10“ 1 7

120 20 0 .4 6 3 0 .651 17 .072 1 .1 8  10~1 7

150 22 0 .2 7 6 0 .388 1 8 .809 6 .4 4  10“ 1 8

180 24 0 .1 8 3 0 .2 5 7 18.678 4 .7 6  10“ 1 8

The i n t e g r a t i o n  w i l l  be madę i n  th e  way o f  a p p ro x im a tio n ,
by th e  summation o f p ro d u c ts  o f  th e  d e n s i ty  ę m u l t ip l ie d  by
th e  c o rre sp o n d in g  tim e  i n t e r v a l .  We s h a l l  o b se rv e  th e  m otion
o f  th e  s a t e l l i t e  s t a r t i n g  w ith  th e  p o in t  ly in g  opposite  to  th e
Sun, on th e  o th e r  s id e  o f  th e  E a r th s  (ńo i=  1 8 0 ° ) .

As se e n  from  th e  T able 5» th e  e x p lo re d  p e r tu r b a t io n s  a re
v e ry  s m a l i .  The s e c u la r  p e r tu r b a t io n s  o f  th e  sem i-m ajo r a x is
amount t o  a  few c e n tim e te r s  d u r in g  one r e v o lu t io n ,  th e  p e r io -
d ic  v a r i a t i o n s  b e in g  f u l l y  n e g l i g ib l e .  The same i s  t o  be s a id
i n  r e s p e c t  o f  th e  e c c e n t r i c i t y ,  where th e  v a r i a t i o n s  appear a t
th e  n in th  d i g i t  a f t e r  th e  p o in t .  T h is seems t o  e n t i t l e  us to
s t a t e  t h a t  i n  th e  p r e s e n t  s u b je c t  m a t te r ,  w ith  so  s e le c te d  or-
b i t a l  and aerodynam ic c o n d i t io n s ,  th e  s h o r t - p e r io d  and d iu r -
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A p p lic a t io n  o f the r a d .iu s - y e c t o r .. . 7 5
nal perturbations produced by the atmospheric drag are prac-
tically of no significance. T a b 1 e 5

'Aoć △ tsek ę  • h tg«cm -3 .sek & acm cos M ę  • a t  *cos M a  e1 2 3 4 5 6 7180° 263 1 .2 5  1O“ 1 5 -0 .0 7 1 .0 0 0 -151 .2 5  10 ? -  1 1 0 -1 0210 526 1 .9 6  10"1 5 -0 .1 8 0.866 -151 .7 0  10 J -  2 10- 1 0240 438 1 .2 ?  10"1 5 -0 .2 5 0.500 0 .6 4  10“ 1 5 -  3 10"1 0•260 263 0 .6 9  10“ 1 5 -0 .2 9 0.174 -15 0 .1 2  10 y -  3 1O“ 1 0270 350 0 .9 8  10"1 5 -0 .3 4 0.000 0 .0 0 -  3 10~1 0300 526 4 .0 9  10“ 1 5 -0 .5 7 -0 .5 0 0 -2 .0 4  10~1 5 -  1 10- 1 0330 525 1 4 .6 6  10"1 5 -1 .3 8 -0 .8 6 6 -1 2 .7 0  10- 1 5 ♦ 8 1 0 -1 00 526 2 9 .9 0  10"1 5 -3 .0 3 -1 .0 0 0 -2 9 .9 0  10“ 1 5 + 31 10"1 030 525 35.31 10~1 5 -4 .9 8 -0 .8 6 6 -3 0 .5 8  10"1 5 + 54 10"1 0  •60 526 2 8 .5 9  10"1 5 -6 .5 6 -0 .5 0 0 -1 4 .3 0  10""1 5 + 64 10- 1 090 525 1 4 .4 5  10- 1 5 -7 .3 6 0.000 0 .0 0 + 64 10"1 0120 526 6 .2 0  10"1 5 -7 .7 1 0.500 3 .1 0  10"1 5 + 62 10"1 0150 525 3 .3 8  10“ 1 5 -7 .8 9 0.866 -152 .9 3  10 M + 60 10"1 0180 263 1 .2 5  10- 1 5 -7 .9 6 1.000 1 .2 5  1O~1 5 + 59 10- 1 0

SECTION 2 . EFFECT OF THE SOLAR AND LUNAR ATTRACTION
The influence of the Sun and the Moon on the motion of the

artificial satellite are differring each from other only as a
matter of ąuantity, while qualitatively they are the same .Let
us first consider the influence of the Moon. We shall make he-
re use of the formulae for the perturbation function of the
exterior body, known from the celestial mechanics

R =
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where
/x ' -  th e  mass o f  th e  d i s tu r b in g  body m u l t ip l ie d  by th e  g ra-

y i t a t i o n a l  c o n s ta n t ,
r  -  th e  r a d iu s - v e c to r  o f  s a t e l l i t e ,
r ’ -  th e  r a d iu s ~ v e c to r  o f  th e  d is tu r b in g  body.
Expanding |-  - , |  i n  s e r i e s  o f  L e g e n d re 's  fu n c t io n s  and

rem em bering t h a t

r  • r 1 = r  • r '  cos 4> ,

we o b ta in

1 + -p co sv p COS 4

1
+  5  ( j r ) 2  ( 5  CO S 2 V -  1 ) ] ,

(7 .6 )

w ith  an  a c c u ra c y  t o  th e  te rm s o f  th e  second o r d e r .
I n  th e  fo rm u la  (7 .6 )  on ly  th e  second te rm  w i l l  p roduce

s h o r t-p e r io d . p e r t u r b a t i o n s , becau se  o f  b e in g  th e  f u n c t io n  o f

R M “ 81 ‘4 0 - r

th e  a n g le  V • L e t us make an e y a lu a -
t i o n  o f  th e  m agnitude o f  th i s  te rm .

In  th e  ca se  o f  th e  Moon p ' a -
mounts t o  1/81 o f th e  t e r r e s t r i a l  p ,
r '  = J8 0  000 km, r  = w i l l  be adop ted
f o r  9500 km ( th e  a l t i t u d e  of th e  s a ­
t e l l i t e  o r b i t  b e in g  a p p ro x im a te ly
3000 km).

The r a t i o  - p  w i l l  be 1 /4 0 .
T h e re fo re

(3 cos 2 4 -  1 ) .

The s p h e r i c a l  f u n c t io n  P2 0  t a k in g  th e  v a lu e s  i n  th e  ran ­
gę ± 1 , th e  v a r i a b le  p a r t  o f  th e  fo rm u la  (6 ) w i l l  assume v a -
lu e s  i n  th e  ran g ę

p  • 2 ‘ 10" 7  .

For th e  Sun, p '=  332 000 p ,  and r '  = 15 000 r .
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Thus i t  w i l l  "be

RM = r _1 + Z (T55Ó) (5 cos 2 v ~ 1

th e  v a ry in g  p a r t  o f  th e  fo rm u la  b e in g  embodied i n  th e  ran g ę

— • 22 • -----------7 - — 1 .1 0“ 7
r 225*106  -  r  '* l u

Both o f  th e s e  m agn itudes a re  com parable w ith  th e  e f f e c t
o f  th e  e r r o r  found f o r  th e  harm onie C2 o* A s  r e m e m l3 e : i :‘e<3 from
th e  C hap ter V I, t h i s  e r r o r ,  whose v a lu e  was assumed t o  be
5.1O - 7 , gave us p e r tu r b a t io n s  o f  th e  o rd e r  o f  one m e te r . S in ­
ce we have t o  do i n  t h i s  ca se  w ith  a s t i l l  s m a lle r  ą u a n t i ty ,
i t  can  be concluded  t h a t  th e  s o l a r  and lu n a r  e f f e c t s  need n o t
be ta k e n  i n to  a c c o u n t.

SECTION J .  EFFECT OF THE SOLAR RADIATION PRESSURE

I t  would n o t be n e c e s s a ry  a t  a l l  t o  c o n s id e r  th e  in f lu e n ­
ce o f  th e  l i g h t  p r e s s u r e  i f  th e  s a t e l l i t e  moving i n  o r b i t  we-
r e  to  t r a v e l  a l l  th e  tim e  i n  Sun r a y s .  The fo rc e  e s e r te d  by
th e  l i g h t  p r e s s u re  would th e n  be c o n s ta n t  and co u ld  produce
o n ly  s e c u la r  v a r i a t i o n s  i n  th e  o r b i t .  Y et s iń c e  m o stly  a  p a r t
o f  th e  o r b i t  l i e s  i n  th e  a r e a  o f  th e  E a r th 's  sh a d o w ,th a t f a c -
t o r  c e a s e s  to  a c t ,  and th e  ą u a n t i ty  o f  th e  a d d i t io n a l  a c c e le -
r a t i o n  becomes dependen t upon th e  p o s i t i o n  o f  s a t e l l i t e  i n  o r ­
b i t .  L e t u s t r y  to  e v a lu a te  th e  ą u a n t i t i e s  o f  th e  s h o r t-p e r io d
p e r tu r b a t io n s  produced  by  t h i s  s i t u a t i o n .  For t h i s  p u rpose ,w e
s h a l l  use  th e  method a p p lie d  by W y a  t  t  Ql96j3 and P o -
l i a k h o v a  [ l 9 6 j ] , where a  c o m p a ris io n  o f  th e  e f f e c t  o f
th e  s o la r  r a d i a t i o n  p r e s s u r e  and th e  a tm o sp h e ric  e f f e c t  i s
b e in g  madę.

The a c c e l e r a t i o n  caused  by th e  l i g h t  p r e s s u re  is  ex p re sse d
by  th e  fo rm u la

F L = P - ł ’ ( 7 ’ 7 )

where by
p -  d e n o te s  th e  s o la r  l i g h t  p r e s s u r e  a t  th e  d i s ta n c e  o f

th e  a s tro n o m ic a l  u n i t ,  e x e r te d  on a  p e r f e c t l y  r e f l e c -
t i n g  body ,
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S -  th e  a re a  o f th e  a c t in g  c r o s s - s e c t io n  o f  s a t e l l i t e ,
m -  th e  m ass.
The a c c e l e r a t i o n  p roduced  by th e  a tm o sp h eric  d rag  can  be

e x p re sse d  as
FA  = -  1  Cx • (>. v 2  • | ,  ( 7 .8 )

where
Cx -  aerodynam ic c o e f f i c i e n t ,
ę -  a tm o sp h e ric  d e n s i ty
v -  v e lo c i ty  o f  s a t e l l i t e .
The r a t i o  o f  g u a n t i t i e s  ( 7 .7 )  and (7*8) w i l l  be in d ep en ­

d e n t o f  th e  c h a r a c t e r i s t i c s  o f  s a t e l l i t e

Z k  =  +  2 p .
F A CX ę v 2

S u b s t i t u t i n g  now

p = 0 ,9  • 10"4  g • cm- 1  sek“ 2

(7 .9 )

Cx = 2

ę = 78 .10“ ^^ g • cm"^

v = 7 ,3  * 10^ cm • sek” ^

P A
1 ,8  • 10
7 1 4 ,0  • 10- 7 = + 2 ,5

T hus, th e  e f f e c t  o f  th e  r a d i a t i o n  p re s s u r e  a t  an  a l t i tu .d e
o f  1000 km i s  some 2 ,5  t im e s  s t r o n g e r  th a n  th e  atm ospheric e f ­
f e c t .  Y et i n  S ec . 7 .1  we have d em o n stra ted  t h a t  i n  th e  r e g io n
o f  th e  m aximal d e n s i ty  th e  a tm o sp h e ric  e f f e c t  may g iv e  p e r tu r -
b a t io n s  o f  th e  o rd e r  o f  a few  c e n t im e te r s .  So, even  a te n f o ld
s t r o n g e r  e f f e c t  w i l l  g iv e  d is tu rb a n c e s  s m a lle r  th a n  one m e te r ,
t h i s  b e in g  below  th e  l im i t  o f  a c c u ra c y  adop ted  by  u s .

As a  m a tte r  o f  f a c t ,  th e  a u th o rs  o f  th e  a fo re -m e n tio n e d
s tu d i e s  as w e ll a s  o t h e r s ,  l ik e  K o z a i  [ i  963 d ] ,fo re x a m p -
l e ,  do n o t d e a l  w ith  th e  g u e s t io n  o f  s h o r t - p e r io d  p e r tu r b a -
t i o n s ,  c o n s id e r in g  o n ly  s e c u la r  te rm s which a ls o  depend on whe-
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t h e r  o r  n o t th e  s a t e l l i t e  p a s s e s  th ro u g h  th e  shadow o f  th e
E a r th .

SECTION 4 .  OTHER POSSIBLE SOURCES OF DISTURBANCE

We a re  g o in g  b u t  m en tion  h e re  sonie o th e r  f a c t o r s  ac tin g  u -
pon th e  m otion  o f  s a t e l l i t e  to  a  m arked ly  l e s s e r  d eg ree  th a n
th e  th r e e  p re c e d in g  e f f e c t s .  Those a r e :

-  th e  e f f e c t  o f  th e  E a r th / s  m ag n e tic  f i e l d ,
-  th e  e f f e c t  o f  th e  e l e c t r o s t a t i c  f i e l d  e x i s t in g  i n  th e

io n o s p h e re ,
-  th e  e f f e c t  o f  th e  r a d i a t i o n  r e f l e c t e d  from  th e  E a r th ,
-  th e  c o l l i s i o n s  w ith  m ic ro m e te o r i te s ,
-  th e  r e l a t i v i t y  e f f e c t .
T h is  l i s t  cou ld  be com plem ented, a c c o rd in g  to  th e  law  o f

in te rd e p e n d e n c e  o f  phenomena i n  th e  N a tu rę . Y e t, a l l  th o s e
f a c t o r s  p ro duce  b u t  m inim al e f f e c t s ,  and t h e i r  in f lu e n c e  on
th e  r e s u l t s  o f  any o b s e rv a t io n s  i s  h a rd ly  p e r c e p t i b l e .

0 H A P T E R V I I I

APPLICATION OF THE RADIUS-VECTOR THEORY

T his C h ap te r p r e s e n t s  some p o s s ib l e  a p p l i c a t i o n s  o f  th e
th e o ry  o f  th e  a r t i f i c i a l  s a t e l l i t e  r a d iu s -v e c to r .T h e y  a re  g i -
ven  s u c c e s s iv e ly ,  s t a r t i n g  w ith  th e  m ost p a r t i c u l a r  S o lu tio n s
im posing  th e  f u l f i l lm e n t  o f  c e r t a i n  s p e c i f i e d  o r b i t a l  and ob-
s e r v a t io n a l  c o n d i t io n s  and end ing  w ith  th e  q u i te  g e n e ra ł  p ro -
c e d u re s  a llo w in g  to  u t i l i z e  a r b i t r a r y  o r b i t s  ( s e l e c t e d ,  e v i -
d e n t ly ,  w ith in  th e  fram ew ork o f  r e s t r i c t i o n s  assumed by th e
b a s ie  p r i n c i p l e s  o f  th e  th e o ry )  a s  w e il as o b s e rv a t io n s  c a r -
r i e d  o u t i n  th e  s ta n d a r  way. T h is  seąu en ce  i s  a ls o  i n  a c c o r -
dance w ith  th e  ch ro n o lo g y  o f  fo rm a tio n  o f th e  p a r t i c u l a r  con-
c e p ts .

The f i r s t  one was th e  p r o j e c t  o f  o b s e rv a t io n  of th e  s a t e l ­
l i t e  ALOUETTE, p re s e n te d  d u rin g  th e  C onference o f  O b se ry ers
o f  A r t i f i c i a l  S a t e l l i t e s  i n  Moscow [ Z i e l i ń s k i  196?].
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We a re  go ing  to  d is c u s s  i t  h e r e i n a f t e r  as th e  p r o j e c t  o f  ob-
s e r v a t io n s  o f  a  c irc u m -p o la r  s a t e l l i t e  f o r  th e  d e te rm in a tio n
o f  th e  r a d iu s  o f  th e  E a r th 's  p a r a l l e l .  The o th e r  c o n c e p ts  h a -
ve sp rung  up as  th e  p a r t i c u l a r  p rob lem s had a r i s e n  -  such  as
th e  t e t r a h e d r o n  m ethod i n  t r i a n g u l a t i o n  -  and as  th e  work on
th e  s u b je c t - m a t te r  was p r o g re s s in g .  There e x i s t  p ro b a b ly  a ls o
some o th e r  p o s s i b i l i t i e s  o f  u t i l i z i n g  th e  r a d iu s - v e c to r  of th e
a r t i f i c i a l  s a t e l l i t e ,  s u s c e p t ib le  t o  le a d  t o  i n t e r e s t i n g  So­
l u t i o n s .

SECTION -1. DETERMINATION OF THE EARTH'S PARALLEL RADIUS

The o b je c t iv e  o f  o u r program  i s  t o  d e te rm in e  th e  E a r th 's
p a r a l l e l  r a d i i  o f  th e  o b se rv in g  s i t e  f o r  th e  i n v e s t i g a t i o n  o f
th e  shape
s a t e l l i t e

and th e  d im ension s o f  th e  E a r th .  I f  we o b se rv e  th e
S from th e  p o in t

F i g .  2 0

w i l l  be a lm osts a t e l l i t e a t

P tw ic e  d u r in g  two oo nsecu tive  p a s -
sa g es  th ro u g h  th e  g r e a t  c i r c l e  o f
th e  to p o c e n t r i c  e g u a to r ,w e  o b ta in
a  s i t u a t i o n  as i n  F ig . 15 : th e  aro
r e p r e s e n t s  th e  p a r a l l e l  of th e  ob-
s e rv in g  s i t e ,  o r  morę p r e c i s e l y ,
th e  frag m en t o f  c i r c l e  c irc u m sc r i-
bed by  th e  p a r a l l e l  r a d iu s  o f  th e
o b se rv in g  s i t e .

A f te r  a  f u l i  r e v o lu t io n ,  th e
; th e  same p o s i t i o n  as b e fo re  (e x -

c e p t  f o r  th e  t r a n s l a t o r y m otion  o f th e  E a r th ) .  D uring th is  t i -
me, th e  E a r th  w i l l  p e rfo rm  a  r e v o lu t io n  a t  an angle o f  6 e g u a l
to  th e  d ra c o n ic  p e r io d  P , t h i s  a n g le  t o  be d e f in e d  from  th e
o b s e rv a t io n s .  The a n g le s  OP^S and SP2O can be d e te rm in ed  from
o b s e rv a t io n s  to o .  Assuming t h a t  we have th e  g u a n t i ty  o f  f ,  we
may w ith o u t d i f f i c u l t y  so lv e  th e  t e t r a g o n  0P^SP2 and c a lc u la -
t e  th e  v a lu e  o f  R ( a f t e r  h av in g  in tro d u c e d  th e  c o r r e c t i o n  f o r
th e  d isp la c e m e n t o f  th e  p o in t  S , p roduced  by th e  motion o f  th e
o r b i t a l  n o d e s ) .

