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ZASTOSOWANIE PROMIENIA WODZACEGO SZTUCZNEGO SATELITY ZIEML
JAKO MIARY DIUGOSCI DLA CELOW GEODEZYJNYCH

Wykorzystujac trzecie prawo Keplera, jest mozliwe wyznaczenie wiel=-
kiej pdkosi orbity na podstawie zaobserwowanego okresu obiegu.

Jezeli znany jest takze mimosréd orbity, mamy moznoéé obliczenia
d*ugosci promienia wodzgcego satelity na dowolny moment, nawet jeze=-
1li pozostate elementy znane sg tylko w przyblizeniu.

Niniejsza praca poswiecona jest przede wszystkim zbadaniu stopnia
dokXadnosci jaki moze byé osiggniety przy wyznaczeniu promienia wodzg-
cego.

Zak¥adajac, ze mimoérdd orbity jest bliski zera, wysokosé perigeum
1000 + 3000 km oraz, ze satelita ma mazy stosunek powierzchni (masa,
promiert wodzacy moze byé obliczony, jak wykazano w rozdz. VI, z dokXad=-
nogeig 1072,

Niedostateczna znajomosé wspdkczynnikdéw harmonik tesseralnych zieme
skiego pola grawitacyjnego jest gkdwng przeszkoda w osiggnieciu wyzsze}]
dokZadnosci

Pozostate zrddka perturbacji, takie jak: bkedy wspdtczynnikéw hare-
monik zonalnych, opdr atmosfery, ciénienie éwiatka, przycisganie SZornca
i Ksiesyca wpiywajg w sposéb o wiele mnie] znaczacy.

Podany jest takze sposéb obserwacji i obliczed eliminujgcy wpiyw
bkeddéw stacji obserwacyjnych na wyznaczenie okresu.

Rozdziat VIII zawiera niektdre sposoby wykorzystania znanej dtugosd=
ci promienia wodzgcego dla wyznaczenia wspéirzednych punktéw na powie-
rzchni Ziemi w ukXadzie wspdkrzednych zorientowanych zgodnie z kierun=-
kiem osi obrotu Ziemi i pXaszczyzng réwnika.
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8 Janusz B. Zieliriski

CHAPITBR I
CONCEPTION OF THE METHOD AND ITS MAIN DEPENDENCES

We know from the experience of natural sciences that the
time intervals may be measured with a considerably higher ac-
curacy than the distances. Clocks that are able to maintain
during several weeks their rate constancy of the order of 10'9,
do not belong any more to exceptions today, while the geodetic
measurements of an accuracy of ’IO'6 represent,again and again,
a complicated technical problem.That is why,numerous- attempts
are being made with a view to replacing the direct method of
distance measurement by time measurement methods, which is,in
a given physical phenomenon, the function of length of the se-
gﬁent involved. Among these methods range the measurements of
distances made with the help of radio and light waves propa-
gating with the known speed.

The astronomy knows another phenomenon presenting a stric-
tly determined relation between the time and the distance =~
this is the undisturbed Kepplerian motion in which +the semi-
major axis of the orbit a is related to the period of revolu-
tion P by the third Law of Kepler

3

a

752 = const . (Tail)

‘The leading idea of the present study is to show the at-
tempts of utilizing this dependence. Of course,artificial sa-
tellites will be called into play here, for their orbits have
dimensions comparable to those of the Earth and may be shaped
by the man in order to attain optimal conditions. In addition,
the artificial satellites first of all remain under the in-
fluence of the gravitation field of the Earth, this allowing
for the other essential feature of this method to be stated,
i.e. the possibility of referring the involved measurements to
the center of the Earth’s mass.

One of the main tasks of the contemporary higher geodesy
is to obtain possibilities of determining homogeneous coordi-
nates of points on the whole Earth’s surface in a system whose
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Application of the radius=vector... 9

position with regard to the fundamental physical elements of
the Earth body - its mass center and axis of revolution - would
be known. A particular and the most advantageous case would be
offered by a system whose origin were to coincide with the cen-
ter of the Earth’s mass, and one of its axis - with the Earth’s
revolution axis. An additiohal condition should be that the
scale of such a World Geodetic System be the same everywhere.

The fulfillment of the above conditions by means of me-
thods of the classical geodesy proves to be difficult not only
because of the distance between the different continents or
the separate geodétic systems or the necessity of gathering an
immense quantity of observational data, but also Dbecause the
computation and adjustment of extensive triangulation networks
require the adoption of one or another hypothesis concerning
the inner structure of the Earth. The appearance of satellite
methods have opened new and vast possibilities. Using the sa-
tellite geometric methods, such as satellite triangulation,we
perform the measurements of directions in the system of as-
tronomical coordinates - the declination and the right ascen-
sion - it means, in such a system whose orientation with re-
gard to the axis of the Barth’s revolution, the instantaneous
or the mean one, is exactly known. In the dynamic methods,the
center of the Earth’s mass is directly involved. A short re-
view and the dicussion of results obtained by this method are
presented in Chapter III. The work done so far does not, of
course, exhaust all possibilities offered by satellite me-
thods. It is, therefore, desirable to proceed to the improve-
ment of the existing and the search for new methods in this
domain,

The method proposed in this study is different from me-
thods applied so far, which are described in Chapter III. In
those methods, the quantities serving as starting points for
further computations and ultimate results were always the in-
stantaneous three-dimensional coordinates of +the satellite.
Comparision, adjustment and transformation of these coordina-
tes led to the final result represented by the geocentric co-
ordinates of the observing station. In our method, +the only
basic element will be the radius-vector. Its length changes
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10 Janusz B. Zieliriski

much more slowly - especially in orbits of small eccentricity
- than the coordinates which vary literally with a cosmic ve-
locitye. The idea of this method has sprung up in 1963, after
Poland had taken the engagement to count the ephemerides of
the satellite Alovette (1962 Beta Alfa 1) for the socialist
countries participating in the multilateral scientific coope-
ration. The project for the respective observations,described
in Chapter VIII, was submitted to the Conference of Observers
of Artificial Earth Satellites in Moscow, 1963. However, the
specificity of this kind of research work is, that it cannot
be performed on a small scale; if we want to obtain reliable
scientific results, the collaboration of a great number of ob-
serving and computing agencies is required, this being pos-
sible only within the framework of an international coopera-
tion. Before undertaking and, the more, before imtiating such
a collaboration, a thorough analysis of the whole problem is
indispensable. During the course of the work,this problem has
evolved to the present - a more general -~ form.

In this paper the application of the theory of radius-vec-—
tor is being treated in broad outlines. Among the projects men-
tioned in Chapter VIII only one possesses a full analysis of
accuracy, namely, the project for which we succeeded in using
the substitutional observational data: the synochronous obser—
vations of Echo I. The main topic is being devoted to the theo-
ry itself and to the problem: which perturbations ought to be
taken into account and what is the accuracy with which we are
able to compute them?