Erom AOP^S

f _______ R
s in  s i n  s^ (8 .1 )
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Application of the radius-vector... 31From △OP2 S f  _  R z _ . »sindg ~ sin. Sg <o. u
yet as
thence

sino^ sinsino^ =  s in  s  ̂ ’
Szj + Sg = s

(8.2)
(8.5)

sinou sin (s  -  s Js in '8 ------ = s i n  s  • c t g  S 1 -  c o s  s  ’where from sinolpc t 6 S 1 = sino^ - s in  s + ctg s .Having s^ , we computef  • s in  s  ̂ f  • s in  s2® =  sinot] “  sino<2  ’The element f  i s  found using the formulaef  = r  • cos <p (8.4)ssin<P_ = s in  u • s in  i  , (8.5)swherer  -  radius-vector’ u -  argument o f latitu d ei  -  in c lin a tio n .The condition of two consecutive tra n sits  may be extendedto a greater number of passages during which the s a t e ll i t e  isobserved for the second tim e, provided that we are able to se-cure the reąuired accuracy in  computing the correction AS2 ne-cessary for rectify-ing the p o sitio n  o f the point S during thesecond observation, and to safeguard the s t a b il i t y  of the d is-tance f ,  within the lim its  o f to leran ce . We assume, as we ha-ve done befo re , th at the long-period variatio n s are known from
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observations with an adeguate accuracy. As regards the short-
period variations, those of them which are the fUnction of zo-
nal harmonics of the Earth's gravity potential will be egual
to zero, for the argument of latitude is the same during the
first and the second observation. Only the effects of tesseral
harmonics of the diurnal period are remaining. The long-^period
variations are minimal in the case of ALOUETTE. They are cha-
racterized by the fact that from the launching moment,that is,
from the end of September 1962 till mid May 1965 the semi-ma­
jor axis a did not undergo changes within the bounds of the
determination accuracy: ICT^.j^ (Rg _ radius of the Earth)
[NASA 1963]. Till the 18th May 1963, a = 1,15892* RQ ; later on
- till the end of August 1963, a = 1,15891 * RQ .

T a b e l a  6

No o f re v . In flu e n c e  of
C22

In flu e n c e
o f  S 22

T o ta l
p e r tu r -
b a tio n

/12 \

\~j2 /* no of
re v .= se c u -
l a r  p e r tu r -

b a tio n

T o ta l -  s e -
o u la r  =
D iurnal per-
tu rb a t io n

0 0 0 0 0 0

1 0 0 0 -1 +1°.10“ 5

2 +1?10- 5 -1?10“ 5 0 -2 +2

3 + 1.1O- 5 -2 -1 -3 +2

4 + 2.10~5
-3 -1 -4 +3

5 + 3.1O- 5 -6 -3 -5 +2

6 +5.1O"5 -8 -3 -6 +3

7 +7.1O- 5 -11 -4 -6 +2

8 +9.1O- 5 -14 -5 -7 +2

9 + 12 .10- 5 -18 -6 -8 +2

10 +15.1O- 5 -22 -7 -9 +2

11 +18.10"5 -26 -8 -10 +2

12 +21.1O- 5 -32 -11 -11 0
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On. t h i s  b a s i s  and i n  acco rd  w ith  th e  c o n s id e r a t io n s  of th e
C h ap te r V II , we a re  a r r i v in g  a t  th e  c o n c lu s io n s  t h a t  d u r in g
th e  i n t e r v a l  o f  a  dozen o r  so o f r e v o lu t io n s  i t  i s  n o t n e c e -
s s a r y  t o  ta k e  th e  a tm o sp h e ric  d rag  in to  a c c o u n t.

As to  th e  in f lu e n c e  o f  th e  n o d a l m o tio n , we know t h a t  i t
i s  l i t t l e  f o r  s a t e l l i t e s  w ith  a  g r e a t  i n c l i n a t i o n  o f  th e  o r ­
b i t .  I n  th e  c a se  o f  ALOUETTE, i t  am ounts t o  a p p ro x im a te ly
-0 ? 9 8 5 /1 d . As i t  fo llo w s  from  th e  c o m p u ta tio n s  o f  K o tch in a ,
c o r r e c te d  i n  su ch  a  way t h a t  th e  v a lu e s  o f  Cg2  and ^22 c o m“
p a t i b l e  w ith  th o se  adop ted  i n  th e  p r e s e n t  work, th e  d iu rn a l
p e r tu r b a t io n s  o f  th e  node o f  a  p o la r  s a t e l l i t e  a r e :  (Tab. 6 ) .

The p i c tu r e  o f  d iu r n a l  p e r tu r b a t io n s  shows a d e v ia t io n
from  th e  mean v a r i a t i o n  p r o p o r t io n a l  t o  t im e , by  a  m agnitude

o — 5o f  th e  o rd e r  o f  3 • 10 o r  a p p ro x im a te ly  01’1 . T h is  c o r r e s -
ponds to  th e  o b s e rv a t io n  a c c u ra c y  01'6 ; hence th e  c o n c lu s io n
t h a t  f o r  th e  co m p u ta tio n  o f  th e  c o r r e c t i o n  f o r  th e  a l t e r a t i o n
i n  th e  no d e , th e  a p p l i c a t i o n  o f  th e  s e c u la r  v a r i a t i o n  w ill do.

The in f lu e n c e  o f  th e  i n c l i n a t i o n  w i l l  be im p e rcep tib le  b e -
cau se  o f  th e  s t a b i l i t y  o f  t h a t  e lem en t and beoause  o f  u t i l i -
z in g  h e re  th e  s in e  which un dergoes l i t t l e  changes i n  th e  v i -
c i n i t y  o f  9 0 ° .

As se en  from  th e  fo rm u lae  (8 .4 )  and ( 8 .5 ) ,  an  im p o rta n t
r o l e  i s  p lay e d  by th e  argum ent o f  l a t i t u d e  u

d(<> =  s i a  i  cos u  d u ( 8  6 )S COS<P ’ 'o

d f  = -  r  • sin<P d ® = -  r  t g  »  s i n  i  • cos u du . (8 .7 )

S u b s t i tu t in g  i  = 9 0 ° , r  = 7378 km, and assum ing t h a t  d f<
< 15 m, we s h a l l  o b ta in  th e  fo llo w in g  pe rfo rm ance  o f  th e  a c -
c u ra c y  r e ą u i r e d  i n  d e f in in g  u :

Two m il l i s e c o n d s  may be re g a rd e d  a s  th e  upper l im it  o f  a c -
c u ra c y  t o  be ach ie v e d  i n  d e f in in g  th e  moment o f o b s e rv a t io n
and i n  d e te rm in in g  Tgj. For o b s e rv a t io n a l  re a s o n s  -  a s  shown
i n  th e  t e x t  t o  fo llo w  -  i t  w i l l  be  p o s s ib le  t o  make o b se rv a -
t io n s  a t  g e o g ra p h ic a l  l a t i t u d e s  < 6 0 ° , t h i s  c o rre sp o n d in g  to
u <  48° f o r  an  o r b i t  o f  1000 km over th e  E a r th .S o  we may a c -
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84 Janusz B. Z ie l iń s k i

c e p t  t h a t  th e  maximal a c c u ra c y  to  be ach iev ed  i n  th e  d e te rm i-
n a t io n  o f  u  i s  O’.'7» t h i s  c o rre sp o n d in g  to  O.OOJ o f  ( t  -  T^).
Only i n  th e  im m ediate  neighbourhood o f  th e  e ą u a to r  th o se  r e -
ą u ire m e n ts  a re  lo s in g  t h e i r  im p o rta n c e .

T a b 1 e ?

U I d u | d t

0 oo

-1° 28" 140 ms

10° 21'8 14

20° 11’5 8

30° 11'0 5

40° 01'8 4

50° 01'7 3

60° 01'6 3

70° 01'5 2

80° 0'.'5 2

90° 0'.'5 2

L et us c o n s id e r  now th e  modę o f  o b s e rv a t io n  and th e  in ­
f lu e n c e  o f  o b s e rv a t io n a l  e r r o r s .  The o b s e rv a t io n  sh o u ld  f u r -
n is h  -  a s  c o m p u ta tio n a l e le m en ts  -  th e  a n g le s  , o ^ ,  and 6
i n  th e  p ia n e  o f  th e  p a r a l l e l .  The an g le  (180 -o < ) w i l l  be th e
d i f f e r e n c e  be tw een  th e  to p o c e n t r i c  r i g h t  a s c e n s io n  o f  th e  s a -
t e l l i t e  a t  th e  moment o f  i t s  t r a n s i t  th ro u g h  th e  e ą u a to r  on
th e  c e l e s t i a l  sp h e re  and th e  l o c a l  s i d e r e a l  tim e  corresponding
t o  t h i s  moment. The a n g le  6 w i l l  be s im p ly  th e  d i f f e r e n c e  be­
tw een  th e  moments o f  b o th  p a sag e s  th ro u g h  th e  e ą u a to r  on th e
c e l e s t i a l  sp h e re  i n  s i d e r e a l  t im e . Thus th e  o b s e rv a t io n  w i l l
c o n s i s t  o f  th e  tim e  re c o rd in g  and th e  m easurem ent of th e  r i g h t
a s c e n s io n  o f  th e  s a t e l l i t e  when i t s  d e c l i n a t i o n  i s  eąual t o  0 .

L et d i f f e r e n t i a t e  th e  fo rm ulae  ( 8 .2 )  and ( 8 . J ) wLth re g a rd
to  ol^ and of2 , c o n s id e r in g  t h a t  dc^ = doc, = do<
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A pplication  of the ra d iu s -v e c to r . . 85

-  d s^ sino(^ • cosag  -  s in c ^  cosc^
----- 2----=  ------------------- ?-----------------------------  d o <
s i n  s i n  s i n  s

p
s in  (ot.. - o ( o ) s i n  s dd s = --------- \ -------------*- • d<x (8 .9 )

s in  ot] s i n  s

f ( s in o u  • co s  s .d  s .  -  s i n  s .  cosoę, do<)
dR = --------- -5-------------- ------L------------ - ------—!---------- (8 .1 0 )

s in
p 2

- f ( s i n  ( o ^ - o ^ )  s i n  s^ + s i n  s^ cosot] s i n  s i n  s )  do<
dR = ----------------------------------------Z?---------------------------------------------------

s in o f d  • s i n  s
1 (8 .1 1 )

A d op tin g , f o r  s i m p l i f i c a t i o n ,  th e  sym m etric o b s e rv a t io n
= ©tg = oć, we o b ta in

l dR | =
s in  s .  c o s o i .

f  • -------- ------------ L • dok
s i n

(8 .1 2 )

For su ch  an  o b s e rv a t io n , w ith  an o r b i t  o f  H = 1000 km and
th e  g e o g ra p h ic a l  l a t i t u d e  o f  th e  o b se rv in g  s i t e  52 ° ,w eha-
ve

cG, =c<2  = 150°
s  29°

f  = 5500 km
dc< w i l l  s ta n d  f o r  2 " . T h e re fo re

|d R |= 20 m .

The assu m p tio n  t h a t  th e  m easurem ent e r r o r  o f  a n g le s  ci i s
e ą u a l  t o  ± 2 ” seems somewhat o p t im is t i c .  I n  a d d i t io n  t o  th e
v e ry  m easurem ent ac cu ra cy  o f  th e  r i g h t  a s c e n s io n ,th e r e  i s  a l -
so  th e  q u e s t io n  o f  th e  d e te rm in a tio n  a c c u ra c y  o f th e  lo c a l s i -
d e re a l  t im e , which i s  c o n d itio n n e d  on th e  a c cu ra cy  known to
be f o r  th e  g e o c e n t r i c  g e o g ra p h ic a l  lo n g itu d e  o f
th e  o b se rv in g  s i t e .  For th e  a c cu ra cy  o f t h i s  e lem en t to  be he­
lów 2 " , i t  m eans, i n  o rd e r  to  avo id  th e  e r r o r  o f  d e f le c t io n  o f
th e  v e r t i c a l ,  we must have g e o d e tic  c o o rd in a te  d a ta  i n  one o f
th e  newer system s ( f o r  i n s t a n c e : H ayfo rd , K ro so w sk i) ,in  which
th e  e r r o r  o f  t h e i r  o r i e n t a t i o n  i s  supposed n o t  t o  exceed 2 " .
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Those c o o rd in a te s  n e e d , m oreover, t o  be red u ced  t o  th e  p o s i -
t i o n  o f  th e  in .stan tan .eous p o le .  The c a se  where o n ly  astronom i-
c a l l y  d e te rm in ed  c o o rd in a te s  a re  known w i l l  be d isc u s s e d  s e -
p a r a t e l y .

The a c c u ra c y  ach iev ed  i n  th e  m easurem ent o f th e  angle 6 i s
c o n s id e ra b ly  h ig h e r .  I f  we m easure th e  tim e  w ith  an a c c u ra c y
o f  A t = ± O?002, th e n  A6 = ± 01'05} so we a re  n o t g o ing  to  a -
n a ly z e  h e re  t h i s  i n f lu e n c e .

Assuming t h a t  n f  = 15 ■ and moc = 2 ” , we o b ta in

m  ̂ = 25 m .

As s a id  b e f o r e , t h i s  e s t im a te  may be re g a rd e d  as  b e in g  too
o p t im i s t i c ,  b u t  o u r o b s e rv a t io n  w i l l  p rove to  be o f  a v a i l  e -
ven  when m  ̂ i s  much g r e a t e r .  I n  t h i s  c o n n e c tio n  we may r e c a l l
t h a t  th e  d is c r e p a n c ie s  be tw een  th e  d im ensions o f  d i f f e r e n t  e l -
l i p s o i d s  a re  s t i l l  o f  th e  o rd e r  o f  100 •? 200 m; th e  same i s
w ith  th e  p o s i t i o n  o f  th e  c e n te r  o f  th e  E a r th / s  m ass. And s o ,
i f  a  s in g le  o b s e rv a t io n  i s  a b le  t o  su p p ly  an In fo rm a tio n  o f
th e  same c l a s s  a s  th e  c o m p lic a ted  and tim e-consum ing  m easure­
ment o f  l a r g e  a re a s  madę w ith  th e  h e lp  o f  g e o d e tic  m ethods,the
a c c u ra c y  ach ie v e d  i n  t h i s  c a se  may b e  c o n s id e re d  i n t e r e s t i n g .

L e t u s now d w ell upon th e  g u e s t io n  o f  th e  v i s i b i l i t y  o f
th e  s a t e l l i t e .  I t  i s  n o t v e ry  o f te n  t h a t  we have th e  p o s s ib i -
l i t y  o f  o b se rv in g  two c o n s e c u tiv e  t r a n s i s t ;  y e t ,  a s  s a id  b e -
f o r e , t h i s  f a c t  r e v e a ls  no g r e a t e r  s ig n i f ic a n c e  b ecau se  o f  th e
s t a b i l i t y  o f  th e  s e le c te d  o r b i t .  I n s te a d ,  i t  i s  morę im portan t
t h a t  th e  s a t e l l i t e  be o b se rv ed  by  many o th e r  s t a t i o n s  i n  o r­
d e r  t o  be a b le  to  b e s t  d e te rm in e  th e  n e c e s s a ry  o r b i t a l  e l e -
m en ts . There a r e ,  u n f o r tu n a te ly ,  p e r io d s  d u r in g  w hich th e  v i -
s i b i l i t y  c o n d i t io n s  a llo w  o n ly  f o r  a  v e ry  s h o r t  arc  of th e  s a ­
t e l l i t e  t o  be o b se rv e d . T h is  o c c u rs  when th e  l i n ę  o f  th e  o r ­
b i t a l  nodes i s  n e a r  th e  E a r th - to -S u n  d i r e c t i o n .  T h is  e f f e c t  i s
s t r o n g e r  w ith  low er o r b i t s  and f e e b l e r  w ith  h ig h e r  o rb ita . The-
r e f o r e  i t  i s  morę ad v an tageous t o  choose h ig h e r  o r b i t s .  Next
t o  ALOUETTE -  MIDAS 3 and MIDAS 4 w ith  o r b i t s  a t  an  a l t i t u d e
o f  a p p ro x im a te ly  3500 km o r o th e r  s a t e l l i t e ,  may be in c lu d e d
i n to  th e  o b s e rv a t io n  p rogram .
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The v i s i b i l i t y  c o n d i t io n s  d e f in e ,  a l s o  th e  ran g ę  o f  g eo -
g r a p h ic a l  l a t i t u d e s  a t  w hich th e  o b s e rv a t io n s  of t h i s  ty p e  can
be c a r r i e d  o u t .  S in ce  th e  o b s e rv a t io n  h as  to  be perform ed when
(T = 0 , and on a  f a i r l y  l a r g e  a rc  o f  th e  e q u a to r , i t  i s  r e s t r i c -
t e d  by th e  m aximal z e n i t h a l  d is ta n c e  a t  w hich an o b s e rv a t io n
i s  p o s s ib l e .  The c o rre sp o n d in g  fo rm u lae  f o r  th e  com putation are
g iv e n  by C i c h o w i c z  pi 9 6 ? ] . I t  fo llo w s  t h e r e o f  t h a t
f o r  Z = 85° and i n  th e  ran g ę  o f  ± J 0 °  o f  th e  hour a n g le ,nicLA.
m ost be  s m a l le r  th a n  6 0 ° .

SECTION 2. COMPUTATION OF THE SATELLITE TRIANGULATION
BY THE TETRAHEDRON METHOD

two p o s i -

c a lc u la t e

I f  we o b se rv e  th e  s a t e l l i t e  from  th e  p o in t  A a t
t i o n s  S^ and S2  c o rre sp o n d in g  t o  two moments T  ̂ and
t a i n  th e  AS^, AS2 ,
BS^, BS2  d i r e c t i o n s
i n  th e  system  o f  ab -
s o lu te  o r i e n t a t i o n ,
i t  m e a n s ,in  su ch  one
whose Z -a x is  i s  co -
vered  by  th e  ro ta t io n
a x is  o f  th e  E arth ,and A
th e . XI -  p ia n e  -  by
th e  e ą u a t o r i a l  p iane .
I f ,  knowing th e  o r b i t a l  e le m e n ts , we a re  g o in g  to
th e  l e n g th  o f th e  segm ent o f  th e  s t r a i g h t  l i n ę  S^S2 , we s h a l l
be a b le  t o  s o lv e  r e a d i l y  th e  t e t r a h e d r o n  AB S,]S2 , and to  f in d
th e  d is ta n c e  and th e  d i r e c t i o n  AB. G hoosing a r b i t r a r i l y  th e
c o o rd in a te s  o f  th e  p o in t  A, we can  compute th e  c o o rd in a te s  o f
the. p o in t  A an d , f u r t h e r  on , i n  th e  same way th e  c o o rd in a te s
o f  a l l  p o in t s  o f  th e  n e tw o rk . The p o in t s  o f th e  computed n e t -
work su b m itte d  a f te rw a rd s  to  an  a d ju s tm e n t, w i l l  o b ta in  t h e i r
c o o rd in a te s  i n  th e  a b s o lu te ly  o r ie n te d  system  w ith  th e  le n g th
u n i t  in d ep e n d e n t o f  th e  d i s ta n c e  m easurem ents performed on th e
E a r th 's  s u r f a c e  and , h e n c e , d isencum bered  o f m easurem ent e r -
r o r s  o f  b a s e s ,  e r r o r s  o f r e d u c t io n  from  th e  g eo id  t o  th e  e l -
l i p s o i d ,  a . s . o .  A lso a n o th e r  so u rc e  o f  e r r o r s  d is a p p e a rs ,c o n -
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88 Janusz B. Zielińskinected with the tran sp osition  of the length from the measuredside to the unmeasured s id e s , beoau.se the number o f ,rbases"exceeds markedly the number of s id e s .Thanks to the p a rtic ip a tio n  o f Poland in  the Intern atio­nal Observation Program o f the S a t e l l i t e  ECHO 1, in  1965, ap o s s ib ility  was offered fo r  the te s t  o f th is  concept by usingthe observational data c o lle c te d . For th is  purpose, a n a ly ti-c a l formulae have been deriyed fo r  the length of the base se­gment S^S2  = 1 in  the function o f o rb ita l elements.and a theo-r e t ic a l  accuracy analysis has been madę; the main idea o f theexperiment was to demonstrate the v a lid ity  o f th is  a n a ly s is .

X = r*cos u • cos

I f  i t  proved to be v a lid  forECHO 1, i t  ought to  be goodalso fo r  other s a t e ll i t e s  wbichf u l f i l l i n g  a l l  the o rb ita l andaerodynamic reąuirements, w illsecure much morę accurate r e -s u lts  than the balloon ECHO.As proceeds from Figurę 17,the coordinates X , Y , Z may beexpressed by the formulaeL -  r  • s in  u cos i« s in  LY = r« s in  u cos i  »cos L + r  • cos u*sin  lA(8.15)Z = r« s in  u • s in  i  .I f  we want to  determine the distance(for in stan ce: S , ^ ) ,  then between the points
l 2  = A 2 X + A 2 Y + A 2 Z , (8.14)where △ X = x 2  -  x 1△ Y = Y2  -  Y1 lA z  = Z2 — Ẑ  • (8.15)
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Application of the radius-vector 89

We now assume

Tbus it will be
= (r --^r) * (cos U/|*cos - sin. u^«sin 1^’cos ij

Yz] = (r -A^)*(cos u^*sin + sin. u^cos cos i) (8.1?)

Ẑ  = (r -4£)«sin u^sin i

and analogieally

- (r + Ą^-)«(cos u.2 »cos L2 - sin u^sin L2 «COS i)'

Y 2 = (r + -^-)»(cos u^sin L2 + sin u2 «cos L2 «COS i) - (8 .18 )

A T*Z2 = (r +=^)«sin t^-sin i

Subtracting by members, we obtain

’ = r*(cos u^cos L2 - sin u^sin L2 *cos i

-cos 11̂ • cos + sin u^sin L^«cos i) +
(8 .19 )

+ -Ą£(cos u^sin L2 - sin u^sin L2 *cos i +

+ cos u^*sin - sin u^sin L^cos i)
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Y2  -  Ŷ  = r * (c o s  u2 « s in  L2  + s i n  u2 *cos L2 *cos i  + 

-  cos u ^ * s in  -  s i n  u ^ -c o s  *cos i )  +

+ ^5^(cos U g -s in  L2  + s i n  u2 *cos L2 *cos i  + 

(8 .1 9 )
+ cos u ^ * s in  L̂ | + s in  u.^*cos L ^ c o s  i )

Z 2 ~ Z 1 =  r *s i n  i  " ( s i n  u 2 “  s i Q  U 1 +

+ s in  i  ( s i n  u2  + s i n  .

Becau.se

L2  = + A L

we can  w r i te  down, u s in g  th e  s e r i e s  ex p an sio n

s in  L2  = s i n  (L^ + A L ) = s i n  + A L*cos +

2 -5A L * sin  A L * c o s  
------------2----------------------- 6--------  ■*■•••

(8 .2 0 )

co s L2  = cos (Lj + A L) = cos -  AL • s i n  +

2 -5A L*cos I M  L * s in  I M

------------2 + -----------5------- +  • “

I f  A t = 2 m in, th e n  AL = JO ', and A^L = 6 ,6 ‘ 10“ ^ , so we 
o can  c o n fin e  o u rs e lv e s  to  th e  te rm s o f  th e  o rd e r  o f  A L.

S u b s t i t u t i n g  th e  r e s p e c t iv e  e lem en ts  i n  E ą u a tio n  ( 8 .1 9 ) ,  
we o b ta in  f o r  Y-s

Y^ -  Yi = r«  cos u2 « l s in + AL*cos L̂ j -
2A L * s in  L^

--------- r -----
2 >

A L *  cos I M
+ s in  u2 *cos i ' ( c o s  L ^ -A L * s in  L ^ ----------- g---------

cos u ^ * s in  Lz] -  s i n  u ^ c o s  cos i (8 .2 1 )
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Application of the radius-vector.. . 9 1

+ 4 y  cos • ( s in  + A L  • cos ) +
+ s in  u2 «cos i *  (cos -  A L  • s in  + (8 .2 1 )
+ cos u ^ *sin  + s in  u ^ c o s  L ^ c o s  i

L et change the  d ir e c t io n  o f  the X - a x is  so t h a t  bo e gu alt o  0 , and we o b ta in
. 4 A L-  s m u 2 cos 1 • — —

Y~ -  Y„ = r -  cos i*  ( s in  u„ -  s in  u^,) + cos A L  +2 1 (8 .2 2 )T*+ —  cos i  • ( s in  u2  + s in  ) + cos u2 ALs u b s t it u t in g  afterw ard s (8 .1 6 ) y ie ld s 2Y2  -  Y^ = r»  (2 s in  4 4 " • C O S I P C O S  i+ A L « c o s  u2 - ^ s i n u 2 >cos i)++ 4 4 (2  cos 4 4  • s in  u«cos i  + A L ’ COS u2 ) . (8 .2 3 )
A n a lo g ic a lly , we have fo r  th e  rem aining co o rd in a te s2X2  — X  ̂ = -r «  ( 2 s in 4 4 * s in  u + A L « s in  u2 «cos i  + ^ 2 Ł  • cos u2 ) +

+ 4 ^ (2  c o s -44 *cos u - A L * s i n  u2 «cos i )  (8 .2 3 )
Z2  -  Z  ̂ = r * 2 « s in  4 4  • cos u* s in  i  + A r * 2*cos 44  • s in  u« s in  i  .

R a is in g  the  e ąu atio n s (8 .2 3 ) to  the  sąuare and summing g i -vesl 2  = r 2 ,  4 « s in 2  -4^ +2«sinAu«cos i  «AL+A2 L(cos2 u2  + sin2 u2 * co s4 .) +
+ 2 * s in  ■^-•△2 L* ( s in  u *003 1 1 ,- c o s u ‘ S in  u2 «cos2 i )  +

A ^ T  2 2 2 1 T+ (cos + s in  u2 *cos i ) J +  r M r -ń L * s in A u * c o s  i  ++ A 2 L(COS2 U 2 + s in 2 u2 «cos2 i ) -c o s  A 2 L* ( s in  i^ -c o s 2 !  + (8.24)
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+ cos u*cos i 2 yj+A2 r  Jcos2 - 4 ^ + 2 ’ s in  u«cos i«AL +

p p p p
+ ń  L 1 (cos U2+ s i n  ttg^eos i )  . (8 .2 4 )

To make i t  somewhat s im p le r ,  l e t  tra n s fo rm  th e  f o u r th  e x -
p r e s s io n  o f th e  f i r s t  b r a c k e t s ,  by s u b s t i t u t i n g

s in  u = sinC u^ -  = s i n  u2  -  • cos u2  +

z ńUx h ucos u = cosCiig — g-) = cos + -g - • s m  u2  +

and
2Au . Au ~ A u

s m  2 2 ~ 4 *

(8 .2 5 )

(8 .2 6 )

I n  th e  t h i r d  term  o f  th e  second b r a c k e ts
p la c e  u by u2 , and d e s ig n a te

we can  a is o  r e -

(8 .2 7 )co s 2 u2 + s in 2 u 2 «cos2 i  = W2

and we o b ta in  th e  f i n a ł  fo rm u la :

l 2  = r 2  ‘ l ^ s i n 2  A ^  + 2 s in A u ‘ cos i - A L  +

2 2 ZL -1
+ A2 L» (W2  + s in A j i -  s i n  2u2 « s in 2 i ) - Z  ̂ Ł  • W2  + ^  • W2  +

+ r«A r • A L * sin A u « co s i  + ^ ^ (W 2  -  W2 « c o s -^ - )  +(8.28)

r 2 - i
+ A 2 r  co s 2 ^ - ! ^ -  's i n A u - c o s  i  + W2

, g
I t  may be re g a rd e d  t h a t  I  0 ,002  i s  th e  m aximal a c cu ra cy

w ith  which we can  d e f in e  th e  o b s e rv a t io n  moment i n  th e  tim eI g
s c a l ę ,  and -  0 ,001  i s  th e  a c c u ra c y  which seems to  be a t t a i n a -
b le  i n  m easu ring  th e  s h o r t - t im e  i n t e r v a l  (o f  th e  o rd e r  o f  m i-
n u te s )  be tw een  th e  o b s e rv a t io n s . T h e re fo re , th e  h ig h e s t  s e r -
v ic e a b le  a c cu ra cy  i n  com puting th e  segm ent 1 ap p e a rs  to  be - 7 ^
t h a t  i s ,  th e  d is ta n c e  covered  by th e  s a t e l l i t e  d u r in g  th e  t i ­
me o f  0 f001 .

In  th e  fo rm u la  ( 8 .2 8 ) ,  th e  p a ra m e te r  whose a c cu ra cy  has
th e  s t r o n g e s t  h o łd  upon th e  a c cu ra cy  o f  th e  whole d e te rm in a -
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t i o n  p e rfo rm a n c e , i s  r e p r e s e n te d  by r .  Yet we have t o  keep in
mind t b a t  1 i s  s e v e r a l  t im e s  s m a lle r  th a n  r :  i n  th e  ca se  o f
tw o-m inu te  o b s e rv a t io n  i n t e r v a l s  -  even  n e a r ly  10 t im e s ,s o  the
accu racy  needed h e re  f o r  th e  l a t t e r  w i l l  n o t be h ig h e r  th a n
+ 70 m. E v id e n tly ,  i n  th e  c a se  o f  th e  o r b i t  o f  ECH0,even such
an ac cu ra cy  w i l l  n o t be a t t a i n a b l e .  The a n a ly s i s  g iv e n  h e r e i -
n a f t e r  p r e s e n t s  a c c u ra c ie s  assumed to  be p ro p e r  f o r  th is  s a t e -
l l i t e  as w e ll as th e  a c cu ra cy  o f tim e o b s e rv a t io n s ,a d o p te d  i n
th e  program  o f  synchronous o b s e rv a t io n s .  I t  i s  w orth  add ing
t h a t  th e  tim e  m easurem ent e r r o r  ap p e a rin g  i n  t h i s  method as
th e  e r r o r  o f  u and encum bering th e  c a lc u lu s  o f  th e  d is ta n c e  1 ,
i s  p r e s e n t  a ls o  i n  any o th e r  m ethod o f  s a t e l l i t e  t r i a n g u la t io n
-  as th e  e r r o r  o f  n o n -syn ch ron ism .

L et us use th e  known fo rm u la  f o r  e s t im a t in g  the m ean-squa-
r e  e r r o r  o f  th e  segm ent 1 under m easurem ent:

where d e n o te s  th e  in d iv id u a l  p a ra m e te rs  o f  th e  f u n c t i o n . I n
o u r c a s e , th e s e  p a ra m e te rs  w i l l  be

r  -  th e  g e o c e n tr ic  d is ta n c e  o f th e  s a t e l l i t e ,
ó r  -  th e  in c re m e n t i n  d i s t a n c e ,
u -  th e  argum ent o f  l a t i t u d e ,
Z\u -  th e  in crem en t o f  a rgum ent,
ÓL -  th e  in c re m e n t i n  n o d a l lo n g i tu d e ,
i  -  th e  i n c l i n a t i o n  o f  o r b i t .
The fo rm ula  f o r  th e  i n d iv id u a l  p a r t i a l  d e r i v a t i v e s  have

th e  fo llo w in g  form  ( a f t e r  d is c a rd in g  th e  te rm s t h a t  would g i -
ve -  i n  th e  p ro d u c t  w ith  th e  m ean-sąuare  e r r o r  o f  th e  g iv e n
v a r ia b le  -  v a lu e s  below  one m e te r)

= (4 s in 2  -^=r-+ 2 s in ó u » co s  i»ńL ) ń L " s in h u « c o s  i  (8 .JO)

* s in  ń u - c o s  i  + • co s2 - ^  ( 8 . J 1 )
3 a r  2 1 1 2

2 2
( -  s in  2 u + 2 cos 2 u « s i n - ^ ) - s i n 2 i  ( 8 ,J 2 )

du. d  X d

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska



94 Janusz B. Zieliński

j - • ( s in h u  + c o s ń u  cos i  • AL) + 

2  (8 .3 3 )
I? • A P  A  P-ł j’— • A L *cos u*cos i  -  -Ą j-- » s i n  A u

2
2 ^  = * s in A u - c o s  i  + ^ r - * s in A u  • cos i  (8 .3 4 )

p31 r  « s in  A u-A L«sin i  r - ń r  A T A „ . , Q -,c y= ----------------- j----------------- + — AL ’ S in  A u.»sm  i  . (8 .3 5 )

As th e  b a s i s  f o r  th e  e s t im a t io n  o f  e r r o r s  t o  be a t t r ib u te d  
to  i n d iv id u a l  p a ra m e te rs ,  th e  T ab les  o f  Mean E lem ents have been 
adop ted  -  p u b lis h e d  by th e  S m ith so n ia n  A s tro p h y s ic a l  O bserva- 
to r y  ^1 z s a  k , 1964^.

In  c o n fo rm ity  w ith  th e  d a ta  c o n ta in e d  i n  th o se  T a b le s ,th e  
fo l lo w in g  valu .es have been  a c ce p ted

mw = + 0°5

m  =  0»1 

“ 52 = 0?01

“W i rev  = °’001
m±  = 0?01

mMo = ° ’2

m = 0,0001e ’ 
mn  = 0 ,00005  r e v /d

= 1 km .a

For th e  a n a ly s i s ,  th e  fo llo w in g  approx im ate  fo rm u lae  had 
been  u se d , d e f in in g  th e  p a ra m e te rs  a p p e a r in g  i n  th e  fo rm u la  
(8 .2 8 )

r  = a « ( l  -  e«cos E) (8 .3 6 )

A r  = 2 « a « e » sin  E» s in  , (8 .3 7 )

u = 0) + v , where t g  = y  X -  e ’ ’ a n d

E = M + e « s in  E, and M = MQ + n » ( t  -  t 0 )» (8 .3 8 )
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A p p lica tio n  of th e  r a d iu s - y e c to r . . . 95△ u = Aw + A v where - E 2 ” 2 >] <8-59)
AEand AE = AM + 2«e*co s E « sin  -g -  and AM = n A tA L  = (1 -  r e v ) ‘ A t  .  (8 .4 0 )

A pplying to  the  form ulae (8 .5 6  r  8 .4 0 ) th e  form ula (8 .2 9 )gand assuming th a t  A t  = 120 sec and m̂  = 0 .0 1 , a = 7500 km,e = 0 .1 ,  E = 9 0 ° , the fo llo w in g  v a lu e s  have been obtainedm̂ , = ± 1 ,2  kmmA r = ± 205 mmu  = ± 0?2
mAu = -  5"m4 L = ± 0',’1 .S u b s t it u t in g  in  the form ulae (8 .J1  4 8 .5 6 ) th e  num ericalv a lu e s  (r = 7500 km, A r = 7 8,5  km, 1 = 785 km, t  = 120 s ,AL = 5 0 ' ,  A u  = 6 ° , u = 6 0 ° , i  = 50°) and m u ltip ly in g  them byth e  correspo nd ing mean-sąuare e r r o r s , we o b ta in

’ “ r  = 159 *
5 Z F ‘ mA r = 1 1  m

31 .^AL"31
. m . = 120 m3 Au Au

m .T = 24 mALmż  = 7 m



96 Janusz B .Z ie liń sk i

and u l t im a t e ly
m  ̂ = 186 m .

The d a ta  o f  th e  synchronous o b s e rv a t io n s  cam paign o f 1965
c o n ta in e d  r e s u l t s  from  e ig h t o b se rv in g  s t a t i o n s

Uzhghorod
N ik o laev
Poznań
B uchanest

Zvenigorod
R iga
Rotsdam
P r aha .

The ex am in a tio n  o f  th e  whole d o cum en ta tio n  re v e a le d  t h a t
o n ly  a  sm a li  nurnber o f  o b s e rv a t io n s  r e p r e s e n t  p a i r s  s u s c e p t i -
b l e  t o  be used f o r  th e  fo rm a tio n  o f  s u i t a b le  t e t r a h e d r o n s

Uzh -  R ig a  - 9
N ik -  R iga  - 5
Poz -  R ig a  - 8
Buc -  R ig a  - 5
Uzh -  N ik 5
Nik -  Poz 5
Poz -  Buc 2
Poz -  Uzh 2
Uzh -  P r 1 .