Let us now go over to a brief discussion of the theory.

An element characterizing the linear dimensions of the or-
bit is its semi-major axis a. We shall determine it by measu-
ring the period of revolution or - what comes to the same -
the mean motion n. Introducing the mean motion, we can write
down the third Kepler’s Law

e mp (1.2)
where
IJ.::2Tr

P
In this formula yu designates the mass of the Earth (the
case being confined to the motion of artificial satellites)
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Application of the radius-vector... 1

multiplied by the gravitation constant. Let us first see what
effect the error of the period measurement will have on the
accuracy of a.

Differentiating (1.2) we have

da"%d_Pé" (1.3)

6 a~

Assuming that dP = O§O1, this being not at all an exorbi-
tant accuracy for observing possibilities, we obtain for or-
bits at altitudes from 1000 to 3000 km

da=7mo

It follows from the ulterior analysis as well as from nu-
merous publications (for instance: Satellite Orbital Data SAO
Spec. Rept.), that the accuracy of period equal to 0901, this
corresponding to the accuracy n @ 10"6, would be rather the in-
ferior limit of accuracy. Whereas, the error: 7 m correspon-
ding also to the relative accuracy: 10-6, is from the geodetic
point of view quite satisfactory. A further reduction of the
value of d -a will give no effects becasue it would be Dbelow
the level of observation errors.

The quantity u is also encumbered with a certain errar.The
latter has the following bearing upon the semi-axis

=2~ dun
da= 30 (1e4)
Assuming that u is equal to 398603 K sec™2 (see Chapter
V) and that d u is equal to 3 km}sec"z, we obtain for

H = 1000 km, da = 18 m
H = 3000 km, da = 23 m.

The quantity u and its accuracy is of a particular impor-
tance for the present theory. It defines the scale of the sy-
stem or of the geometrical construction which will be consi-
dered in some concrete case. Anyway, the error of u will ap-
pear as a systematic error not bringing about local deforma-
tions of a given construction. We derive the radius-vector
from semi-major axis using the formula

r=a(l~-e * cos E). (1.5)
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12 Janusz B. Zieliriski

This brief discussion leads to the conclusion that the accura-
¢y we have a chance of attaining by this method is of the or-
der of 10-6, this amounting to 7 m - 10 m, according to the
altitude of orbit. And so, we shall adopt the following rule
with regard to the need of introducing perturbation correc-
tions and their accuracy: corrections will be considered neg-
ligible, if they give a perturbation smaller than one meter in
radius-vector, while they will be considered sufficiently pre-
cise, if the accuracy is better to one meter.

However, not all types of orbits and, naturally, not all
types of satellites can be chosen for this method.In order to
avoid rapid changes in the length r, we shall utilize orbits
with small eccentricities of the type ANNA Ib and AIOUETTE,
those being smaller than 0,01. For possible elimination of
disturbing effects of the atmosphere, we shall fix the infe=-
rior limit of the altitude to 1000 km over the Earth’s surfa-
ce and the upper limit - to 3000 km. Further, we admit that
the satellite to be dealt with is of the type called heavy ve-
hicle, of a low area/mass ratio, similar to ANNA or ALOUEITE.

For computing the length of the radius-vector,we are going
to adopt the following assumption: we shall admit that we ha-
ve at our disposal an appropriate set of observations well lo-
cated in space and time, permitting for the mean elements of
the orbit to be computed with satisfactory accuracy (in accor-
dance with the definition given in Chapter II),as well as their
variations. Thus, we cease dealing with all the long-period
perturbations, since they would be contained in variations of
mean elements. Only the short-period and diurnal perturbations
will need to be taken into account. It seems purposeful to in-
dicate here that we are using for the computation of pertur-
bations caused by consecutive harmonics of the terrestrial po-
tential of gravitation, the wvalues of coefficients of harmo-
nics determined from satellite observations. Yet we do by no
means enter in this way the "vicious circle", since those de-
terminations are mainly based on observed long-period varia-
tions, which are greater than short-péfiod variations compu-
ted here.
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Application of the radius-vector... 13

CHAPTER 1II

BASIC FORMULAE AND DEFINITIONS OF THE THEORY OF MOTION
OF ARTIFICIAL EARTH SATELLITES

A full presentation of the theory of motion of the arti-
ficial Earth satellite in all possible approaches overruns the
scope of this work and provides rather material for a fairly
voluminous handbook. Hence, we are going to confine ourselves
to formulae and definitions that are required for the subject
discussed here. The motion of satellite proceeds in the field
of action of various forces that are shaping its trajectory.
The most important among them 1is the force of gravitation
which comes mainly from the attraction exerted by our globe.

We shall assume that the mass of the satellite is negli-
gibly small; further, we shall not take into account its di-
mensions nor the motion around its center.

Let us adopt a coordinate system x, y, 2, whose origin
coincides with the center of the Earth mass.

In a system defined in this way, the equations of motion
have the form

m -63% = Ix j
dat

2
md_§=py L (2.1)

where

Fy, Fy, Fz - are the vector components of the force acting
on the satellite and

m-is the mass of satellite.

If we limit ourselves to the force of attraction of the
Earth and introduce the function

U=kf%; (2.2)
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14 Janusz B. Zieliriski

where

dM - is the element of the Earth’s mass,

k ~ is the constant of gravitation,

r o~ (x*e yz + z2)1/2;
and if we consider the mass of the satellite to be negligib-
ly small as compared to the mass of the Earth, the equations
of motion (2.1) will take the shape

&®x U )

e 0%

2

dy.28 5 (2.3)
at J

a°z _0oU "

P

The function U will be called the terrestrial potential
of gravitation.

The examination of the motion of the satellite condists in
the solution of those equations through their integration eit-
her by the analytical or the numerical method. This solution
comprises six integration constants; they may be either ini-
tial coordinates and velocities at the momert to, or orbital
elements. Let us now assume that the function U has a simp-
le form:

U =% 3 (2.4)

where

p:k‘M.

This means that the whole mass of +the attracting body
(Earth) is concentrated at one point - at the center of the
mass. The integration of equations of motion lead then to the
three Kepler’s Laws while the integration constants will con-
sist of six orbital elements. Such a motion will be termed Ke-
plerian motion, and all deviations from this motion will De
called perturbations. The Kepler’s Laws that
will be often referred to in the present paper, have, as we
know, the following form:
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Application of the radius=vector... 15

1° The trajectory of the body attracted in space (satelli-
te, for instance) it a conical curve (an ellipse - in the ca-
se of an Earth satellite), whereas the attracting body (the
center of the Earth - in our case) is in the focus.

To this corresponds the equation

2
= = el (2.5)

which is an equation of ellipse. The meaning of symbols will
be explained below.

2° The areas of sectors traced by the radius-vector are
proportional to the time during which they have been traced

A
Semee—— . O (2.6)
t - tO »

A - area of sector

¢ - constant.

3° The cube of semi-major axis of orbit divided by the
square of period is a constant quantity proportional to the
quantity u

3
f’;—:—lﬁ?— or a’n°® =p . (2.7)

In the above formulae there appear some elements (which
will be used hereinafter) that correspond to Keplerian ele-
ments applied to motion of planets:

R - right ascension of the ascen-

ding node

i - inclination of the orbital pla-

ne to the equator

- argument of perigee

- true anomaly y

- eccentricity of the ellipse

- semi-major axis of the ellipse.
different choice of integration
constants is, naturally, possible; in
such a case, the orbital elements will
be differently defined. Now and then this might be necessary,
e.ge, for near zero values of eccentricity e when the angle w

> o o <4 &

Pig. 1
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16 Janusz B.Zielirski

becomes indetermined, or for i being near zero when $2beco-
mes undetermined.
Apart from the above elements we are going to use some ot-
her elements or quantities being functions of the afore-men-
tioned, and so:
u - argument of latitude = w+ Vv
r - radius-vector = a (l-e cos E) (248)
- anomalistic period =\ iilﬂ——

- mean motion = —2?£

mean anomaly = n ¢ t

- eccentric anomaly related to the mean anomaly by the
Keplerian equation

HEpPp W
|

E=M+ e sin E (2.9)

and with the true anomaly - by means of the formulae

¥ .57l Ee g E
tg?_\/l St 4 tg W, (2.10)

The real motion of an artificial Earth satellite differs,
however, quite distinctly from the Keplerian motion - consi-.
derably more than motions of planets, for instance. The grea-
test perturbations are provoked by the very fact that not only
the mass of our globe is not concentrated at its center but that
it does neither represent a uniform sphere nor even a globe
composed of homogeneous spherical layers. In reality,the Earth
has rather the form of an ellipsoid and even this should be
treated as an approximation. In more accurate approaches the
Earth and, consequently, the field of its gravitation poten-
tial dependent upon the distribution of the mass should be ap-
proximated by series expansions, as shown in Chapter V.In this
connection the Kepler’s orbit can serve us merely as an auxi-
liary concept not actualized in reality. A EKeplerian orbit
which is osculatory to the real trajectory of the satellite at
a given moment t, i.e. an orbit such as would develop if at
that moment the disturbing forces suddenly disappeared,will be
called osculating orbit. So, we can imagine
that the real orbit of a satellite consists of infinitesimal



Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska


Application of the radius=vector... 1y

segrents of osculating orbits, or that it is similar to the
Keplerian orbit, yet with varying elements. Changes of these
elements will be termed perturbations of elements.

Among the perturbations, we shall distinguish the follo-
wings ones: s e c ul ar perturbations progressively va-
rying with time and p e r i o d i ¢ perturbations. The lat-
ter are divided into: short-period perturbations occuring du-
ring one period of revolution, diurnal perturbations appea-
ring during the day of the orbital plane (the period of time
during which the Earth turns with regard to the orbital plane
about 360 degrees), and long-period perturbations
with a period equal to the period of change in the perigee ar-
gument about 2.

In our practice with satellites, we have to do - next to
the concept of the osculating orbit - with the mean elements.
Different authors (Zhongolovich and Pellinen [1962], Tchebo-
tariev [1963], Gaposchkin [1964]) are using this designation
for different quantities, hence a precise definition appears
to be necessary. We are going to adopt the definition given by
Zhongolovich and used also by Gaposchkin, which seems to Dbe
the most convenient in our case« The perturbation
correction will mean a correction including only
short-period and diurnal perturbations. The mean element will
be equal to the osculating element less the perturbation cor-
rection, i.e.

€ = € + b (2.11)

where

eo - osculating element

£m - mean element

0¢ - perturbation correction.

That way, the changes of mean elements are cumulating se-
cular variastions produced both by the gravitation field of the
Earth and any other possible cause.

Also the term "period of revolution" has various meanings.

Zhongolovich [1960°] defines the anomalistic period as an
interval of time between two subsequent passages of the satel-
lite through the perigee. Kozai [1959] uses an expression for
the mean motion, defining by the same period
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n ={p. 3[1 -— ——2— (1 - ’3‘ sin®i) ‘ll-—e]} ” (2.12)

where

a - is semi-axis of mean orbit,

p - orbit parameter;
thus, Kozai is including into it also the secular variation of
the mean anomaly in epoch. For our purposes, the anomalistic
period will signify the period of the osculating orbit in a
given epoch, connected with the semi-major axis of that orbit
by the equation

e We shall present also formu-
lae for coordinates and velocities
of the satellite in +the function
of orbital elements.,

In the coordinate system XY 7,
with the origin at +the center of
the Earth’s mass, with the Z-axis
coinciding with the Earth’s revo-
lution axis, and with the X-axis
directed to the ascending node of
Fig. 2 the orbit, we have the formulae

X = recos u 1

recos i.sin u > (2413)

]
"

resin i sinu .

N
1]

Since

X = X*cos 2 = Yesinse
> (2.14)

¥y = Yecos 2 + Xesins
the x-axis being in this system directed to the equinox. If
we use instead of u +the true anomaly v, then +the formulae
(2.15) will have the form [Deutsch, 1963, p. 3|
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X = r[P1 cos
y = r[Q,l cos
= rl:Rl cos

where
Pl = COS MW co8S2 -
P2 = -sinw cos e -
Q,l = cosw sins +

Q2 = -sinwsin® +

v + P, sin v]

v + Q2 sin v]

v +R2 sin v]

sin w cos i
cosS W cos i
sinw cos i

cos W cos i

Substituting in (2.16) dependences

rcosv= a(cos E~-e)

r gin v =
we obtain
X =
y = a[Ql (cos E -
zZ = aI:Rl (cos E - e)

hence after differentiation

aVl - 92 sin E

+R2 l-e¢e

sins
sins
cos s

cosse

1 = sinw sin i R2 = cos w sin i.

sin

2 -
:'::—a-—n-Pl s:i.nE+P2\J1-e2 cos E:|

2 -
23 E + Q,?,_\ll-e2 cos E]

d
I
H
I
O
(™)
0]
| ol
=]

2 o
zZ = a.Tn - Rl sin E + R2 \/1—e2 cos E:I

>

a[Pl (cos E - e) + P2V1 - e2 sin E]
e) + Q,2V1 - e° sin E]
s

>

(2.16)

(2417

(2.18)

(2.19)

(2420)

(2+21)
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CHAPTER III
RECENT RESULTS OF ORBITAL METHODS

The possibilities of using artificial satellite observa-
tions for the determination of geocentric coordinates of points
on the Earth’s surface were known and had been theoretically
worked out from the very moment of launching the first satel-
lites. A detailed analysis of those possibilities was given
by Veis [ﬁ960] who discussed in his work the different va-
riants of solutions, including the purely geometric ones (syn-
chronous observations) and presented formulae and an accuracy
analysis. As to orbital methods, the following two had been
discussed more broadly:

1° Simultaneous adjustment of orbital elements, their va-
riations and coordinates of observing stations;

a° Preliminary computation of orbital elements from obser—
vations carried out by a great number of stations over a lon-
ger period and, then, utilization of those data for computing
coordinates of a certain limited number of stations,using ob-
servations performed during a markedly shorter period.