I t  was d ec id ed  to  red u c e  th e  o b s e rv a t io n s  o f  th e  group o f
th e  f i r s t  th r e e  p a i r s .  We presum ed t h a t  th e  p a i r  Poznań-R iga
would have worse r e s u l t s ,  owing t o  th e  d isa d v a n ta g e o u s  p o s i -
t i o n  o f  th o se  s t a t i o n s  w ith  r e g a rd  t o  th e  o r b i t ,  f o r  th e  com-
p u ta t io n  a c c u ra c y  o f  th e  chord AB depends s t r o n g ly  upon th e
shape o f  th e  t e t r a h e d r o n .  The m ost ad van tag eous ca se  i s  when
th e  segm ent 1 l i e s  i n  th e  p ia n e  p e rp e n d ic u la r  t o  AB. As th e
p ia n e  t u r n s ,  th e  te t r a h e d r o n  becomes morę and morę o b ia tę  un -
t i l  -  i n  th e  e x tre m a l c a se  -  i t  changes i n to  a p ia n e ,a n d  th e n
th e  p roblem  becomes i r r e s o l v a b l e .  The d i r e c t i o n  o f th e  chord
Poznań -  R iga  was j u s t  c lo s e  to  th e  d i r e c t i o n  o f  th e  motion o f
th e  s a t e l l i t e .  D uring th e  co u rse  o f  c o m p u ta tio n s , th r e e  morę
o b se rv in g  p a i r s  (one P o z-R ig a  and two U zh-R iga) had b een  e l i -
m in a te d , t h e i r  g eo m e trie  c o n f ig u r a t io n  b e in g  v e ry  u n fa v o ra b le .

The f i r s t  s ta g e  o f  work was red u ced  to  th e  c o m p u ta tio n ,o n
th e  b a s i s  o f  o r b i t a l  e le m e n ts , o f  th e  d is ta n c e  o f  th e  segm ent



A pplication of the ra d iu s -y e c to r . . . 2?

1 . These e le m en ts  were adop ted  i n  acco rdance  w ith  th e  p u b l i -
c a t io n s  o f  th e  S m ith so n ian  A s tro p h y s ic a l  O b se rv a to ry  [ i  z s a  k
1964 p r e s e n t in g  th e  fo llo w in g  v a lu .e s : -  argum ent o f
l a t i t u d e  o f  th e  p e r i g e e , ss0  -  r i g h t  a s c e n s io n  o f  th e  a sc e n -
d in g  node, i Q -  i n c l i n a t i o n  o f  th e  o r b i t ,  e Q -  e c c e n t r i c i t y ,
MQ - mean anomaly in  epoch , n Q -  mean m o tio n , n '  -  change in
m o tio n . These e lem en ts  a re  g iv e n  i n  d iu r n a l  i n t e r v a l s  f o r  th e
epoch : b e g in n in g  o f  th e  24 h o u rs . The modę o f  co m p u ta tio n  o f
th o se  e lem en ts  i s  d e s c r ib e d  by G a p o s h k i n  ^1964^; in
c o n fo rm ity  w ith  th e  d e f i n i t i o n  g iv e n  i n  C hap ter I I ,  th e y  a re
mean e le m e n ts . For th e  c o m p u ta tio n  o f th e  c o o rd in a te s  o f th e
s a t e l l i t e ,  th e  fo llo w in g  fo rm u lae  a re  b e in g  u sed :

1 . R e p re s e n ta t io n  o f  mean e lem en ts  i n  te rm s o f  th e  epoch:
th e  moment o f  o b s e rv a t io n

0) = O)o + AŁO’ A t

sa s  = sa 0 + Asa* A t

i  = i + A . • A ts 0 i ► (8 .4 1 )
e = e o + d e  • A t

n = n Q + n ' • A t

M = MQ + n • A t •

2 . C om putation o f  th e  e c c e n t r i c  and t r u e  anomaly and o f
th e  argum ent o f  l a t i t u d e

s in  v

E = M + e s i n  E

1 - e 2

1 -  e«cos E s in  E

COS V _ co s  E -  e
~ 1 -  e cos E

u s  = co + v .

(8 .4 2 )

(8 .4 ? )

(8 .4 4 )

(8 .4 5 )
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I n t r o d u c t io n  o f  p e r tu r b a t io n  c o r r e c t io n s

S2= S2S  + S si

s in  i  = s i n  i  + d. cos iS I  s

cos i  = cos i  -  d. s i n  is i  s
>

s i n  u = s i n  u„ + du *cos us s

cos u = cos u  -  (fu • s i n  us s

r  = a (1 -  e cos E) + d r

where a  i s  b e in g  found from  th e  fo rm ulae

a 1 + i  —|V 1  -  e 2  ( -1  + s in 2 i )
\n  /  L 2  P

(8 .4 6 )

(8 .4 7 )

(8 .4 8 )

k = 0.7557172 x 1 0 5  r e v 2  • mgm5  d“ 2  5 J =  0 .0660546 mgm2  . (8 .4 9 )

The p e r tu r b a t io n  c o r r e c t io n s  t a k in g  i n to  a c co u n t th e  e f -
f e c t  o f  th e  second s p h e r i c a l  h a rm o n ie , a re  computed a f t e r  th e
fo rm ulae

du T  + 6 s i n 2 i ) , s i n ( 2 Ł 0  + 2v)

+ e (-1  + |  s in 2 i )« s in (2 c o  + v ) + j ( - 1  + s i n 2 i ) » s in (2 o ) + J v ) +
3

e-̂  s i n  v( 1  -V l~ e 2 ) s i n  vj ( - l + |  s i n 2 i ) cos v + -------. ;—
(1 + V l~ e 2 )2  .

+ (v -  M + e s i n  v )

d r  = j  (-1  + s i n 2 i ) ( l  -

( -2  + s in 2  i  ) |

l~ e  cos, E +  e cos v
V l - e 2  l+ V l-e 2

(8 .5 0 )

+ -^ cos (2co+ 2v) s i n ‘



A p p lica tio n  o f  th e  r a d iu s -v e c to r 99J 2(f = —5- cos iS2 p d
•i— (v -  M + e sin. v) + y  sin(2h) + 2v)

+ e I” sin(2co+ v) +. y  s in  (2w+ 5 v)
s in  i  cos i C O S(2G) + 2v) + (8 .5 0 )

ejcos (2o) + v) + y  cos (2co + 5v)j
4 . Formulae fo r  the evaluation o f the coordinates of thes a t e ll i t e X = r  (cos u cos A -  s in  u s in  A cos i )Y = r  (cos u s in  A + s in  u cos .A cos i )  (8.51)Z = r  (sin  u s in  i )  .5. A fter having found the coordinates o f the two pointsand S2 t we compute the base segment1 = VhX2  + AY2  + AZ2  . (8.52)For the performance o f those computations, a program te r -med ECHO (vide Appendix no 4) has been established in  the AL­GOL language. The Table 9 (Appendix 5) contains the data, theTable 10 (Appendix 6) -  the r e s u lts  o f th is  program.In  addition to these computations, a series of calculuseshas been carried out by means o f the same program, with theview of examining the accu racies. The diagram in  F ig . 25 pre-sents the change in  the length of the base segment △ !, vary~ing with u , assuming th at Ae = ± 0,00007, according to  theestimate given fo r  the o rb ita l data. The Figurę 24 presentsthe e ffe c t  o f the error of the mean motion, assuming th at An== 0.000009 rev/d, th is  being also consistent with the evalua-tio n  effectuated by the authors o f the Tables of Elements. Inthe Table 8 we have, on the other hand, the differen ces o f re­s u lts  for the same moments, computed from two sets of elementsfo r  d iffe re n t epochs.
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T a  b 1 e 8

T1 T2 41 = 12 - li
oh I3m 55s - 23h 43m 05s

15 52 44 08 + 8o u

2 09 07 - 21 50 53
11 04 48 56 79

4 04 19 - 19 55 41
06 16 55 44 77

5 59 51 - 18 00 29
01 28 58 32 75

7 54 4J - 16 05 17
56 40 03 20 72

9 49 55 - 14 10 05
51 52 08 08 68

11 45 07 - 12 14 55
47 04 12 56 67

13 4o 19 - 10 19 41
42 16 17 44 64

15 55 31 - 8 24 29
57 28 22 32 61

17 50 43 - 6 29 17
32 4o 27 20 58

19 25 55 - 4 34 05
27 52 32 08 57

20 21 07 - 2 38 53
23 04 56 56 55

23 16 19 - 0 43 41
18 16 41 46 52
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The d a ta  f o r  th e  in d iv id u a l  epochs were a s  fo llo w s
I . w = 274?32 dco = 3?55

ss = 202?906 dsa = -3?297
i  = 47?260 d±  = 0 .002
e = 0.04-490 de  = 0 .00051

ŁL = 0 .32552 r e v  n = 12 .498198 r e v /d
n. = 0 .000420  re v /d ^

I I .  to = 277?65 dco = 3 .5 5
sa = 199-609 dss = -5 .2 9 7
i  = 4 7 .2 6 2  d i  = 0 .002
e = 0.04541 de = 0.00051

Mo  = 0 .82430
n = 12 .498620 r e v /d
n '  = 0 .000440 r e v /d ^ .

A c o m p a ris io ń  o f  t h i s  k in d  r e p r e s e n t s  a  good b a s is  f o r  th e
e s t im a t io n  o f a c c u r a c ie s ,  b ecau se  th e  two s e t s  o f  elem ents a re
t o  a  c o n s id e ra b le  e x te n t  in d ep e n d e n t each  from  o th e r .T h e y  a re
computed s e p a r a t e l y ,  on th e  ground o f o b s e rv a t io n s  carried  o u t
i n  p e r io d s  o v e r la p p in g  one a n o th e r j  th u s  a  h a l f  o f  o b se rv a -
t i o n s  w i l l  be th e  sam e, th e  o th e r  h a l f  b e in g  d i f f e r e n t .  So we
may presum e t h a t  th e  d i g i t s  i n  th e  t h i r d  column o f  th e  Table 8
a re  f a i r l y  w e ll  c o rre sp o n d in g  to  th e  t r u e  a c c u ra c y .

The second s ta g e  o f  work c o n s is te d  i n  th e  s o lu t i o n  o f  th e
t e t r a h e d r o n ,  i n  c o n fo rm ity  w ith  th e  known s te r e o m e tr ic  form u-
l a e .  For t h i s  p u rp o se , a  program  c a l l e d  TETRAHEDRON 2 has been
e s ta b l i s h e d  (v id e  A ppendix 7 ) .  The d a ta  p e r t a in in g  to  th is  pro­
gram a re  c o n ta in e d  i n  th e  T able  11 (A ppendix No 8 ) ,  th e  r e -
s u l t s  i n  th e  t a b l e  12.

As e x p e c te d , th e  w orst r e s u l t s  a re  b e in g  n o ted  w ith re g a rd
to  th e  d i r e c t i o n  R iga -P ozn ań . I n s t e a d ,  f o r  th e  two rem a in in g
d i r e c t i o n s  th e  r e s u l t s  o b ta in e d  a re  ą u i t e  s a t i s f a c to r y .E x c e p t
f o r  one d i s t i n c t l y  d i f f e r e n t  outcom e, th e  m ean-square  e r r o r
f o r  th e  R iga-U zhghorod p a i r  i s  o f  a  l e n g th  o f  ± 67 m, and f o r
th e  R ig a -N ik o la ev  p a i r :  ± 56 m. T h is  i s  even  b e t t e r ,  in d e e d ,
th a n  e n v isag ed  by th e  t h e o r e t i c a l  a n a ly s i s  w hich was r a t h e r
c irc u m s p e c t. I f  compared to  th e  r e s u l t s  d e r iv e d  by V eiss,w hich
b e in g  b ased  on t e n s  o f  th o u sa n d s  o ’ o b s e rv a t io n s  had g iv e n
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T a b 1 e 12R esults o f the Program TETRAHEDRON 2Datę1963 △ X △ Y

Riga -
△ z

• Poznań
A-B

V I .2 . +543.707 -288.688 -292.790 685.762V I .4 +548.122 -290.055 -293.260 685.982V I .6 . +551.866 -287.922 -291.627 687.388V I .6 . +546.277 -293.059 -294.973 686.522V I .13. +548.229 -289.066 -292.964 685.523V I .13. +549.017 -289.112 -292.739 686.077V I .13. +549.030 -289.125 -292.753 686.099
L = 686.18O±235 m =+6220Riga - UzhghorodV I . 3 . +723.572 +180.591 -559.293 932.190V I .4 . +724.251 +180.596 -559.014 932.551V I .15. +723.398 +181.098 -558.740 931.822V I .17. +723.458 +180.829 -558.774 931.836V I .17. +723.535 +180.881 -558.914 931.990V I .17. +723.595 +180.900 -559.025 932.107V I .17. +723.675 +180.943 -559.020 932.174L = 932.096+ 94 m = +2500 “without V I .4 . L = 932.020Ż 67 m = +1640Riga - NikolaevV I .4 . +514.844 +886.937 -683.295 1232.320VI .4 . +515.021 +887.159 -683.185 1232.490V I .5 . +514.521 +887.551 -682.855 1232.380V I .9 . +514.756 +887.084 -683.078 1232.270V I .9 . +515.045 +887.274 -683.175 1232.580L = 1232.408+ 56 m = 11260



A p p l i c a t i o n  o f  t h e  r a d . i u s - v e c t o r . . . 105

m ean-sąuare  e r r o r s  w i th in  th e  l i m i t s  o f  7 -30  m ,our r e s u l t s  may
be re g a rd e d  as e n c o u ra g in g . There e x i s t s  s t i l l  th e  p o s s i b i l i -
t y  o f t h e i r  f u r t h e r  im provem ent by com puting th e  o r b i t a l  e le -
m ents w ith  th e  h e lp  o f  a  s p e c i a l  method and by ta k in g  in to  con-
s id e r a t i o n  s m a lle r  p e r t u r b a t io n s .  The a u th o r  hopes t o  be i n  a
p o s i t i o n  t o  c o n tin u e  th e  work on t h i s  p ro b lem .F o r t e s t i n g  th e
r e s u l t s  a  c o m p a ris io n  was madę w ith  g e o d e tic  co o rd in a te s  which
were a v a i l a b le  f o r  th r e e  s t a t i o n s  i n  th e  S o v ie t  U nion: R iga ,
Uzhghorod and Nikolae"V, r e f e r r e d  to  th e  H a y fo rt e llip so id , w ith
th e  i n i t i a l  p o in t  a t  Potsdam .

A lth oug h , th e  a l t i t u d e s  above th e  s e a  l e v e l  had n o t been
p r e c i s e l y  s p e c i f i e d ,  n o r th e  d is ta n c e s  be tw een  th e  g eo id  and
th e  e l l i p s o i d  a  f a i r l y  good agreem ent h as  b een  o b ta in e d . From
th e  above d a ta  th e  le n g th s  o f ch o rd s  have been  com puted:

R ig a  -  Uzhgorod 931*931 km

R iga -  N ico laev  1232.381 km .

W .P achelsk i had madę co m p u ta tio n s  o f  te t r a h e d r o n s  with th e
h e lp  o f h i s  own in d ep e n d e n t p rogram , o b ta in in g  th e  same r e ­
s u l t s .

SECTION 3 .  CONNECTION OF THE TRIANGULATION NETWORK WITH THE CENTER

OF THE EARTH'S MASS

The method d e s c r ib e d  i n  S e c t .  8 .2 ,  e n a b le s  t o  de te rm in e
th e  c o o rd in a te s  o f a l l  p o in ts  i n  a  system  w ith  s t r i c t l y  d e f i -
ned d i r e c t i o n s  b u t  w ith  an a r b i t r a r i l y  cho sen  o r ig in .

Having e v a lu a te d  th e  c o o rd in a te s  o f  p o in ts  A and B,we can
a ls o  compute th e  c o o rd in a te s  o f  th e  two rem a in in g  v e r te x e s  o f
th e  t e t r a h e d r o n  -  and S2 « S in ce  we know th e  le n g th  o f  th e
r a d iu s - v e o to r  a t  t h i s  p o i n t ,  we may p u t  dawn

(Xg1  -  Xo)2  + (Yg l  -  Yo)2  + (ZS 1  -  Zo)2  = r 2

> (8 .5 3 )
(XS 2  -  Xo)2  + (Yg 2  -  Yo)2  + (ZS 2  -  Zo)2  = r 2  ,

where Xo, Yo, Zo a re  th e  c o o rd in a te s  o f  th e  mass c e n te r .
As many su ch  e ą u a t io n  system s can  be w r i t t e n  a s  many t e ­

t r a h e d ro n s  have been  form ed i n  th e  n e tw o rk , t h i s  a llo w in g  f o r
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th e  c o o rd in a te s  Xo, Yo, and Zo i n  th e  adop ted  system  t o  be 
fo u n d . A f te r  h a v in g  madę a  p a r a l l e l  s h i f t ,  we o b ta in  a c o o r-  
d in a te  system  w ith  th e  o r i g i n  a t  th e  c e n te r  o f  th e  E a r th /s  
m ass.

D uring th e  l a s t  y e a r s , s e v e r a l  p r o j e c t s  of th e  w orld t r i a n -  
g u la t io n  ne tw ork  have been  p r e s e n te d .  One o f  th e  m ost e le g a n t  
and -  a t  th e  same tim e -  one o f  th e  most e f f i c i e n t  p ro je c ts  i s  
th e  Z h o n g o l o v i c h  p r o je c t  [ 1965^»which was p r e ­
s e n te d  by th e  a u th o r  d u r in g  th e  s c i e n t i f i c  s e s s io n  o f  D ep art­
ment o f  Geodesy and C arto g rap h y  o f  th e  Warsaw P o ly tech n ic . T his 
p r o j e c t  p o s s e s s e s ,  how ever, some l im i t a t i o n s  c o n s c io u s ly  im- 
posed  by th e  a u th o r  h im s e lf  who c o n s id e r s  c e r t a i n  d i f f i c u l -  
t i e s  t o  be s o lv a b le  o n ly  i n  th e  f u t u r ę .  Among th o s e  d i f f i c u l -  
t i e s  i s  th e  g u e s t io n  o f convey ing  th e  s p a t i a l  netw ork a  l i n e a r  
s c a l ę .  Z hongolov ich  s u g g e s ts  t o  a p p ly  h e re  la s s e r - b e a c o n  f o r  
m easu ring  one o f  th e  seg m en ts: s a t e l l i t e - o b s e r v i n g  s t a t i o n .  
S t a t i n g  e x p re s s iv e ly  t h a t  t h i s  w i l l  be a t a s k  o f  th e  fu tu rę ,h e  
draw s th e  a t t e n t i o n  t o  a  whole s e r i e s  o f t e c h n i c a l  p roblem s 
bound w ith  i t .

The a p p l i c a t i o n  o f  th e  m ethod d e s c r ib e d  i n  th e  p re se n t s tu -  
dy e l im in a te s  t h i s  p red ic am e n t and e n a b le s  t o  a c g u ire  a  g r e a t  
number o f  re d u n d a n t d a ta  u nder th e  form  o f  m easured d is tan ces .