Proposing the method 1°, Veis is avare of the difficulties
connected with a simultaneous calculation of so many unknowns
which, in addition, are correlated and do not form well con-
ditioned equations. No wonder, therefore, that the application
in practice of this solution appeared to be a difficult task,
more difficult than the determination of the oblateness of the
Earth, for instance. It is not long ago (in 1963) since the
first results of such determinations were published. We are
going to present here +the results derived by Kaula
[1963 a, 1963 b], Iz s ak [1964] and Ve i s [1964] -in
order to see more clearly the possibilities and the inconve-
niences of the methods applied.

All those papers are based on observations performed with
the help of Baker-Nun cameras belonging to the network of the
Smithsonian Astrophysical Observatory. In addition, the coor-
dinates of the same points had been determined, this facili-
tating the comparision of results. Kaula and Izsak are ap-
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plying in their work the method 1°. This method, for all the
difficulties bound with it, is attractive because it permits
to find the parameters of the Earth’s gravitation field who-
se function are the variations of orbital elements.Fully rea-
lizing the difficulties of this method, Kaula assails his task
with the help of the richly equipped mathematical apparatus.
In the issue, tesseral harmonics up to the sixth order and zo-
nal harmonics up to the seventh order have been determined, in
addition to corrections for the origins of geodetic systems
involving the respective observing stations. The six systems
are:

The North-American Datum - extended over the area of the
Central America and the northern part of South

America. - 4 stations
The European Datum - extended over Africa
and the South - West Asia - 4 stations.

The Japanese, the Australian and the Havaiian Datums -
one station for each system.

Kaula does not give corrections of coordinates for indi-
vidual stations, that could be compared with results obtained
by the other two authors. We shall calculate the coordinates
of stations by means of adding to the initial coordinates the
coorections proper for a given Datum. In his first work
[1963 a], Kaula is utilizing 2546 observations of three sa-
tellites, in his second work [1963 b] - 10996 observations of
five satellites. It is interesting to note that both versions
of Kaula have very similar results which are differring,howe-
ver, from the two other solutions. Izsak proceeds analogical-
ly to Kaula, using even the same program for the evaluation of
the effect of tesseral harmonics. Still, he does not compute
corrections for geodetic systems, but for coordinates of the
individual stations. Izsak is utilizing 15191 observations of
10 satellites. Apart from coordinates, Izsak determines 19 tes~
seral harmonics to the 6th order, presuming that the values of
zonal harmonics are known from the results obtained by Kozai
[1962].

The work of Veis is based on very rich observational data
including 46538 observations of 14 satellites. The way of cal-
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culation applied by him is a modification of the method 2°,
consisting in a two-stage development. During the first stage,
the orbital elements had been computed on the base of approxi-
mate coordinates of the station (only observations made by the
station B-N had been taken into account). During +the second
stage, the corrections for coordinates of the station have
been calculated on the basis of deviations between the posi-
tions found from the elements and the observed ones (0-C). As
compared with the above solutions, a dissimilarity is to be
seen especially in the approach to +the gravitation effects.
The orbit computational program contained only short-period
perturbations caused by the oblateness of the Earth as well as
the effects of the Moon and the Sun. All the other long-period
variations have been determined from observations, using the
least-squares method, and registered as variations of mean e-
lements. The influence of tesseral harmonics, producing short-
period alterations, had not been taken into account; the aut-
hor assumed that with such a great quantity of observations
this effect will have an accidental character. Finally, the
geocentric coordinates of the station have been determinéd, and
from them - the displacements of the respective Datums with
regard to the geocentric system. As an additional result,Veis
derived the value of the semi-major axis of +the terrestrial
ellipsoid and its flattening, as well as the contours of the
geoid with regard to such an ellipsoid.

The Table 1, contains a comparision (differences) of re-
sults given in all four papers: KI - Kaula [1963 al, KII - Kau-
la [1963 b], I - Izsak, V - Veis. Coordinate accuracies for
particular points correspond to the mean geometric accuracy of
the three coordinates, in agreement with the rnle adonted hv
Veis

m =‘\/mx B my oWy v
An analysis of the Table 1 leads to certain conclusions.
Primo: It confirms the capacity of the orbital method for a-
chieving accuracies of the order of some tens of meters in
geocentric coordinates, in other terms - the satellite orbit

is a sufficiently good measuring "instrument" securing the ne-
cessary accuracy rates for the needs of +the Higher Geodesy.
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Secundo: The numbers in columns designated with the letter m,
characterize in a certain way the correctness of the method
and of the solutione. And so, errors contained in +the column
Mgy are of the same order as errors given by Veis in the co=-
lumn Mo although the number of observations utilized in the
second case was almost 20 times higher. Errors of Mg are di-
stinctly smaller than those of myy (some 2-3 times), din spite
of the superior number of observations used for the latter de-
termination. This seems to show that a simultaneous determi-
nation of many unknowns (it means: next to coordinates also
gravitation parameters) allows for achieving a much better in-
ner agreement than the handling with a smaller number of un-
knowns. On the contrary, the differences Ax, Ay, Az surpass
in all three columns markedly, and in some cases even many ti-
mes, the given mean square errors. Thence it appears that the
accuracy evaluations in Oprs Dpry and my are too optimistic.
Moreover, a comparision of harmonics Cm " (Table 3) determi-
ned simultanecusly, shows that also there +the agreement is
rather problematic. It seems that the results obtained by Veis
~ based on the greatest number of observations - are nearer the
truth, and that the accuracies given by him more actual.

Another very iuteresting example of the application of the
orbital method is presented by Anderle and Oesterwinter[h96ﬂ.
It is a report on Doppler’s observations of the satellite An-~
na IB, carried out by six stations on the territory of the U-
nited States of America. There was a possibility of comparing
the obtained results with the accurate triangulation network
‘existing in the USA. An amazingly high accuracy has been a-
chieved. The lengths of chords between particular points cal-
culated from geodetic coordinates and observations of the sa-
tellite ANNA differred within the limits from 1 m to 23 m (the
lengths of chords being 600-3500 km). There was only one point
whose geodetic coordinates appeared to be inaccurate,and who-
se position has been corrected accordingly.