A nother p rob lem  t h a t  th e  a u th o r  o f  th e  w orld t r ia n g u la t io n  
ne tw ork  h as  l e f t  i r r e s o lv e d  i s  th e  g u e s t io n  o f  r e l a t i n g  the ne­
tw ork  to  th e  c e n te r  o f th e  E a r th 's  m ass, a lth o u g h  he S ta te s  in  
th e  i n t r o d u c t io n  t h a t  t h i s  i s  th e  v e ry  u l t im a te  o b je c t iv e  o f 
any s tu d ie s  o f  t h i s '  k in d .

The method a p p ly in g  th e  r a d iu s - v e c to r  a llo w s  a lso  f o r  t h a t  
p a r t  o f  th e  p r o j e c t  to  be com plem ented.

SECTION 4. DETERMINATION OF THE PARALLEL RADIUS BY USING THE 
TETRAHEDRON METHOD

In  S e c t .  8 .1  th e  method o f  d e te rm in in g  th e  p a ra l le l  r a d iu s  
o f  th e  E a r th  h a s  b een  d is c u s s e d , i n  which an  a c c u ra te  know- 
led g e  o f  th e  g e o c e n t r ic  d is ta n c e  o f  th e  o b se rv in g  s i t e  was 
b e in g  assum ed. L e t now g iv e  a th o u g h t to  th e  g u e s t io n  how 
we have t o  p ro ceed  i f  t h i s  c o n d i t io n  i s  n o t  s a t i s f i e d .
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A two f o ld  aim ing  a t  th e  p o in t  8 which -  i n  r e a l i t y -  i s
moving and i s  c o n s id e re d  m o tio n le s s  o n ly  owing to  c e r t a i n  ccr-
r e c t i o n s  i n t r o d u -  ।
ced in to  th e  c a l -  I
c a łu s ,  may be c a l -  I --------------
le d  ą  u a  s 1 -  /  \ V- /  c

4 -------------------------------------------- 1--------------------------------------- \ ___ | _______ _
s y n . c h . r o -  \  I \ xI f i ' " '  \ \
n o u s .  The same । --------------
ą u a s i-sy n c h ro n ism  ------ t----- —
can  be a p p lie d  to
th e  o b s e rv a t io n  of F i S« 25
o th e r  s e le c te d  p o i n t s ,  f o r  exam ple, p o in ts  rem ote  in  time from
th e  p o in t  8 , by an i n t e r v a l  o f  ± A t .  Thus, we a re  a b le  to  con-
s t r u c t  a t e t r a h e d r o n  an a lo g o u s t o  th e  t e t r a h e d r o n  used in
t r i a n g u l a t i o n ,  whereby th e  p la c e  o f  th e  p re v io u s  two p o in ts  A
and B w i l l  be ta k e n  by a s in g le  p o in t  P w hich -  d u r in g  the  t i ­
me s e p a r a t in g  two o b s e rv a t io n s  -  would have changed i t s  p o s i -
t i o n  i n  sp a c e . I n  th e  i s s u e ,  we s h a l l  o b ta in  th e  d is ta n c e  o f
P^P2  p e rm i t t in g  to  d e te rm in e  R im m ed ia te ly  t h e r e o f

P 1P ?
R = — • cosec  6 /2  . (8 .5 4 )

Now we may y e n tu re  to  d e f in e  an e lem en t which i s  p e rh a p s
even  morę i n t e r e s t i n g  th a n  R, nam ely -  th e  p a r a l l e l  component
o f  th e  d e f l e c t i o n  o f  th e  v e r t i c a l .  For t h i s  p u rp o se , th e  f o r ­
m ula (8 .1 1 )  from  th e  S e c t .  8 .1  can  be u t i l i z e d .  We s h a l l  r e -
w r i te  i t  i n  th e  form

ZŁ
AR • s i n  ot,, s i n  S

? = - F-------------------------j ------------------------------------------------------=r (8 .5 5 )
f  I sin(cb| -o<2 ) s i n  8^ + s i n  cosoC^ s in  ot^ s i n  SJ

where
p -  component o f  th e  v e r t i c a l  d e f l e c t i o n

AR -  d i f f e r e n c e  be tw een  th e  r a d iu s  d e te rm in ed  i n  th e  man-
n e r d e s c r ib e d  i n  S e c t .  8 .1  (R j)  and th e  ra d iu s  d e te r ­
mined i n  th e  way d e s c r ib e d  h e re  (R-J-J )

AR = Ri ; ] . -  R j . (8 .5 6 )

The q u a s i- s y n c h r o n iz a t io n  o f  p o in ts  and S2  may be a -
ch iev ed  w ith  th e  same a c c u ra c y  as  o f  th e  p o in t  8 . Only m inutę
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v a r i a t i o n s  o f  e le m en ts  come i n to  p la y  h e r e ,  o c c u rr in g  d u rin g  
th e  tim e o f  A t 1 - 2  m in ; th e y  can be e a s i l y  ta k e n  c a re  o f .

SECTION 5. SYNCHRONOUS OBSERYATIONS NOT FORMING TETRAHEDRONS

The l a s t  o f two m ethods we a re  g o in g  to  p r e s e n t  h e r e ,  a re
th e  m ost c o m p lica ted  a s  a m a tte r  o f  a n a ly s i s ,  b u t  th e y o f f e r

Fig. 26

th e  p o s s i b i l i t y  o f u t i l i z i n g  the e x i s -  
t i n g  o b s e rv a t io n a l  m a te r i a ł  as  w ell as 
any o th e r  o b s e rv a t io n s  to  be madę i n  
th e  f u tu r ę  w ith  th e  h e lp  o f  th e  s ta n ­
dard  p ro c e d u re s .

L e t suppose t h a t  synchronous ob- 
s e r v a t io n s  o f  a  s a t e l l i t e  a r o f s a t e l -  
l i t e s  b e in g  a t  p o in ts  , S2 , a re  
to  be  c a r r i e d  o u t from  two p o in ts  A 
and B. Each o f  th o s e  óbserw ations w i l l  
p e rm it f o r  th e  fo llo w in g  eąu atio n  s y s ­
tem to  be fo rm u la te d

y s i  ~ y A 
x s i  -  XA *A i

y s i  ~ y B 
x s i  ~

t g  t B .

(8 .5 7 )

Z . — Z, XSI A
— = t g  cT. .
V < * * * * * * x s i  -  x A ) 2  +  ( y s i  -  y

A
) 2

z s i  “  ZB J I
, , ?■ =  t s  ^ B i

V ( x s i  -  X B ) +  <y s i  -  y B }

2 2 2 2
x s i  +  y s i  +  z s i  = r i

where
x s i ’ y s i*  z s i  ~ a r e  s a t e l l i t e  c o o rd in a te s  

ment o f  th e  i - t h  o b s e rv a t io n ,
a t  th e  mo-
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XA’ ^A’ ZA’ XB’ ^B ’ Z B ~ 8X16 t i i e  c o o rd in a te s  o f  th e  s t a ­
t io n s  ,

t & i , tg ^  -  a re  th e  h our a n g le s  r e f e r r e d  t o  G reenw ich, ob-
se rv e d  from  s t a t i o n s  A and B,

6. . , <T . -  a re  th e  d e c l in a t io n s  o b serv ed  from  A and B.Al 151
Three o b s e rv a t io n s  w i l l  g iv e  a system  o f  15 eą u a tio n s  w ith

15 unknowns. The s o lu t i o n  o f  a system  i n  which th re e  e ą u a t io n s
a re  o f  th e  second d eg ree  i s  c e r t a i n l y  n o t an ea sy  m a t te r  b u t ,
a f t e r  a l l ,  n o t h o p e le s s .  As th e  c o o rd in a te s  o f  p o in ts  A and B
a re  alw ays known w ith  a  f a i r l y  good ap p ro x im a tio n  and as th e
c o o rd in a te s  o f p o in ts  , Sg and S-,2 can  be evaluated  to  a  s l i -
g h t ly  worse a p p ro x im a tio n , th e  n u m erica l m ethod o f  i t e r a t i o n
may be a p p lie d  w ith o u t f e a r  o f th e  p ro c e s s  t o  p rov e  d isc re p a n t.

A part from  th e  accu ra cy  o f  o b s e rv a t io n s  and th e  a c cu ra cy
o f  r a d i i - v e c t o r s ,  th e  a c c u ra c y  o f  su ch  a d e te rm in a tio n  w i l l
depend on th e  g e o m e tr ic a l  c o n f ig u r a t io n .  The m ost fa v o ra b le
c o n d it io n s  w i l l  p r e v a i l  when th e  d i r e c t i o n s  a t  p o in ts  A and B
form  a p p ro x im a te ly  r i g h t  a n g le s  w ith  each  o th e r  o r ,  i n  o th e r
w ords, when th e  p o in ts  , Sg and S^ a re  l a r g e ly  sp a c e d . I t
fo llo w s  t h e r e o f  t h a t  th e  d is ta n c e  betw een  th e  s t a t i o n s  sho u ld
n o t exceed th e  a l t i t u d e  o f  th e  s a t e l l i t e  above th e  E a r th ,  o t—
h e rw is e , i t  would be h a rd ly  p o s s ib le  t o  a t t a i n  a  f a v o ra b le
c o n f ig u r a t io n .

SECTION 6. NONSYNCHRONOUS OBSERYATIONS

L et us suppose t h a t  a t  th e  s t a -
t i o n  A th e  o b s e rv a t io n s  a re  madę i n
su ch  a  way t h a t  d u rin g  one f l i g h t  th e
s a t e l l i t e  i s  b e in g  o bserv ed  a t  two
o r  morę p la c e s  on th e  sk y , a t  i n t e r -
v a l s  o f  s e v e r a l  m in u te s . T h is  a llo w s
t o  e v a lu a te  th e  l e n g th  o f  th e  s e g -
m ents 1 i n  s p a c e , an a lo go us t o  th e
b ase  segm ents a p p e a r in g  i n  t e t r a h e -
d ro n s . We a re  g o ing  t o  c o n s id e r  th ree
o f  su ch  o b s e rv a t io n s .  Each o f  them
p e rm its  f o r  th e  fo llo w in g  eą u a tio n  to
be s e t  down Fig. 27
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^ 4  = *1 4 ^ 4 =  *8 *2

z .  -  z z 9  -  z
— 7 ^ - —  —  . = = ?-= tg < r2V (x 1 - x ) 2  + (y ^ -y ) 2  V (x 2 - x ) 2  + (y 2 ~ y ) 2

(x 1 -  i ^ ) 2  + (y^ -  y 2 )2  + (z^  -  z2 )2  = 12
2  (8 .5 8 )

2 2 2 2x 1 + y1 + z 1 =

2 2 2 2Xg + y2  + z2  = ? 2

where
x ^ , y ^ » z ^ , y 2 » z 2 ~ a r e  'fc łie  c o o rd in a te s  of th e  p o in ta

and S2 ,
x ,  y ,  z -  a re  th e  c o o rd in a te s  o f  th e  o b se rv in g  s i t e ,
*>!» t 2 , S ^ ,  f 2  -  a re  th e  observed  h our a n g le s  and d e c l i -

n a t io n s  r e s p e c t i v e ly .
The th r e e  o b s e rv a t io n s  g iv e  a  system  o f 21 e ą u a t io n s  w ith

21 unknowns.
The m a t te r  o f  s o lv in g  t h i s  system  s ta n d s  l i k e  i n  th e  p r e -

c e d in g  c a s e .  Owing t o  th e  f a c t  t h a t  we know th e  approx im ate
c o o rd in a te s  o f  a l l  p o i n t s ,  we a re  i n  a  p o s i t i o n  to  so lv e  t h i s
system  f u l l y  u n ig u e ly  w ith  th e  a id  o f  th e  i t e r a t i o n  m ethod,
a l th o u g h  some morę r e a l  S o lu tio n s  e x i s t  h e re .

As i t  a lw ays i s ,  th e  a c c u ra c y  depends s t r o n g ly  upon th e
c o n f ig u r a t io n .  So, f o r  th e  p o in t  A t o  be p r o p e r ly  d e te rm in ed
a  good l o c a t io n  o f  obse rv ed  p o in t s  i s  needed .

C H A P T E R  IX

FINAŁ CONCLUSIONS

The c o n s id e r a t io n s  p re s e n te d  i n  t h i s  s tu d y  and th e  o u t-
comes o f  co m p u ta tio n s  madę i n  c o n n e c tio n  w ith  th e  w ork, le a d
t o  th e  fo llo w in g  c o n c lu s io n s :
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1°. If we have at our disposal a set of obseryations car-
ried out with an accuracy to ± 2" and ± 0?002, well distribu-
ted in space and time, it is possible to compute the orbital
elements, especially the semi-major axis and the eccentricity,
with an accuracy better than 10“6 . Applying therewith an ap-
propriate observation program, we can disburden completelythe
semi-major axis and partially the eccentricity of possition er-
rors of obserying stations (Chapter IV).

2°. The present State of knowledge on the Earth's gravity
field permits to compute the radius-yector accurate to 10“^ _
if the satellite is travelling on an orbit of equal to
1000 km and i being equal to 80°. It is the lowest orbit wit-
hin the adopted limitations H = 1000 - 3000 km - having been
purposely chosen for our calculations as the least favorable.
With higher orbits the effect of harmonics of higher orders is
rapidly dropping because of the high powers r appearing in
the denominator (Chapter VI).

3°. Perturbation influences of atmospheric provenance pco-
duced by the attraction of other celestial bodies or genera-
ted by other causes - are smali and need not be taken into con-
sideration (Chapter VII).

Let reflect on the ąuestion in what sense those results of-
fer possibilities of utilizing the theory of radius-yector.
Although the accuracy to 10“^ may be not very attractiye for
problems being resolved on the Earth's surface such for exam-
ple, as the connection of continents, but becomes rather in-
teresting with the problem of referring surface points to the
center of the Earth's mass. The studies existing so far in
this domain did not pass the mentioned accuracy limit ,neither.
Howeyer, the investigations on the Earth's gravity field are
making a rapid progress. The accuracy known for the C ^  and
SJJ harmonics responsible for the largest perturbations, is
continually improving and will, no doubt, in the nearest fu­
turę attain the same order of accuracy as the zonal harmonics.
This gives foundation for hope that it will be possible to a-
chieye also with regard to this part of the theory an accura-

— A — Acy of the order of at least 2«10 - 3*10" . Still, it seems
necessary to remark that it may be hardly possible to improye
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here the accuracy by means of augmenting the number of obser-
vations becau.se the errors, having their source in the accura­
cy of the theory, would not be of an accidental naturę.
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gratitude to all persons who have not spared advice ar support
during his work on the above problem:
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A P P E N D I X 1

T a b 1 e J

The results of the investigation of the Earth's gravity field

Author, year,sa-
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O'Keefe, Eckels
Sąuires - 1959
Vanguard 1

0 -1082.5 +2.4 +1.7 +0.1
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d .c .T a b . 3
A uthor,year
s a t e l l i t e s ,
th e  method
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King-Hele
-  1961
S p u tn ik  2
Vanguard 1
E x p le re r 7

0 -1082.79 - +1.4

Zhongolo-
v ich  -  1960
S pu tn ik  2
S pu tn ik  3
S pu tn ik  3 R

0 -1083 .3 +2. +4.1

Kozai -1961
E xplorer 7
Vanguard 3
Vanguard 1

0 -1082.21 +2.29 +2.1 +0.23

M ich ielsen
-  1961
T ra n s it  1B
Vanguard 1
S pu tn ik  4

0 -1082 .7 +2.4 +1.7 +0.1 - 0 .7 +0.5 -0 .1 -0 .5

Newton,Hop-
f i e l d ,
K line  -1961
T ra n s i t  2A
Yanguard 1
T ra n s i t  1B

0 - +2.36 - +0.19 - +0.28

Smith -1961
S p u tn ik  3,
Vanguard 1 ,
T ra n s it  1B,
T iro s  1

0 -1083.15 — +1.4 — +0.7 —

Shelkey -
1962 0 -1082.61 — +1.52 — +0.73
Kozai -
-1962X > 0 -1082.48 +2.562 +1.84 +0.064 -0 .3 9 +0.470 +0.02 -0.117
Kozai -  .
-  1964ax x ) 0 -1082.65 +2.53 +1.62 +0.21 -0 .6 1 +0.32 +0.24 +0.10
Smith -
1962 0 — +2.37 — +0.05
Sm ith -
1963 0 — +2.44 — +0.18 — -0 .3 0
Kozai -
'196A-bx x x ) 0 -1082.9*5 +2.546 +1.649 +0.210 -0 .6 4 6 +0.333 +0.270 +0.053
K ing-H ele,
Cook.Rees
196JXXXX)

0 -1082.86 - +1.03 - -0 .7 2 - -0 .3 4
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d .c .T a b .  J

A uthor ,year,
s a t e l l i t e s ,
th e  th e  me-

th o d
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-1 0 8 2 .6 1

+ 0.48
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+ 0 .1 4
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-0 .0 1
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K aula -
-  1963
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1959 ?  ,
1960 12
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2

-1 0 8 2 .4 9

+ 1 .19
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+ 2 .59
+1.91
- 0 .1 2
+ 0 .12
+ 0.03
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- 0 .2 0
+ 0 .44
-0 .0 1
+ 0 .07
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3 - 0 .0 4 3
+ 0.103

+ 0.030
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4 - 0 .0 0 5
+ 0.012

K aula -
-  1963
1 9 5 9 * 1 ,
1959 7  ,
1960 1 2 ,
1961 <f 1 ,
1961*<T1

0
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-1 0 8 2 .4 4 + 2 .57

+ 1 ,64
+ 0 .15

+2.01

-0 .3 1
+ 0 .35

+ 0 .07 - 0 .3 2 +0®4-6

2 +1,21
- 0 .8 9

-0 .0 1
+ 0 .14

0 ,0 0
+ 0 .08

3 - + 0 .097
+ 0.106

+ 0.010
+ 0.025

4 0 .0 0 0
0 .0 0 4

U o t i la  -
1962
g rav im e-
t r y

1

2

3

4

+ 0 .45
- 1 .4 5

+0.11
- 0 .6 8
+0.41
-0 .0 1
+ 0.208
+ 0.339

- 0 .1 4
- 0 .1 9
+ 0 .18
+ 0 .10
+ 0.072
-0 ,0 3 8
+ 0 .014
- 0 .0 0 3
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d .c .T a b .  J

Aut ho r ,year,
s a t e l l i t e s ,
th e  method
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+ 1.18

+ 0 ,25
+ 0 .08

K ozai -
1963 1
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+0.-72
- 0 .9 5

+ 1 .89
+ 0 .15
+ 0 ,12
- 0 ,0 8
- 0 .0 6 3
+ 0.083

- 0 ,2 8
- 0 ,4 4
- 0 ,0 4
- 0 .0 5
+ 0.035
+0.001
+ 0.016
+ 0.026

I z s a k  -
1963
V anguard 2 ,
V anguard 3»
E x p lo re r  9 ,
Echo IR ,
Midas 4

1

2

3

4

+ 0,968
- 0 .4 0

+ 1.12
+ 0,062
+0,091
-0 .0 1 8
+ 0.072
+ 0 .124

-0 .2 8 8
-0 .3 2 1
+ 0,035
+ 0.012
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+ 0.015
+ 0 ,010
+ 0.016

A nderle
O e s te rw in -
t e r  1963
Anna Ib

0
1

2

3

-1 0 8 2 .4 6 6

+ 1 ,84
- 0 .9 9

+ 2.476 + 1.405
- 0 ,6 8
- 0 .3 8
+0.101
+ 0 .269
+ 0.158
- 0 .0 3 6

+ 0.140

G u ie r -
1963 1

2

3

4

+ 1 .68
- 0 .6 4

+ 1 .77
+ 0 .19

+ 0 .29
- 0 .0 2

+ 0.147
+ 0.140

- 0 .5 7
- 0 .4 6

+ 0.06
+ 0 .27

+ 0.080
-0 .0 0 3
-0 .0 0 8
+ 0.007
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d .c .T a b . J

A uthor,
y e a r , s a -
t e l l i t e e ,
th e  method
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1 - +0.87
-0 .2 7

-0 .1 7
-0 .2 4

2 +0.75
+0.61

+0.08
-0 .0 9

-0 .0 2 5
+0.052

3 -0 .0 7 0
+0.129

+0.017
-0 .0 0 5

4 -0 ,002
+0.006

x ) 1957)3 , 1958/3 , 1958)32, 195801, 1958(52, 1 9 5 9 ^ 1 , 1959 n,1959tA
1960/32, 1960^1, 1960 'J-2, 1 9 6 o p , 1 9 6 0 7 1 , 1960 L2, 1961O2

1959<x1, 19591?, 196012, 1961 o 1 , 1961 o 2 ,  1 9 6 l a J l ,  1962O(£, 19619,

1959*1, 1959V. 196012, 19609, 1960 o , 1 9 6 lc ((f l, 1962eiŁ , 1962Bu1,
1962 ftw .

x x x x )  1 9 6 l o t 1 j  1 9 6O l^ t 1962 o 1 , 1960L2 , 1961(51, 1959od, 19619,

xxxxx) 1 9 5 9 q ( 1 >  1959o(2, 1959p, 1961(51, 1962J3^I1, 1961 o 1,1961 o 2, 1 9 6 W 1 .