The presented examples show the existing great possibili-
ties of the orbital method which ought to be developed and im-
proved.
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CHAPTER IV
COMPUTATION OF THE ORBIT AND ITS ACCURACY

The modes of computing orbits of artificial satellites from
observations of directions - and only such will be here dealt
with - are merely slightly modified methods of the classical
astronomy, used for the calculation of orbits of minor planets
and comets.We shall not discuss here the approximate methods,
such as the Gauss’s or Laplace’s methods applied for the de-
termination of approximate elements on the basis of several
observations. But let us give more attenion to the method de-
stined for the most accurate computation of elements from the
observational data available, the so=called improve -
ment of orbits. The principle of this method consists in
expressing corrections to the observed coordinates « and d by
the function of corrections to the orbital elements

ac
Ac =Z§e_i ' Aei ’ (4¢1)

where

Ac is the correction to the coordinate

ei - the orbital element.

That way are forming the observation equations in which
the free terms are the differences between the observed coor-
dinates and the computed from the approximate elements (o-c),
the unknowns - corrections to those approximate elements. A-
dopting the observed coordinates o and d and introducing the
threedimensional coordinate system x,y,z, we obtain

_yd%  3x | o2 , Oy
Aa=l 3% d€; Y +23y %, A€y
(4.2)
ad | 2x 2, 2 ad , dz ,
a0s Bge Mg HEat Sy 7%°A€i+zﬁ°aei 4

It results from the very geometry of the orbit that the
accuracy in its determination depends not only on the accura-
cy and the number of observations but also on their distribution.
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26 Janusz B. Zielirski

A precise determination of the ascending node will not be
possible if the observations are concentrated in the proximi-
ty of u = 90° or 270°; nor shall we be able to determine pro-
perly the eccentricity if only a small arc of orbit is being
observed. With that, the distribution of observations depends
mainly upon the visibility conditions, and so, the altitude of
the orbit, its orientation with regard to the direction of the
Sun. Yet for our purposes, we shall assume that the observa-
tions are uniformly distributed at least on the arc of orbit
= 180°. According to the analysis given by Sotchilina [1965]
in her paper devoted to the accuracy of the determination of
orbits, in such a case all elements will be found with an ac-
curacy of the same order. Sotchilina calculates the coeffi-
cients of weight of the particular unknowns Qii as follows

1
Q (M) = —=x
(o] 2.Na2
1
Q (n) = e
2? Na™t
2
Q) =—55
Na ¥
2 (443)
Q (1) =55
Na
Q (ax) =——12-
2Na
L
Q (ay) =
2Na2
J
where
N = number of observations,
t = observation period expressed in days, a, = e cosw,
ay = e sinw.

The accuracy of the respective elements is calculated with
the help of formulae

mey =Mm, ° ini (4o4)
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N . 2 21
o -\ EiScon G0 a0 )

where

g is the topocentric distance of the satellite.
Adopting the accuracy of observations as being

mng= cosdm = 2",
this corresponding to
mJ=Qcosd'md= & # ’10_6

we shall have

. 1062 N '~ _ . 406
m, = a 10 5> N-€ - & 10 .

If we take N = 100 and t = 109, we obtain

\

myy = 1,5°1077 rad
m = 0,510~/ rad/d
ng = 1 5-10-7 rad
. =) 8 (4.6)
m; = 1,3+1077 rad .
m_ = 0,3¢1077
My = 0434107
me = max = lll.ay
since
de = d%c cos W + d% sinw (4.7)
m§ = mix (coszw + sinzm) " (48)

It results from the above development that it is possib_le
to attain a very high accuracy of the order of 10"7in the de-
termination of orbital elements-provided that the observations
are properly distributed and their number and accuracy being
as assumed.
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Still, we did not take here into account a factor having
an essential bearing, it means, the errors of observing sta-
tion coordinates. This factor does not appear in problems of
the classical astronomy, because of the great distances bet-
ween the observer and the body observed. The question is dif-
ferent with artificial satellites; having to deal here with
the geocentric motion, it is necessary to know the geocentric
coordinates of observing stations,.

In order to evaluate the effect of errors of observing ste-
tion coordinates, let us start with the basic equations deter-
mining the position of the satellite in the Cartesian geocen-
tric system, on the ground of the known topocentric coordina-
tes o and ¢

x=X+¢°*cos (a=-g) * cosd
y=Y+ g sin (a«=-52) e cosd (4.9)
z=2+0 ¢ sind
where
X4¥92 = coordinates of satellite,

X,Y4Z = coordinates of observing stations,
«,d= spherical coordinates observed,

¢ = topocentric radius-vector,

R = right ascension of the ascending node
Z

— e —

— g ——

Fig. 3
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assuming that the axis x coincides with the line of nodes.
Coordinates of the observing point are expressed by formulae

w

R * cosg'* cos (8 -S)

b4

R e cos ¢« sin (8 ~s) (4410)

Z =R e+ siny’

where
s = sidereal time of the observing station
¢ = geocentric latitude
R = radius vector of the observing station.

We may now write total differentials of equation (4.9)
(treating s as constant):
dx = dX = - @ cos (-s) * sinddd - ¢sin~sd)+cosdda+

+ cos (=-&)+cosdde
dy - dY = - ¢ sin(~s2)+sinddd + Qcos(o(-sa)-.cosd"dct + »@m)

+ sin (A-8)+cosdde

dz - dZ = + gcosd dd + sind dg

where from we can find do and dd

cosdda = - _s_:j._n_g_-_gz (dx - dX) + %O%_SB)- (dy = dY) (4.12)
ad = ‘°°s(°“95?)81n6 (dx - ax) +

_ sin(@-x)+sind (dy - aY) + cosd
€

These equations serve in the so-called orbit improvement
process as observation equations in which the left-hand mem-
ber represents a free term, assuming that dX = d¥Y = dZ = O, and
that dx, dy and dz are functions of orbital elements. But dX,
dY, dZ being in reality # O, their effect will burden the free
terms of equations (4.12). Let us rewrite those equations in

the following manner

(dz - dz).

gcosdda+ (A)y = =sin@~s2) dx + cos(@=-s2) dy

(4413)
@d6+ (A)g= =cos(d~-)sinddx - sin(x~s)+sinddy+cos d dz
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(A)a and (A)4d will be the effect of errors of observing sta-
tion coordinates on the particular equations, taking the form
of

(A)y = = 8in (=-s2) dX + cos (A=-s2) 4Y (4o14)

(8)g = - cos (u-=) sind dX - 8in @-s2) sind dY +cosdaz.