A P P E N D I  X 2

Programme RKG

b eg in  comment T his programme has to  oompute th e  in f lu e n c e  of p a r t i c u la r
harmonice o f th e  E arth  g ra v ity  f i e l d  on th e  m otion o f  a r t i f i c i a l  e a t e l -
l i t e .  In p u t d a ta :  index = s u b s c r ip t  o f th e  harm onie, C ,S, -  one-dim en-
s io n a l  a rra y s  o f th e  va lu es  o f harm onice Cnm, Snm, m = Legendre c o e f f i -
c i e n t ,  t  = degree  of harm onie, 1 = t o t a l  number o f s te p s .A f te r  p r in t in g
on th e  m onitor o f th e  word < i n t e r v a l > th e  va lu e  o f th e  ou tpu t in te rv a l
(number of e te p e )  ehould be in tro d u c e d . A = eem i-m ajor ax ie  in  megame-
t e r e ,  e = e c c e n t r i c i t y , I  = i n c l in a t io n ,  w = argument of p e r ig e e , W =
R.A. o f  node in  d e g re e s . The com putation  i s  perform ed by th e  num erical
in te g r a t io n ,  u e in g  R unge-K utta-G ill m ethod.Step o f in te g r a t io n  -  one e i -
d e re a l  m inu tę; in te g e r  in d ex , i ,  j ,  p , n , 1 , h , i n t ,  t ;
r e a l  d ,6 ,x ,y ,z ,r,m ,P X ,Q X ,P Y ,Q Y ,P Z ,Q Z ,c t6 ,B te ;
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a r ra y  X [1 :2 ], Y [1 :2 ], Z [1 :2 ] , R [1 :2 ], V X [1:2], V Y [1:2], V Z[1:2],C [1:2], 
S [1 :2 ] ,  tim e [ 1 :2 ] ,  k [ l : 7 ] ,  g [ l : 7 ] ,  q [ l  : 2 ,1 : ? ] ,  a [ l : 4 ] ,  b [ l ; 4 ] ,  
c [1 : 4 ] ;

procedurę  KROK;
f o r  p : = 1 ,2  do
begin

g [1 ] :  = tim efp ] ;
g [2 ] :  = VX[p] ;
g [3 ] :  = VY[p];
g [4 ] :  = VZ[p] ;
g [5 ] :  = X[p] ;
g [6 ] :  = Y[p] ;

g [7 ] :  = Z[p] ;
f o r  j :  = 1 .2 ,3 ,4  do

begin
■ x : = g [5 j ;

= 8 [6 ];
z : = 8 [7 ];
r :  = sq r t(x f2 + y ł2 + z |2 )  ;
s :  = g [ l ]x  6,28318531/1440;

HERE PUT FRAGMENT OF PROGRAMME FOR PROPER HARMONICS:
c t s :  = m « co s(tx s);
c t s :  = m x s in ( tx s ) ;
k [2 ] :  = -5.5OO22771 Q - 3 « ( x / r f 3  + 1.624o51 0  -  3 x (-5 *  x x z f 2 / r | 7

+ x / r  f5 )  + c t s  x (C[p] x PX + s [p ]x  QX) + s ts  x (C[p] x QX
-  S [p] * PX ) );

k [3 ] :  = -5.5OO2277^Q -  3 * (y /r f3  + 1.624051 0  -  3* (-5 *  y x z  f 2 / r  f ?
+ y / r f 5 )  + c ts  x (C[p] x py + S [p ] x Q Y )+sts x (C[p] x QY -  S[p] *PY));

k [4 ] :  = -5.5OO22771 o -3 x (z /r f3 + 1 .6 2 4 O 5 1 o ~ 3 x ( -5 * z f3 /r f7  + 3 x z /r t5 )  
+ c t s  X (c [p ] X PZ + S [p] « QZ)+ s t s  X (c [p ]x  QZ- S[p] x P Z ));

k [5 ] :  = g [2 ] ;
k [6 ] :  = g [3 ] ;
k [7 ] :  = g [4 ] ;

f o r  i :  = 1 s te p  1 u n t i l  7 do
begin

d : = a [ j ]  x ( k [ i ] _  b [ j ]  x q [p , i ] ) ;
s [ i ] :  = g [ i ]+  hxd;
q [ p . i ] :  = q [ p , i ]  + 3xd -  c [ j ]  x k [ i ] ;

end i ;
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fo r  i :  = 1 s te p  1 u n t i l  7 do
o u tp u t (4+nddd.ddd.^0  -  dd£, g [ i ] ,  o u ts p (5 ) , k ^ i j ,o u t s p ( 5 ) ,q [ p , i ] ,o u tc r  );
o u tp u t (4+nd^,p , o u tsp ( 3 ) , j , o u tsp ( 3 ) ,  i , o u t c r );
ou tp u t (4+ndddddd^o -  dd4>, x ,
o u ts p ( 5 ) ,y , o u tsp ( 5 ) , z , o u t s p ( 5 ) , r ,
o u t s p ( 5 ) ,s ,o u tc r ,  PX, o u ts p (3 ) ,
QX,outsp(3 ) ,P Y ,ou tsp (3  ) , QY,outsp(3 ),
P Z ,o u tsp ( 3 ),Q Z ,o u tc r ,
c t s , o u tsp ( 5 ) , s t s , o u t c r , o u tc r );

end j  ;
tim e [p ]s  = g [1 ] ;
V X[P ] : = g[2] ;
V Y [p]: = g [3 ] ;
V Z [p ]: = g [4 ] ;

X[P] :  = g [5 ] ;
Y [P ] :  = g [6 J ;
Z [p ]: = g [7 ] ;
R [p]: = s q r t  (X [p]f2  + Y [p ] f2 + Z [p ] t2 ) ;

end KROK;
be gin
r e a l  A .e ,1 ,w,W ,P1,P2,Q1,Q2, R1, R2,N,G;
in p u t ( in d e x , C ,S , l ,m , t ) ;
w r i te te z t  ( « ^ in te r v a l> ) ;
i n t :  = ty p e in ;
w r i t e c r ;
in p u t (A ,e ,I,w ,W );
I :  = 1 /57 .295780;
w: = w /57 .29578;
W; = W/57.295780;
P1s = oos(w ) *cos(W ) -  s i n ( w ) x c o s ( I ) « s in (W );
P2: = ~ sin (w ) x cos(W) -  co s(v )«  c o s ( I ) x s i n  (W);
Q1: = cos(w ) x s in (w ) + s in (w ) x o o s ( l )  x cos(W );
Q2: = ~ s in (w )x  sin(W ) + co s(w )x  c o s ( I ) x cos(W );
R1s = s i n ( w ) x s i n ( I );
R2: = c o s ( w ) x s in ( l ) ;
A: = A /6 .378165;
N: = sqrt(5.5O O 22771 Q -  3 /A t3 );
r :  = AX(1 -  e );



-124 Janusz B. Z ie l iń s k i

R [1]: = R [2 ]: = r ;
X [1]: = X [2]: = r  x p - |;
Y [l]s  = Y[2]s = r  »Q1;
Z [1 ]: = Z[2 ] :  = r  »R1'
G: = A f2 x N » s q r t  ( l - e ł 2  ) / r ;
V XQl]; = VX[2]: = G x P 2 ;
V Y[1] : = VY[2]: = G x Q2 ;
V Z [1 ]: = VZ[2]: = G x R2;
tim eQ l]: = tim e Q2 J : = 0 ;
a [ 1 ] :  = c [ 1 ] j  = c [4 J :  = 0 .5 ;
a [2 ]s  = c [2 ] :  = 1 -  s q r t  ( 0 .5 ) ;
a [ 3 ] :  = c [ 3 ] :  = 1 + s q r t  ( 0 .5 ) ;
apł-]: = 1 /6 ;
bQ l]: = b [4 ] :  = 2;
b [2 ] :  = b | j ] :  = 1;
f o r  p : = 1 ,2  do
fo r  i :  = 1 s te p  1 u n t i l  7 do

= 0 ;
h : = 1;
n : = 0;
k [1 ] :  = 1;
o u tte x t  (ou tcr,<}-4V arian t Nos^*, ou tp u t (4ddd^, in d e x ) , o u tc r ,  

harm onies Y a lu e s s ^ i  output(4+ndddd^Q- d > ,C [ l ] , o u t s p ( j ) ,  
S [ l J ,o u tc r ,o u ts p ( 2 0 ) ,C [ 2 ] ,o u ts p ( 3 ) ,  S [ 2 ] ) ,o u tc r ,  o u tc r , 
4 < 0 rb i ta l  e lem en ts:
a = > ,  o u tp u t( 4 . -nddd . dddddd^,Ax6.378165), o u ts p (5 ) ,
•$<=}■, ou tpu t (4 -n . dddd$-,e ) ,  o u tc r , 4 4  I  ,w,W ,
o u tp u t( 4 -  ndd.ddd^, 1 x 57.296 , o u ts p (3 ) , w x 57 .296 , o u ts p (3 ) ,
W x 57.296 ), <^Cdeg , o u tc r , P= , o u tp u t( 4  nddd.ddd^-, 6 .28318/N ),
4 4  s id •m in .
I n i t i a l  c o o rd in a te s  and v e lo c i t i e s :
X,Y,Z, > , o u tp u t( 4  +nddd.dddddd>, X [ l] ,
o u ts p (5 ) , Y [jl], o u ts p (5 ) , z [ l ] ,  o u ts p (5 ) ) ,  
4^<earth r a d i i

VX, VY, VZ > , o u tp u t( 4 -ndddddd1 Q  -  dd>, V X [l], 
o u ts p (5 ) , VY[1], o u ts p (5 ) , V Z [lJ), o u tc r , 
44  min (7) d r  (3) du (8) dw

0 ®  0 0 © 0  0 ©  0 0
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» ;
e n d ;
f o r  n : = n+1 w h ile  n < 1  do
beg in

KROK;
i f  n / i n t  = n :  i n t  th e n
b eg in

r e a l  V ;
a r r a y  L,M,N, d r 0 : 3 j ;
V: = s q r t  (V X [d]|2+V Y  [ 1 ] |2  + V Z [l3 |2 ) ;

L [2 ]s  = v x [ i ] A ;
M [2]: = VY0 ]/V ;
N [2 ]: = V Z [1]/V ;

L [3 ] :  = X [1]/R L 1];

M [3]: = Y [1 ] /R [1 ] ;
N [3]s = Z [1 1 /R [1 ];
L[1]S  = M [2 ]xN C 3J- M[3] * N [2 ];
M£1J; = L[31* N [2 ]-  L [2 ]«  N [3] 5

N 0 J :  = L [2 jx  M [3 >  L [3 ] » M [2 ];
V: = s q r t ( L [ l ] f  2 + MQlJf2 + N [ 1 ] |2 ) ;

i* [ i] s  = LQ 11A ;

MQI] :  = MDI ]/V ;
N 0 3 :  = N [d]/V ;
f o r  p :  = 1 ,2 ,3  do
d r [ p ] :  = (L [p ]x (X [2 ]-X [1 ]) + M [p]x(Y [2>  Y[1]) + N[p] x ( Z [ 2 ] -  Z [1 1 ) )  x

X 63781650;
o u tp u t (4 d d d d ^ » ,n ,o u tsp (3 ) ) ;
o u tp u t (4+nddd d £ , d rQ 3 ], o u t s p ( 3 ) ,  d r [ 2 ] ,  o u ts p ( 3 ) ,

d r 0 3 ,  o u t c r ) ;

end ;
i f  kbon th e n
w rite (4 d d d d 4 - ,n ) ;
e n d ;

e n d ;

Example o f in p u t  d a ta  f o r  programme RKG v a r i a n t  32;

3 2 ,0 ,2 0 0 1 0 - 9 ,0 , - 3 0 1 0 - 9 .

L 720 , m 15 , t  2 ,
o r b i t  7 .3 9 2  mgm, e 0 .0 0 2 5 , i  6 3 .4 ,  w 0 ,  W 0 ;
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A P P E N D I  X 3

Fragments of the RKG programme serving for the computation of the
particular harmonics

x30: PX: = ( 5 / 2 )* (-7 « x « z f3 /rf9 + 3 x x x z / r f 7 ) ;
PY: = (5 /2 )x (-7 « y '‘z t3 /r f9 + J x y x z /r t7 ) ;
PZ: = (1 /2 )x ( -3 5 x z f4 /r ł9 + 3 O x z f2 /r f7 -3 /r ł5 ) ;
QX: = QY: = QZ: = 0;

x4O: PX: = ( l/8 )x (-3 l5 x x x z H /rf l1 + 2 1 O x x « z ł2 /r f9 -1 5 x x / r f 7 ) ;
PY: = ( l /8 )x ( -3 i5 x y x Z f 4 / r f n + 2 io x y x z ł2 /r j9 - l5 x y /4 ł7 ) ;
PZ: = (5 /8 )x (-6 3 x z f5 /r ł1 1 + 7 O » z f3 /r f9 -1 5 x z /r f7 );
QX: = QY: = QZ: = 0 ;

x50: PX: = (2 1 /8 )x (-3 3 x x x z f5 /r f l3 + 3 O x x x z f3 /r f l1 -5 x x x z /r |9 ) ;
PY: = (2 1 /8 )x (_ 3 3 x y x z t5 /r f l3 + 3 0 « y x z f3 /r ł l1 -5 xy x z / r f 9 ) ;
PZ: = (3 /8 )x ( -2 3 1 « z f6 /r f l3 + 3 1 5 x z f4 /r f l1 -1 O 5 x z f2 /r ł9 + 5 /r f7 ) ;
QX: = QY: = QZ: = 0 ;

X22: PX: = 2xX/ r f 5  -  5» (x 'ł2 -y f2  ) x x / r |7 ;
QX: = 2 x y /rf5  -  1 0 x x f2 x y /rf7;

PY: = - 2 « y / r |5  -  5 * y x ( x f2 -y f2 ) / r |7 ;
QY: = 2 « x / r |5  -  1 0 x x x y f2 /r |7 ;
PZ: = - 5 x z x (x f2 -y f2 ) / r ł7 ;
QZ: = —1 0 « xxyxz /rf75

X31: PX: = -3 5 x x f2 « z ł2 /r f9 + 5 « (x ł2 + z f2 ) /r f7 -1 /r |5 ;
QX: = -3 5 « x x y x z |2 /rf9 + 5 x x « y / r f 7 ;
PY: = QX;
QY: = PX;
PZ: = 15x x « z /r f7 -3 5 x x x z f3 /r ł9 ;
QZ: = 15x y « z /r f7 -3 5 x y x z t3 /r t9 ;

X32: PX: = 2 x x « z /rf7 -7 * x « z x (x f2 ~ y f2 )/r |9 ;

QX: = 2 » x x z /rf7 - l4 x x f2 x y » z /rf9 ;
PY: = -2 x y x z /r f7 -7 x y « z x (x |2 -y f2 ) /r f9 ;

QY: = 3 x (x f2 -y f2 ) /r ł7 - l4 « x x y f2 x Z/ r ł 9 ;
PZ: = (X f2 -y f2 ) / r t7 -7 x z f2 x (x t2 -y ł2 ) / r f9 ;

QZ: = 2 x x x z /r f7 - l4 x x x y x z ł2 /r t9 ;
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X33: PX: = 3 x ( x ł2 - y f 2 ) / r ł7 - 7 x x ł2 x (x |2 -3 x y ł 2 ) / r ł 9 ;
QX: = 6 * x « y /r ł7 -7 x x xy x (3 xx t 2 - y ł 2 ) / r |9 ;
PY: = ~6x x « y /r f? -7 x x x y » (x |2 -3 * y ł2 ) /r f9 ;
QY: = 3 x (x ł2 -y f2 ) / r f7 -7 x y f2 x (3 x x |2 -y f2 ) / r f9 ;
PZ: = -7 x x x z x (x f2 -3 x y f2 )/rf9 ;
QZ: = -7 x x x z x (3 x x |2 -y f2 ) /r ł9 ;