If the coordinates of stations are determined by astrono-
mical methods, we may expect the error to reach * 500 m,owing
to local deflections of the vertical. Admitting (X-s2) = 5150
for the first of equations (4.14), and 225° - for the second
one, &= 45% and @= 1200 km (of an orbit of the type of

Alouette, Anna, Echo I),

we obtain (8) "
X 2° 1+ 500 piwe al
s ng—i— . 3438'= 2,6
gcosd 12 0,71 ’

(4415)

(AQ)J _ 0,71-(0,7l;+o,31 £1)0500 | 450/ iy

So, we can see that - when unfavorable circumstances oc-
cur - this effect may be very important, exceeding many times
the observation accuracy. It will be, to a certain degree,at-
tenuated by the fact that the coefficients: sin (=59 ,cos~s2)
sind, co d will take their values in a way close to an acci-
dental one; and, what more, dX, dY are not constants,they being
dependent upon the angle s (vide formula 4.10).

From the theoretical point of view the expressions (4),
and (A)§ do not concentrate the total effect of coordinate
errors of observing stations, for both ¢ and the coefficlents
including (#-s2) and § are functions of these coordinates

eXeBe: € = \/(x-X)2 + (y—Y)2 + (z-Z)Zﬁ " (4.16)

This remainder will however be insignificant, and may be
neglected in practice. Let us assume that the Q will be found
with an error of ¥ 600 m, this giving - when ¢= 1200 km - a
relative accuracy of 1/2000. It is with this accuracy that the
free terms will be defined and the unknowns determined. Yet,
the unknowns dx, dy, dz being of the order of hundreds of me-
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ters, their determination error will be within the range of
one meter; this will be, in the same scale, carried over to
corrections of elements.

The same situation is with reference to the trigonometric
coefficients.

So, there is still the problem, how to proceed in order to
eliminate or, at least, to reduce this unfavorable influence.
One of the measures could be the utilization of observations
of the greatest possible number of stations, so that the er-
rors of station positions take an accidental character.Not al-
ways will this, however, be realizable. In such a case, ano-
ther course of action ought to be applied.

We may anticipate that it will be impossible to eliminate
the effect under consideration from certain elements - either
by computations or by use of special observing methods. Such
are the elements which define the orientation of +the orbit:
the right ascension of the ascending node, the inclination and
the argument of the perigee. Those elements depend directly on
the coordinate system chosen. The remaining three elements do
not depend on the choice of the system, and it may therefore
be presumed that we might succeed in eliminating the error ef-
fect of station positions wholly or, at least, partially. We
shall now show that this is possible for the mean motion and,
consequently, for the semi-major axis of the orbit.Let us as-
sume that we have a set of observations made in such a way that
at each station the satellite had been observed several times
during different passes. We shall consider two of such obser-
vations carried out at the same station. Let us set for each
of them the equations (4.13), subtracting them by members ac-
cordingly. Then we shall have

¢,c080, doy, + (Adxy, = @qcos8d; doy = (At =
= -sin 6:(2-322)dx2+ cos @2-522)dy2+sin(o(1-521 )dx,l-cos (0(,]-621 ) dy,
46, + ()6, - 449, = (A)d, = - cosbu, =2,) * sind ax, + (4.77)
- sin@izaﬁé)sindédyz~+coadéd22-+cosGi1-SH)sindadXﬁ +

+ sin@uﬂ-sh)sindady1 - cosda dz,
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Taking into account the formulae (4.14), we may write

(4)0(2 - (A)d1 = -sin(o(2-532)dX2 + cos(da-ﬁa) ay, +
+ sin(o(,l-.sa1) d){,l - cos(o(,l-\g1) dY1

(A)dé - (A)d% = -cosGJaqﬁé)sindédxz - sin(azqﬁé)sindéde +

(4.18)
+ cos 52 dZ, + cos (x,-%,) sin d.’ldx’l +

+ sin (e(,]-sa.l)sind:ldY,] - cosJ1 dz, .

The effect of errors of observing station coardinates will
be eliminated when the above expressions = O. Let us first con-
sider the second equation (4.18), as being more simple. Here
an adequate condition will be provided by d',] = 6'2 = O. Since
dz1 = dZ2, the right-hand member becomes = O. This is also a
necessary condition because, if d:] # d'2 » Tthen the coefficient
of dZ is # O, and if 51 = 62 # 0, then the coefficients of dX
and dY will always be # O.

Thus, we may deduce from this that for an utilization of
the equation 4.17.2, as an observation equation for the impro-
vement of the orbit, it is necessary to have observations car-
ried out during the satellite pass through the topocentric e-
quator of the observing station. Let us assume that this con-
dition has been strictly fulfilled; then the equation 4.17.2
will take the following form

qadd‘?_ - g,]d&] = dz, - dz, . (4.19)

Substituting for dz the formulae connecting them with the cor-
rections of elements in the form given by Sotchilina [1963]we
shall have

dzz-dz,] = (yz-y,l‘) dio + (Azz-Az,]) av, +
- (Bza-Bz’l) dax + (CZZ-Cz’I) day + (Azz-tz-Az,]t,])d n, +

' ’ I " " "
+ (K,5=A,,) dn + (A7-A7,) dn . (4.20)
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In this equation all pairs of parameters designated with
indices t,] and t2 will consist of elements differring slight-
ly from each other, axcept for t’l and _1:2. Especially for the
Keplerian orbit it will be as follows

¢, 46, - ¢,dd; = A, (t,~t,) dn . (4421)

It is clearly seen from the equation (4.21) that this me-
thod helps to determine accurately only the mean motion and
its derivatives from precisely measured observation moments.
That is why, the following course of action seems to be advi-
sable:

1. Accomplishing the computations according to the normal
procedure, applying the formulae given by Sotchilina and uti~-
lizing the whole set of observations;

2. Computation - with the help of the formula (4.19) - of
corrections dn ’ dn ’ dn", assuming dio, dUo, dax, 9*7 to be

= 0, and utiliz:.ng only such observations which are adapted
to the present method;

3. Return to the above formulae and observations,handling
now no, no, ng as constants, and correcting io, Uo’ Ay &y‘

4, Repeted use of the formula (4.19) a.s.o0. until an ade-
quate convergence is attained.

The application of the above method, that is, the wuse of
the equation (4.17.2) is possible only with satellites with
great orbital inclinations. In P y
order to utilize +the equation
(4e17.1), let us first examine
the relationship occurring bet-
ween the coordinates X,Y,Z con-
nected with the system of astro- Gr
nomical coordinates o and ¢ and
the system connected with the
rotating Earth, which will be r
termed 5,1? )3 (the axis § in the - Fig. 4
plane of the Greenwich meridian)

X = §e+cos(Sg, =) -psin(Sgyp -)

Y = §sin(Sgr ~R) +pecos(Sgr -) ¢, (4.22)
Z :?
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where
SGr - the Greenwich sidereal time,
analogically
dX = d¥ + cos(85, -s) - dp * sin(8y, -=)
dY = d§ - sin(8y, -s2) + 47 cos(8g,, - ) (4.23)

dz = d} .
Substituting it in (4.18.1), we obtain
(A)o(a-(A)cL] = -sin(dy~%, )[dg *cos (85,2, )-dp *8in(8y,,-2, )] +
+ cos(ay~®,)[dEesin(8y,~,) +d7 +c08(8gnm2,) |+
(4.24)
+ sin(oy-;)[a5+cos (Bpq=;) - 4P +sin(8gq-)]+

- 008 loty=s2; ) A+ 51n(8qu =2 ) + AP +cos(Sgpq~2q)] s
(B)oty= Bty = A% [~51n(c,-, ) + 08 (8,62, )+008 (=2, )+ 5in(8 062, )+
+ sin(a, -, ) cos(8y, =2 )-cos (o=, ) +8in (8, 42, )] +
+ dp [sin(aym2, )+ 51n(Sg =52, )+008 (X y=82, )+ 008 (Sgppmi2) +

-sin(c(,]-s.a1 )-s:Ln(SGr,l-sa,I )= cos(ot,]-sz,] )-cos(SGr,]-sa1 )] 3

(A)da-(d)o(,] = d§ [+sin(o(2-sGr2) +sin(q1-SGr1 )] +

(4.25)
+dp E:os(o(z-SGrz) - cos (°‘1'sGr1)] ;

The condition for the expression (4.25) to be = 0 is
o = Bgpq =% = Bgpp » (4.26)

which will be satisfied when the observations are carried out
on the same hour circle, and especially in the meridian.Neit-
her in this case, when the equation (4.17.1) is being accepted
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as an observation equation, can all elements be accurately de-
termined, because some differences of quantities close to each
other appear in coefficients. Thus, the above mode of succes-
sive approximation ought to be also applied here. We should,
further, define the accuracy of conditions to be satisfied for
observations of the satellite in the meridian and in the equa-
tor, so as to make the above method utilizable.Suppose,we want
(A, = (A)ty 8)8, - (A)§,

and to be < 1".
S 9

Considering dx = dy

dz = 500 m, Q= 1200 km

ok == SGI‘ = -0 4
we obtain
(o = Sgpp) = (otq = Sgpq)| <0".

And so, if we intend to make observations near the meri-
dian, they have to be within the range of % 20" of the hour
angle. For the second case, considering the most unfavorable
conditions Xy =S = 450, Ay -R, = 225°,we obtain the fol-
lowing limitations:

d} +d,

> < 30

o

By rendering the mean motion independent of errors of the
station position, we also make the orbital eccentricity par-
tially independent of these errors. This is important, for the
accuracy of the orbital eccentricity is significant for the
computation of the radius-vector.

According to Brouwer and Clemence [1961],page 236, we ha-
ve:

%]e—c=HX+K].C W
B-m+ K [ (4.27)
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where
2sin v

% for e=0.

H=~-cos v, K =

The part of the derivative with the coefficient H will in-
troduce the effect of the position errors, but the other part
with the coefficients K will already be disburdened of this
effect. So it seems that the determination accuracy of e will
be lower than that of n, yet higher than of the remaining e-
lements.

The afore-said evaluations are confirmed by inner accura-
cies of elements, published in SAO. Rept. For instance: sate-
1llite 1960 Iota 2 (Echo I - Rocket)

m
—n-Q from 3 - 1078 %0 2. 1077

m, from - 10 to 5+ 1070 .

Satellite 1960 Beta Mu 1 (Anna I B)

m
2 from 1077 to 3 . 107
m, from 5+107° o 1072 .

Satellite 1960 Alpha Delta 1 (Midas 4)

m
2 from 21077 o 10™°

m, from 2+107® to 5+ 1076 .

This seems to allow to state that - having an adequate num-
ber of well-distributed observations and an appropriate ob-
servational program, - we are able to determine two of the e-
lements we are particularly interested in, that is, n and e =
with an accuracy of the order of 10'6, at least.
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CHAPTER V
CONSTANTS OF THE EARTH’S GRAVITY FIELD

According to the recommendation of the Commission VII on
Celestial Mechanics of the International Astronomical Union we
are going to use the following formula for the Earth’s gravi-
ty potential in the external space

m=n
o l+§2(3)n pm(sinjl)(cnm cosmA+ 8 - sin m]\)] 3 (541)
T =l me0\ T
where
pm = kM - the gravity constant multiplied by the Earth’s

mass

r - the distance from the center of mass

R equatorial radius of the Earth

cnm’ Snm - numerical coefficients

an - spherical functions of Legendre’s associated poly-
nomials expressed by the general formula:

-& m n n
P_(x) = (1-x) =2 (21 o4 (x-1) ) (5.2)

ax™ B.n ax®

The functions an written in explicit form to the degree
4,4 as well as to the degree 5,0 and 6,0 are presented in the
Chapter VIII. According to the formula (5.1) the notion "gra-
vity potential' will mean the potential produced by the at-
traction, except for the influence of the Earth’'s rotation,
which will be omitted. Let us dwell upon the physical signifi-
cance of parameters Cnm and snm' For this purpose, a short
recapitulation of the derivation of the formula 5.1 may prove
useful.

We know from the analysis the theorem [Gruszinsky 1963,

page 203] concerning the below function expanded in series of
Legendre s polynomials

1
Z= 3 (543)
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where the denotations of the symbols r, R, e and O are the sa-
me as in Fige. 5.

1 oo g
T = % v N (cos @) , (5e4)
where
S P, = P, - the Legendre’s polynomial
of the degree n.
§ In such a case, the gravitational po-

tential of the material particle with a
mass dM will have the following form

Z r
§ S _R2
U = dM-% —arT P (05 8)  (5.5)
Fig. 5 and the potential of a body with the mass M
=) n
U= 2, P, (cos ®) dm. (5.6)
n=0 r

Let us apply now another theorem, which is expressed by
the formula

B, (cos 8) = 2 (cos v) Pn(cosw') +

n
n-m)! s
+ 2 E %mg—l P i (cos W) an(cos\v')cos mQA =A") (5.7)
where
cos © = cosYcosy'+ siny siny'e cos@A-=A") . (5.8)

If we collocate the points Z,0 and S in the system of sphe-
rical coordinates @, Ay A and the origin of the system at the
point O, denoting 90 -)5 by ¥, then we obtain the dependence
(548). Let the coordinates ¥ and A correspond to the point S,
and ¥' and A' = to the point Z. Then substituting to the for-
mula (5.6) we have