X41: PX: = -3 * z /rf7 + 7 * z x (3 x x f2 + z f2 )/r f9 -6 3 x x f2 x z ł3 /r ł '1 1 ;
QX: = 2 '1 x x x y x z /rf9 -6 3 x x x y x z ł3 /rfl1 ;
PY: = QX;
QY: = PX;
PZ: = - 3 x x /r |7 + 4 2 x x « z f2 /r ł9 -6 3 x x » z H /r ł1 '1 ;
QZ: = - 3 xy /r ł7 + 4 2 xy xz t2 / r ł 9 - 6 3 x y » z t 4 / r ł l l ;

X42: PX: = - 2 x x /r f7 + 7 xx x (x ł2 -y f2 + 2 x z F 2 ) /r ł9 -6 3 x x x z t2 x ( x ł2 - y f 2 ) / r |1 1 ;
QX: = -2 x y /r |7 + l4 x y x (x f2 ) /r ł9 -1 2 6 x x f2 x y x z f2 /r ł l1 ;
PY: = 2 x y /r f? + 7 x y x (x f2 -y f2 -2 x z f 2 ) / r f 9 - 6 3 xy xz ł 2 x ( x ł 2 - y ł 2 ) / r ł l 1 ;
QY: = - 2 x x /rł7 + l4 x x x (y f2 + zf2  ) / r ł9 - 1 2 6 xyf 2 x x xz |2 / r f '1 1 ;
PZ: = 2 1 x z x (x f2 -y f2 ) /r f9 -6 3 x z f 3 x ( x ł2 - y ł2 ) r ł1 1 ;
QZ: = 4 2 x x x y x z / r f 9 - 1 2 6 x x x y x z f 3 / r ;

X43: PX: = 3 x z x ( x f2 -y ł2 ) / r |9 -9 x z x (x ł2 -3 x y f 2 ) / r | '1 1 ;
QX: = 6xxxyxz/rł9 -9xxxyxz x ( 3 xx f 2 - y f 2 ) / r f i l ;
PY: = -6 x x x y x z /rf9 -9 x x xy x z« (x f2 -3 x y ł 2 ) / r ł l 1 ;
QY: = 3 xz x ( x ł2 - y f 2 ) / r f 9 - 9 xy f2 x z x (3 x x |2 -y ł2 ) / r ł1 1 ;
PZ: = x x (x |2 -3 x y ł 2 ) / r |9 - 9 x x xz f 2 x (x ł2~ 3 xy ł 2 ) / r ł 1 1 ;
QZ: = y x (3 x x ł2 -y f2 ) /r f9 -9 x y x z ł2 x (3 « x ł2 -y f2 ) /r ł1 1 ;

X44: PX: = 4 x x x (x f2 -3 x y f2 ) /r f9 -9 x x x ( (x f2 -y ł2 ) f2 -4 x x ł2 xy ł 2 ) / r f H ;
QX: = 4 x y x ( jx x f2 -y f2 ) /r f9 -3 6 x x ł2 x y x ( x f 2 - y t 2 ) / r f l 1 ;
PY: = —4xyX (3 xx 2 - y f 2 ) / r f 9 - 9 x y x ( ( x f 2 - y ł2 ) f 2 - 4 x x |2 x y f 2 ) / r ł l1 ;
QY: = 4 x x x (x ł2 -3 x y t2 ) /r f9 -3 6 x x x y f2 x ( x ł 2 - y f 2 ) / r f l 1 ;
PZ: = - 9 x z x ( (x f2 -y f2 ) f2 -4 x x t2 x y f2 ) / r f l1 ;
QZ: = -36xx x y x z x ( x f 2 - y f 2 ) / r f l1 ;

APPENDIX 4

Progranune ECHO

begin  comment This progranune has been e s ta b l is h e d  f o r  th e  computation of
th e  len g h t o f th e  segment in  spaoe empraced between two p o in ts  in  which
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th e  s a t e l l i t e  was a t  two known moments. In p u t d a ta :  T -  one-d im ensional
a rra y  c o n ta in in g  th e  d if f e re n c e s  between th e  moments of observations and
th e  epoch of o r b i t a l  e lem en ts. w, dw, W, dW, io ,  d i ,  eo, de , MO, n , n 1 -
-  th e  mean o r b i t a l  e lem en ts, acco rd in g  to  th e  scheme o f th e  SAO S p eo ia l
Report r e s p e c t iv e ly : Argument o f  p e r ig e e , change o f p e r i g e e , r . a .  o f th e
node, change of th e  node, in c l in a t io n ,  change o f in c l in a t io n ,  e c c e n t r i -
c i t y ,  mean anomaly a t  th e  epoch, mean m otion, change of th e  mean m otion.
SO -  s id e re a l  greenwich tim e a t  Oh UT;
in te g e r  q ;
r e a l  l,w o ,dw ,W 0,dW ,io ,d i,eo ,de ,M 0 ,n ,n1 ,S 0 ;
a rra y  t  [ l i g ] ,  x [ l : 2 j ,  Y [ l :2 ] ,  Z[U 2];
r e a l  p rocedurę  TSEK(a);
r e a l  a ;
begin  r e a l  d , f ;
in te g e r  b , c ;

i f  a = 0 th en  TSEK: = 0 e ls e
be gin

f :  = a b s (a ) ;
b: = e n t i e r ( f / 1 0 4 ) ;
c :  = e n t i e r  ( ( f -b x ^ 0 4 ) /1 0 0 ) ;
d: = f -b x 1 0 4 -cx 1 0 2 ;
TSEK: = (b*j6OO + c * 60 + d )* (£ f a < 0  th en  -1  e ls e  1 )  ;

end
en d ;
INPUT:

input(T ,w o,dw ,W O ,dW ,io,di,eo,de,M O ,n,n 'l ,S 0 ) ;
SO: = TSEK(SO);

S: fo r  q: = 1 s te p  1 u n t i l  2 do
begin  r e a l  TG,M,E,E1 ,s in v ,c o s v ,v ,u ,s in i ,c o s i , s in i2 ,p , /u ,s in u ,c o s u ,a ,  r ,

^ r ,/ i ,^ W ,L ,w ,W ,i,e ;

T [q ]: = TSEK(T[q]);
TG: = T [ q p  2Jó.558/86400+S0+T[q];
T [q J: = T [q]/86400 ;
w: = (wo+dwxTQq2)/57.295780 ;
W: = (WO+dW*T[q])/57.295780;

i :  = ( io + d ix f [ q ] ) /5 7 .295780;
e : = eo+dexT[qJ;
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M: = (MO+nxT[q]+ n1 x ( T [ q j f 2 ) ) ;

M: = (M -entier(M )) x 6.2831853;
E: = M;

RK: E1: = M + e« s in (E );
E: = M+ e »sin(E1 );
i f  abs(E1~E) >^Q-7  th en  go to  RK;
s in v ; = ( s q r t ( l - e |2 ) x s in ( E ) ) / ( l - e xc o s (E ))  ;
cosv : = (c o s (E ) - e ) / ( l - e * c o s (E ) ) ;
v : = i f  a b s ( c o s v )> a b s ( s in v )  th en

a rc ta n ( s in v /c o s v )+ ( i f  cosv< O  th en  3.14159265 e ls e  i f  s i n v > 0
then  0 e ls e  6.28318531) e ls e  a r c ta n ( - c o s v /s in v ) + ( i f  s i n v >  0
th en  1.57079633 e ls e  4 .71238898);

u : = w+v;
s in i2 :  = s i n ( i )  t 2 ;
p : = ((7 5 3 7 1 .72/(n+n1x T [q ])  f2 )  f ( l / 3 ) ) x  ( l - e f 2 ) ;
/u :  = (0 .0 6 6 0 5 4 6 /p ł2 )x  ( ( ( -1  + 7 s i n i 2 / 6 ) x s in ( 2 x w+2xv )+  ex  ( ( -1  +

5 * s in i2 /3 ) x sin(2»w + v )+  ((-1  + s i n i 2 )*  sin(2*w + 3 * v ) ) /3 ) ) /2
- ( ( - 1  + 3 x s i n i  2 /2  ) x ( ( 1 -  s q r t ( l - e ł 2  ) ) x s in v  x cosv+(eł3)xsinvx
Z ( l + s q r t ( l - e l 2 ) ) ł 2 ) )/3-(v-M +ex s in v )x (-2 + 5 x s i n i 2 / 2 ) ) ;

s in u :  = s in (u )+ /u x c o s (u ) ;
cosu : = c o s (u ) - /u x s in (u ) ;
a : = ( p / ( l - e ł 2 ) ) x ( l+ (0 .0 6 6 0 5 4 6 /(3 xp ł 2 ) ) x s q r t ( l - e ł 2 ) x (-1 +3x s in i2 /2 ));
/ r : = (O.O66O546/(3XP) ) X( ( -1 + 3 x s in i2 /2 ) x ( l - ( l - e x c o s ( E ) ) / s q r t ( l - e ł2  )

+e c o s v / ( l+ s q r t ( 1 - e ł2 ) ) )+cos(2xw + 2xv)xsin i2 /2 );
r :  = a x ( l - e x c o s ( E ) ) + / r ;

/ i :  = ((0 .0 6 6 0 5 4 6 /p ł2 )x s in (i)x co s(i)/2 )x (co s(2 x w + 2 » v )+ ex (co s(2 < w + v )
+cos(2xw+3x v ) / 3 ) ) ;

s i n i :  = s in ( i ) + j f ix c o s ( i ) ;
c o s i :=  c o s ( i ) - / i x s i n ( i );
/W := (0 .0 6 6 0 5 4 6 /p ł2 )x c o s ( i)x (-v+M -exsinv+(sin(2xw+2»v)+e x(sin(2xw+v)

+ sin (2 x w + 3 * v )/3 ))/2 )
W: = W+jfW;
L: = W-TG* 15/206264.81;
X [q J := rx (c o su  » c o s (L ) -  s in u  x c o s i  x s in ( Ł ) ) ;

: = rx (c o su  x s in (L )+  s in u  x c o s ix  c o s (L ))  ;
: = rx s in u x s in i ;

ou tp u t (4 -d . dddddd}’, T [q ], out sp ( 3 ) ,
M ,o u tsp (3 ) ,E ,o u tsp (3 ) t v ,o u t c r ,p ,o u t s p ( 3 ) ,a ,o u t s p ( 3 ) , r ,

Z[q
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o u t c r , / u , o u t s p ( 3 ) , / r , o u t s p ( 3 ) , / i , o u t s p ( 3 o u t c r , W,outsp(3),L,outcr,
X [q ],ou tsp (3 ), Y[q],
o u tsp (3 ), Z [q ] ,o u tc r ,o u tc r) ;

end;
1: = s q r t  (abs (X[2] ~[1] )ł 2+abs(Y[2}-Y [1] )f 2+abs(Z [2]-Z [1] )♦ 2) ;
o u ttex t (<|K1 => ,output(<nd.dddddd>-,l ) , o u tc r , o u tc r );

go to  INPUT
end;

APPENDIX 5

T a b 1 e 9

Input data  fo r  the  prograuune ECHO

VI pierwszy
T: -O 49 37

-0  47 37
w= 264.19 dw=3.31 W=212.788 dW=-3.295 1=47.240 dl=0.005
e= 0.04312 de=o.00066 M=0.83158 n=12.496514 nn=O.OOO68O; S=16 35 01.833;

VI t r z e c i
T: -o  4J 4o

-0  41 39
W=27O.86 dw=3.32 W=206.202 dW=-3.28? i=47.256 di=0.007
e=0.04437 de=O.00070 M=0.82703 n=12.497670 nn=0.000700; S=16 42 54.937;

VI czwarty
T: -1 43 35

-1 41 35
w= 274.32 dw=3.46 W=2O2.9O6 dW=-3.296 i=47.260 di=0.004
e= 0.04490 de=0.00053 M=0.32532 n=12.498198 nn=0.000420; S=16 46 51.490;

VI p ią ty
T: -2  47 37

-2  45 36

w= 277.65 dw=3.33 W=199.609 dw=-3.297 i=4?.262 di=0.002
e= 0.04541 de=0.00051 M=0.82430 n=12.498620 nn=0.000440; s= 16 5048.044;

T: -2 45 36
-2  43 40

w= 277.65 dw=3.33 W=199.609 dw=-3.297 i=47.262 di=0.002
e= 0.04541 de=O.00051 M=0.82430 n=12.498620 nn=0.000440; S =16 50 48.044;

T: -o  43 41
-0  41 44
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w= 277.65 dw=3.33 W=199.6Q9 dw= -3.297 1=47.262 di=0.002
e= 0.04541 de=O.00051 M=0.82430 n=l2.498620 nn=0.000440; S=16 50 48.044;

VI szósty
T» -1 39 36

-1 37 45

w=28l.02 dw=3.37 W=196.306 dW=-3.3OO 1=47.261 di= -0.001
e= 0.04591 de=0.00050 M=0.32365 n=12.498905 nn=0.000200; S =16 5444.601;

VI siódmy
T: -0 47 37

-0 45 36

w= 284.37 dw=3.35 W=193.OO8 dW= -3.301 i=47.260 dl= -0.001
e= 0.0464? de=0.00056 M=0.82316 n=12.499152 nn=0.000320; s= 16 58 41.160;

T: -0 45 36
-0 43 45

W=284.37 dw=3.35 W=193.OO8 dW=-3.3O1 1=4?.260 dl=-0.001
e= 0.04647 de=0.00056 M=0.82316 n=12.499152 nn=0.000320; S =16 58 41.160;

VI dziesiąty
T: -1 51 41

-1 49 36

W=294.55 dw=3.37 W=183.111 dW=-3.3OO 1=47.265 di=0.002
e= 0.04?80 de=0.00033 M=0.32298 n=12.499926 nn=0.000222 ; s= 1? 10 30.844;

T: -1 49 36
-1 4? 44

w= 294.55 dw=3.37 W=18J.111 dW=-3.3O0 i=47.265 di=0.002
e= 0.04780 de=0.00033 M=0.32298 n=12.499926 nn=0.000222;s=17 1 0 30.844;

VI czternasty
T; -i 53 40

-1 51 43

w= 308.42 dw=3.49 W=169.9O9 dW=-3.3O6 1=47.268 di=0.001
e= 0.04895 de=+0.00022 M=0.32520 n=12.500913 nn=0.000270;s=17 26 17.0775

Tj -1 51 43
-1 49 37

w= 308.42 dw=3.49 W=169.9O9 dW=-3.3O6 1=47.268 di=0.001
e= 0.04895 de=+0.00022 M=0.32520 n=12.500913 nn=0.000270;s=1?26 17. 077;

T: -1 49 37
-1 47 44

w= 308.42 dw=3.49 W=169.9O9 dW=-3.3O6 1=47.268 di=0.001
e= 0.04895 de=+o.00022 M=0.32520 n=12.500913 nn=o.000270;s=17 26 17.077;
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VI sz e sn a s ty
T: -1  43 45

-1 41 44

w= 315.52 dw=3.65 W=163.315 d*=-3.298 i= 4?.2?2  di=0.001
e= 0.04930 de=0.00017 M=0.32735 n=12.501435 nn=0.000340 ;s=1? 34 10 .181 ;

VI osiem nasty
T: -1 55 40

-1 53 44

w= 322.67 dw=3.71 *=156.711 dW=-3.298 i= 47 .2?4  d i= 0 .000
e= 0.04946 de=O.00014 M=0.33037 n=12.502007 nn=0.000310;s=1742 03 .288 ;

T: -1 53 44
-1 51 4o

w= 322.67 dw=3.?1 *=156.711 dW=-3.298 i= 47.274 d i= 0 .000
e= 0.04946 de=0.000l4  M=0.33037 n=12.50200? nn=0.000310 ;s=1? 42 03.288 ;

T: -1 51 40
-1 49 37

w= 322.6? dw=3.?1 *=156.711 d*=-3.298 i=47.274 di= 0 .000
e= 0.04946 de=0.00014 M=0.33037 n= 12.502007 nn= O.OOO31O;s=1742 03 .288;

T: -1 49 37
-1  4? 38

w= 322.67 dw=3.71 *=156.711 dW=-3.298 i= 4 ? .2 ?4  d i= 0 .000
e= 0.04946 de=O.00014 M=0.33037 n= 12.502007 nn=0.000310; s=17 42 03.288 ;

APPENDIX 6

T a b 1 e 10

The r e s u l t s  o f  th e  programme ECHO

Datę
1963

Time U T 1

V.31 23h 1Om23S -  23h 12m23S
0.776545 Mgm

V I.2 23 16 20 -  23 18 21 0.777179
V I.3 22 16 25 -  23 18 25 0.772085
VI .4 21 12 23 -  21 14 24 0.785811
VI .4 21 14 24 -  21 16 20 0.750678
V I.4 23 16 19 -  23 18 16 0.750801
V I.5 22 20 24 -  22 22 15 0.711222
V I.6 23 12 23 -  23 14 24 0.778848
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i .  c . T ab. 10

Datę
1963

Time U T 1

V I .6 23 14 24 -  23 16 15 0 .712856

V I .9 22 08 19 -  22 10 24 0 .812686

V I .9 22 10 24 -  22 12 16 0 .725269

V I .13 22 06 20 -  22 08 17 0 .762964

V I .13 22 08 17 -  22 10 23 0 .817849

V I .13 22 10 23 -  22 12 16 0 .730585

V I .15 22 16 15 -  22 18 16 0.775171

V I .17 22 04 20 -  22 06 16 0.758751

V I .17 22 06 16 -  22 08 20 0 .807184

V I .17 22 08 20 -  22 10 23 0 .797148

V I .17 22 10 23 -  22 12 22 0 .768307

APPENDIX 7

Progranune TETRAHEDRON 2

b eg in  comment T h is  progranune has t o  com pute th e  le n g h t  an d  the c o o r d i -

n a te s  o f  th e  v e o to r  l i n k i n g  th e  two o b se rv in g  s t a t i o n s .  The m eaning o f
in p u t  d a ta :  y e a r ,  m onth, day o f  th e  epoch o f  th e  G reenw ich s i d e r e a l  t i -
me w hich fo llo w s  th e  d a tę  o f  o b s e r v a t io n ,  month and day o f  o b s e r v a t io n ,
th e  f i r s t  moment o f  s im u lta n e o u s  o b s e rv a t io n  in  UT, r . a . a n d  d e o l in a t io n

o b se rv e d  a t  th e  f i r s t  s t a t i o n ,  r . a .  and d e o l in a t io n  o b se rv e d  o f  th e  s e -
oond s t a t i o n ,  th e  second  moment o f  o b s e r v a t io n ,  r i g h t  asoensions and d e -
c l i n a t i o n s  as above , th e  le n g h t  o f  th e  segm ent in  s p a c e ;
in t e g e r  i ;

r e a l  L,SO,TP,TQ r £APf?EAQ,DAP,DAQ,£BP,£BQ,DBP,DBQ,tAP,tAQ,tBP,tBQ,G,H,I,J,
W,AP1,PP1,QP1.BP2,PP2,QP2,AP3,PP3,BP3,AP4,QP4,BP4,W 1,W 2,W 3,W 4;

a r r a y  V G [1s3],V H[1 : 3 ] , V l [ i : 3J ,V j Q l : j ] ,P 1  [ i  : 3 ] , P 2 [ l : j ] , P 3 [ l : j ] ,  P 4 [ l : ? ] ,

V L [1 :3 ] , V tf [ l :3 ] ;

p ro c e d u rę  PROSTA(V,D,t) ;
a r r a y  V ;
r e a l  D , t ;
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be g in
V [ l ] :  = cos(D ) x c o s ( t );
V [2 ] :  = cos(D ) x s i n ( t );
V [3 ]s  = s in (D );

end PROSTA;
procedurę  PL(AA, M, N);
a r ra y  AA,M,N;
begin  a rra y  A ^l: 3] ;

A [1]: = M[2]x N[3]-M [3jx N[2] ;
A [2]: = M[3]x N[31;
A [3]: = MQ1JX N [2]-M [2jx N[jl] ;
f o r  i :  = 1 ,2 ,3 -  do
AA[i]s = A [ i ] / s q r t ( A [ 1 ] ł 2 + A [2 ]ł+ A [3 j ł 2)

end PL;
r e a l  p rocedurę  KDNT(M,N);
a r ra y  M,N;
begin  r e a l  c o s ,s in ;

c o s : = (M [1>N [1]+ M [2]x  N [2]+ M[3]x N [3 ] ) /s q r t ( (M [ l]  ł2 +  M[2] ł2  +
+ M[3] 1 2 ) x  (N[-l] |2  + N[2] ł2  + N [3] ł 2 ) ) ;

s in :  = s q r t ( l - c o s f 2);
KDNT: = s in

end KDNT;
r e a l  p rocedurę  B O K (b ,s in a ,s in b );

r e a l  b ,s in a ,s in b ;
begin  r e a l  a ;

a : = b x s in a / s i n b ;
BOK: = a

end BOK;
r e a l  p rocedurę  INTIME;
begin r e a l  a ;
in te g e r  b , c , s i g ;

a :  = in o n e ;
s ig :  = s ig n (a ) ;
a : = a b s (a ) ;
b : = en tie r(a )_ ^  100;
c :  = bj_ 100;
INTIME: = (a -b  x 40 -  c x 240)/86400 x s ig



Appendix 7 135

end INTIME;
re a l  procedurę INANG;
begin re a l  a ;
in te g e r b ,c ,s ig ;

a: = inone;
s ig :  = s ig n (a ) ;
a : = ab s(a );
b: = e n t ie r (a ) :1 0 0 ;
cs = b:1OO;
INANG: = (a -b ’x4o~cx 2400)/206264.81X s ig

end INANG;
re a l  procedurę SGr(T);
re a l  T ;
SGr: = (SO-(1-T)X 1.0027379-1) x 6.2831853;

ART:
L: = inone;
L: = inone ;
L: = inone;
SO : = INTIME;
outcopy(«t<d>); o u tc r;
TP: = INTIME;

AP: = INANG; DAP: = INANG;
BP: = INANG; DBP; = INANG;

TQ: = INTIME;
AQ: = INANG; DAQ: = INANG;
BQ: = INANG; DBQ: = INANG;

L: = inone;
tAP: = yEAP-SGr(TP);
tAQ: = £AQ-SGr(TQ);
tBP: = jEBP-SGr(TP);
tBQs'= £BQ-SGr(TQ);
PROSTA(VG,DAP, tAP);
PROSTA(VH,DAQ,tAQ);
PROSTA(VI,DBP,tBP);
PROSTA(VJ,DBQ,tBQ);
PL(P1,VH,VG);
PL(P2,VI,VJ);
PL(P3,VI,VG);
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PL(P4,VH,VJ);
PL(VL,P2,P1);
PL(VW,P3,P4);
AP1: = KDNT(VG,VH);
PP1t = KDNT(VL,VG);
QP1: = KDNT(VH,VL);
BP2s = KDNT(VI,VJ);
PP2l = KDNT(VI,VL);
QP2: = KDNT(VL,VJ);
AP3: = KDNT(VG,VW);
PPJ: = KDNT(VG,VI);
BP3: = KDNT(VW,VI);
AP4: = KDNT(VH,VW);
QP4s = KDNT(VH,VJ);
BP4: = KDNT(VW,VJ);
G: = B0K(L,QP1, AP1);
H: = BOK(L,PP1,AP1);
I :  = B0K(L,QP2,BP2);
J : = B0K(L,PP2,BP2);
W1: = B0K(H,QP4,BP4);
W2: = BOK(G,PP3,BP3);
W3: = B0K(J,QP4,AP4);
W4: = BOK(I,PP3,AP3);
W: = (W1+W2+W3+W4)/4;
output ({-ddd. dddj>, W, outcr );
fo r i :  = 1 ,2 ,3  do
output(«t+ndd.ddd^>,W x VW£i},outsp(3 ));
o u to r;

outtext(4<katy godzinne }>,outcr );
output(4-n.ddddddj>,tAP,outsp(3),tAQ,outsp(3),tBP,outsp(3),tBQ,outcr); 
outtext({<Pl£,outsp(9),4<P2ł>-,outsp(9)<'ł< P3},,ou tsp (9 ),<I^P4>,outsp (9), 

outsp(9), <t< ;VW4>-,outcr );
fo r is  = 1 ,2 ,3  do
output(<+ndd.ddd> ,P l[i],outsp(3),P2[i],outsp(3),P3[jQ ,outsp(3),P4C i], 
outsp(3),VL[i] , outsp(3 ),Vw£i],outcr ); outtext(-t<W=>,output(«t-ddd4dd+-, 
W1,outsp(3),W2,outsp(3 ),W3,outsp(3),W4,outcr),<<wektory>, 
ou tcr, outsp(3),<<VG>,outsp(9),<<VH>,outsp(9),-t£VI>,outsp(9),<<VJ> , 
outsp(9), "I^VL>,outcr;
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fo r i :  -  1 .2 ,3  do
output«+ndd.ddd}»,Gx VG[i^outsp(3 ), H xVH[i], outsp(3 ), I XVI[1] ,outsp (3 ),
Jx  VJ[i3,outsp(3 ), L x VL[1], ou tcr);
outtext(4:<sinusy katów}’, ou tcr,ou tsp (3 ) , ^ A+', outsp(lO ),^B > , ou tor);
output(-£ + n.ddddddł-, AP1 ,outsp(3),B P2,outcr) j

go to  ART
end;

APPENDIX 8

T a b 1 e 11

Input data fo r the programme TETRAHEbRON 2

Rok 1963
Czas gw Gr na 6 mieś 1.0 d : 16 35 01.833
data obs. 5 mieś 31 d

T a lfa d e lta a lfa d e lta

POZNAŃ RYGA

23 10 23, 253 16 57.13, -7 55 43.85, 245 35 41.50, -11 48 08.14,
23 12 23,
1=776.545 km

1963
6 mieś 3.0 d:
6 mieś 2 d

267 55 48.08,

16 42 54.937

-0 25 15.72, 257 35 00.70, -  6 01 46.02,

23 16 20, 301 12 02.05, +17 17 05-16, 286 22 51.78, +10 08 28,52,
23 18 21,
1=777.179

1963
6 m ieś.5.0 d:
6 mieś 4 d

318 04 38.54,

16 50 48.044

+18 25 17.88, 304 25 36.94, +12 56 40.77,

23 16 19, 303 55 28.56, +21 46 13.47, 288 06 59.09, +14 20 08.57,
23 18 16,
1=750.801

1963
6 mieś 7.0 d:
6 mieś 6 d

320 27 22.78,

16 58 41.160

+20 42 48.33, 306 20 25.29, +15 17 08.77,

23 12 23, 264 14 02.7'1, +21 39 12.20, 252 31 44.39, +10 55 29.77,
23 14 24,
1=778.848

288 16 31.21, +25 06 02.75, 272 17 52.72, +15 21 48.48,
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d.o.Tab. 11

T a lfa d e lta a lfa d e lta

1963
6 mieś 7.0 d: 16 58 41.160
6 mieś 6 d
23 14 24, 288 16 31.21, +25 06 02.75, 272 17 52.72, +15 21 48.48,
23 16 15, 307 46 13.99, +24 16 59.69, 291 26 09.41, +16 54 47.25,
1=712.856

1963
6 mieś 14.0 d: 17 26 17.077
6 mieś 13 d
22 06 20, 215 20 56.61, +18 22 31.45, 212 59 51.87, + 8 12 43.45,
22 08 17, 236 45 40.48, +25 44 22.27, 228 39 55.00, +13 13 35.25,
1=762.968

1963
6 mieś 14.0 d: 17 26 17.077
6 mieś 13 d
22 08 17, 236 45 40.48, +25 44 22.27, 228 39 55.00, +13 13 35.25,
22 10 23, 265 07 26.83, +29 03 38.44, 250 06 29.10, +17 02 51.00,
1=817.855

1963
6 mieś 14.0 d: 17 26 17.077
6 mieś 13 d
22 10 23, 265 07 26.83, +29 93 38.44, 250 06 29.10, +17 02 51.00,
22 12 16, 288 09 45.70, +26 3? 18.29, 270 57 54.09, +17 29 49.46,
1=730.593

UZHOROD RYGA

1963
6 mieś 4.0 d: 16 46 51.490
6 mieś 3 d
22 16 25, 297 41 55.71, +20 59 13.42, 284 10 11.68, + 6 15 43.32,
22 18 25, 314 34 00.36, +22 19 29.47, 299 55 33.30, + 9 43 00.53,
1=772.088

1963
6 mieś 5.0 d: 16 50 48.044
6 mieś 4 d
23 16 19, 301 45 10.37, +33 57 02.52, 288 06 59.09, +14 20 08.57,
23 18 16, 322 35 31.00, +30 56 38.06, 306 20 25.29, +15 17 08.77,
1=750.801

1963
6 mieś 16.0 d: 17 34 10.181
6 mieś 15 d
22 16 15, 322 24 31.61, +17 18 43.40, 308 57 56.77, + 5 20 35.35,
22 18 16, 330 23 12.88, +10 18 24.17, 318 32 00.75, + 0 44 53.67,
1=775.185
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d.c.Tab. 11

T a lfa d e lta a lfa d e lta

1963
6 njies 18.0
6 mieś 17 d
22 04 20,
22 06 16,
1=758.758

ds 17

196
215

42

09
30

03.288

05.96,
47.82,

+28
+36

24
16

08.22,
37.50,

209
226

50
42

48.71,
55.50,

+12
+15

09
05

47.04,
37.70,

1963
6 mieś 18.0
6 mieś 17 d
22 06 16,
22 08 20,
1=807.193

ds 17

215
246

42

30
42

03.288

47.82,
51.52,

+36
+40

16
30

37.50,
56.18,

226
248

42
26

55.50,
38.01,

+15
+15

05
44

37.70,
07.57,

1963
6 mieś 18.0
6 mieś 17 d
22 08 20,
22 10 23,
1=797.159

ds 17

246
278

42

42
58

03.288

51.52,
57.68,

+40
+35

30
21

56.18,
38.53,

248
270

26
07

38.01,
38.25,

+15
+13

44
00

07.57,
34.27,

1963
6 mieś 18.0
6 mieś 17 d
22 10 23,-
22 12 22,
1=768.319

d: 17

278
300

42

58
27

03.288

57.68,
23.44,

+35
+25

21
34

38.53,
30.65,

270
28?

07
38

38.25,
36.04,

+13
+ 8

00
20

34.27,
41.24,

NIKOLAJEW RYGA

1963
6 mieś 5.0 ć
6 mieś 4 d
21 12 23.
21 14 24,
1=785.811

16

244
263

50

06
39

48.044

57.39,
41.73,

+ 4
+14

20
23

14,47,
4o.71,

252
266

34
09

04.22,
53.82,

-  9
-  3

30
13

13.24,
05.48,

1963
6 mieś 5.0 ć
6 mieś 4 d
21 14 24,
21 16 20,
1=750.679

16

263
283

50

39
57

48.044

41.73,
30.32,

+14
+21

23
21

40.71,
13.39,

266
279

09
48

53.82,
14.44,

-  3
+■ 2

13
07

05.48,
28.04,

1963
6 mieś 6.0 ć
6 mieś 5 d
22 20 24,
22 22 15,
1=711.229

16

329
340

54

48
55

44.601

01.73,
16.22,

+31
+26

24
17

36.76,
25.79,

317
327

09
37

36.43,
29.69,

+12
+11

30
08

43.85,
04.17,
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d.c.Tab.

T a lfa d e lta a lfa d e lta

1963
6 mieś 10.0 d.:
6 mieś 9 d

17 10 30.844

22 08 19, 200 25 51.20, +16 56 02.95, 222 23 59.43, + 1 47 40.98,
22 10 24, 
1=812.689

1963
6 mieś 10.0 d:
6 mieś 9 d

213 26 37.08,

17 10 30.844

+27 58 06.74, 238 16 20.78, + 8 02 1 8.67,

22 10 24, 213 26 37.08, +27 58 06.74, 238 16 20.78, + 8 02 18.67,
22 12 16, 
1=725.273

232 28 22.20, +38 59 47.96, 255 53 37.00, +12 56 54.46,

IIPHMEHEHHE PAflHyC-BEKTOPA MCKyCCTBEHHOrO CnyiHKKA 3EMJIM 

B KAHECTBE MEPH JJJIffiffil B TE0JIE3łDi

K p a i K o e  c o f l e p a t a H n e

I Io j iB s y H C b  TpeTbM M  aaKOHOM K o n j i e p a  M O K K O  o n p e ^ e j iK T Ł  n c jiy o c Ł  

o p d H T H  cn y T H H K a  H a  ocH O B aH H H  H a S j i ro n a e M o ro  n e p j i o .u a  B p a m e H H H .E -  

CJIH 3K C H 6H TPH C H T6T OpÓHTM HBJIHeTCH H 3 B eC T H 0 ft BeJIHHHHOfł, T O T ^ a  

M O K H O  B Ł T IH C J IH T I , p a ^ n y c - B e K i o p  c n y T H H K a  A JIH  n p o H S B O J i tH o ro  M O -  

M e m a  flasce B  T O M  c j i y n a e ,  K o r f l a  H 3 B 6 C T H H  T O JJB K O  npHÓ jiH K eH H M e 3 -  

JieM eH TH  OpÓ H TH .

H acT O H m aH  c ia T B H  K a c a e T C H  n p e s c ^ e  B c e r o  H C C jieflO B aH H H , c  K a -  

KOił TOHHOCTŁK) M0KH0 O n p e fle J IH T b  p a f lH y C -B e K T O p  c n y T H H K a . n p H  

n p e A n o c b w iK a x ,  H T O  O K C ijeH T pH C H T eT  opÓ H Tbi Ó JIH B O K  K  H y jiio , BHCOTa 

n e p n r e H  1 0 0 0  -  3 0 0 0  K M , a  O TH om eH H e M a c c u  c n y T H H K a  K  e r o  n o -  

BepXHO CTH x a p a K T e p H 3 y e T C H  C paB H H TeJIŁH O  ÓOJIblUOft -BeJIHHHHOft, f lO - 

K a s H B a e T C H , H T O  BHH H CJieH ne p a ^ n y c - B e K T o p  M O K H O  n p o H 3 B e c i n  c  
- 5  TOHHOCTŁIO 1 0  .

OcHOBHOił n o M e x o f t ,  n p e n n T C T B y io iĘ e ft n o jiyw eH H jo  p e s y j ib ia T O B  B H C -  

m eił T O H H O C T H , HBJiHeTCH c j t a f i o e  snaKO M CTBO K O 3<J<JH H H 6 H T O B  T e c c e -  

pa jiB H H X  rapM OH HK rp a B H T a n H O H H o ro  H O JIH  3 e M jin .  O C T K JIB H B IM H  n o M e -  

XaMH B03MyHjeHHK HBJIHIOTaH: OIUH GK H K 0 3 $ $ H IJH eH T 0 B  3OHaJU>HHX r a p ­

MOHHK, a T M O c $ e p n o e  c o n p O T H B J ie H n e ,  n a s i e n n e  c s e T a ,  npH T H K eH H e 

jiyH H  H  c o j i n n a .  B c e  n o c j i e ^ H n e  c fa K T o p u  HMeioT 3 H aH H T ejiB H 0 MeHŁiuee 

3 H a n e H H e .
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B ciaT be noaaH raicate Meron, HaOjuoneHHŹł H BH^ncjieHuii aneMeH-
TOB opduTM cnyTHHKa. lipa coOjironeHHii s ro ro  Merona HCKJnovaioTCH
OHIHOKH KOopnuHar ToaeK Hadjuoflenaił.

IIocjienHHH tracTB crarBH conepacar H6CKOJIBKO cnocoÓOB acnoJiB-
soBaHaa aBBecTHOro panayc-BKTop nna onpeneneHaa Koopnaaar TO-
aea  seMHofi noBepxHoern B reouearpaaecK oit cacreMe Koopnanar, o r -
HeceHHoił K oca BpameHaa SeMJia a naocK oera BKBaropa.

APPLICATION OF THE RADIUS-VECTOR OF ARTIFICIAL SATELLITE AS LENGHT
MEASURE FOR GEODETIC PURPOSES

S u m m a r y

By utilizing the third Kepler's Law, it is possible to define the
semi-axis of satellite orbit on the basis of the observed revolution pe­
riod. If the eccentricity of the orbit is also known, then it is possi­
ble to compute the radius-yector of the satellite for an arbitrary mo­
ment, even if the remaining elements were known only approximately.

The present study is devoted, first of all, to the examination of
the degree of accuracy suspeotible to be achieved in the determination
of the radius-yector. Assuming that the orbital eccentricity in near
zero, that the altitude of perigee is 1OOO 4 3000 km and that the satel­
lite has a smali area/mass ratio, the radius-yector can be oomputed as
shown in Chapter VI, with an accuracy of 10- ^. A poor knowledge of coe-

fficients of tesseral harmonics of Earth's gravity field seems to be es-
sential impediment in aohieying a higher precision. The other sources of
perturbations, such as: coefficient errors of zonal harmonics,atmosphe-
ric drag, solar radiation pressure, solar and lunar attraction may be
regarded as lesser disturbance causes. Also the way of obseryation and
computation of orbital elements, eliminating the effect of errors of the
observing site coordinates is showed.

The Chapter VIII presents some modes of using the known radius-yec­
tor for determining the coordinate points on the Earth's surface in the
geocentric system oriented in conformity with thedireotion of the revo-
lution axis and the eąuatorial piane.