M

J.
U=x3+ r_2fR [P,Io(cos V)P olcos ') +

(5.9)
+ Py (cos ¥) Py, (cos ¥')(cosA cosA'+ sind sinﬂ')]-l-
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+ —f‘;—fRa[Pao(cosw)on(cosw +% Py, (cosy) Pyy (cosVy) (cosAcosA +
+ sinA sind') + —,]1—2 P22(cosw) P22(cosw9(cos 2Acos 27’ +

+ sin 2A sin 2N ):IdM + oo (5.9)

If the integration is extended over a sphere with aradius

R_n
equal to the ,equatorial radius of the Earth Re, then an can

be put before the integral sing, as well as the functions of
variables W and A .
We shall obtain

M Re
U=341+ - P,]o(cos y) P,Io(cosw')dM +

+ Pﬂ(cosw)(cosﬁ)f P,m(cosl;”)cosﬂ' ay + sin?\fl’ﬂ (cos\P')sini\'dM}t-

i Re 3
+3l7) ° on(cosw)-f 1920(co:sw')dM +
(5.10)
+% P21(cosw)(cosAfP21 (cos¥)cos N dy +

+ sinA P21 (cosy”) sin} dM) - % P22(cos ¥)(cos 2A f P22(COSV')0082NGMI-

+ sin 2AjP22(cosw sin 227 dM)] + ...} o

As seen from the above, the coefficients cmn and Snm are
integrals of three variables R, W' and A' extended over the sphe-
re with the radius Re’ whereat

dM = 4V +6 , (5.11)
where
dV - the element of volume,
6 - the function defining the density.

The integrands are the associated Legendre <functions an
(cosvy) multiplied respectively by cos n?A or sin mA.
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We shall now consider more closely the coefficients C']O’
C’I’I’ S’I’l and 021, 821. Let us choose the coordinate system x,
Yy 2z, assuming that both this system and the system R,¥,A ha-
ve their origins at the center of the Earth’s mass. Thus, we
have the dependences

Rcos w=2 , R siny cos A

fde:O, /ydM

M M

Referring to the formula (5.10) it can be seen that the
coefficients

X, R sin ¥Ysin A =Y ,(5.12)

o, [sz:O. (5.13)

Re . C']O =/R P’]O (cosvy) aMm =/R cosy' dM = O (5.14)

Ry + Cqy =fR P,],I(cosv')cos)\' aM =fR siny'cosA dM = O
(515)

Re . S']’l =jR P,M(cosW')sinl'dM =/R siny'sinA'dM = O
Re2 -02,] =/R2P21(cosw‘)cos7\' dM=%/Rasin2w'cos AaM = .

= 5fR2 sinvy'cosW¥W'cosA'dM = 3 fz x d M

2
ReS21=3/zydM.

For the latter two coefficients we have obtained integrals
expressing the so called moments of devia-=
tions or products o f iner t i a,which
become zeros when the axis of the body s axial symmetry coin-
cides with the axis of the coordinate system, +this being the
case here.

So, in virtue of the definition of the coordinate system,
the terms with subscripts 10, 11, 21 are equal to zero.

The constants appearing in the formula (5.1) have been ma-
ny a time determined with the help of different methods. A re-
view of those determinations will allow to ascertain to what
extend they may be at present considered complete. We shall
refrain from the application of weighted arithmetical means,
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because the evaluation of the accuracy of different inferen-
ces proves difficult. Apart from accidental errors of the ma-
terial observed, also systematic errors, characteristic for a
given method, come into play here. Thence the difficulty and
even the impossibility of establishing weights necessary for
the averaging.

As a measure of dispersion of the various results we will
adopt their range, i.m. the difference between +the greatest
and the least of values, obtained by different methods with
approximately the same theoretical exactness. The value cor-
responding to the middle of the range will be recognized as
being the most probable.

The first of the constants appearing in Equation (5¢1) -
the quantity pn denoting the Earth’s mass multiplied by the
Gauss gravitational constant - is of an essential importance
for the present subject because, as indicated in Chapter I,it
is upon it that depends the absolute accuracy in the determi-
nation of the length of the radius-vector. On the other hand,
the error of the adopted value of u bears only upon the sca-
le of the given geometric construction (for instance,the trian-
gulation network), causing no local deformations. Thanks to
this, it is possible - by the comparision with measurements of
another type - to proceed to the determination anew, with the
view of perfecting the value of u.

For the determination of W, the method theoretically best
fitting our purpose consists in executing a direct measurement
of the distance Earth-to-Moon and in establishing this way the
linear dimensions of the lunar orbit. We may then derive u
from the formula

0% (14p)

I 3

e R
Mg

where
n - the mean motion,
a = the semi-major axis,
f = its solar perturbation,
My, My - masses of the Moon and the Earth respectively.
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Such an inference is almost entirely independent of geo-
detic measurements on the Earth’s surface, since the error of
geocentric coordinates of the observing station on the Earth
is relatively small as compared with the distance measured.
This error may be estimated to be approximately * 200 m, this
being the very accuracy of the distance measurement itself. But
a source of errors is the unsufficient knowledge of the Moon’s
shape or, more strictly, of its radius in the direction of the
Earth, in addition to a too low accuracy of the ratio MM/ME.
The radius of the lunar limb amounts to 1737,85 km [B a 1 d -
win 1949] the estimates of the radius in the direction to
the Earth show differences ranging between 1738 and 1740. As-
,uming that the surface of the Moon is approximate to the e-
cuipotential and substituting the moments of intertia computed
from the lunar libration, Kaul a [1963 c] finds the Moon’s
radius to be 1738,7 in the direction to the Earth.

The MM/ME ratio was lately determined from the Earth’s mo-
tion about the center of the Earth-Moon masses, on the ground
of observations of the minor planet Eros [R abe 1950, D e-
1 a nio 1950]. The results derived oscillated within the li-
mits of from 1/81.22 to 1/81.38. The most recent determina-
tions from radio observations carried out with the help of the
cosmic probe of Mariner II lead to the result of 1/(81.3015 *
+ 0.0033). [K aula 193 c]. Yet, as there was question of
a single observation it would be rather difficult to adopt
this result as binding. A certain progress was attained after
reiterated calculation of the Eros observations, taking into
account the new measurements of the astronomical unit, based
on radar observations of Venus. The results obtained range be-
tween 1/81.25 and 1/81.%6. The above divergences demonstrate
that the accuracy of this method is at present still lower
than of other methods. Yet, there is no doubt that within the
nearest years both the figure of the Moon and the MM/M'E ratio
will be precisely determined by means of astronautical mew-
hods, and in consequence also the quantity u. According to the
method described observations have been made in the United
States [Y aplee and others 1959]. Their results are gi-
ven and discussed by Kaula [1963 c and d].
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All other results contained in Table 2 are depending in
one or another way upon the geodetic measurements carried out
on the surface of the Earth. To these classical methods be-
longs the determination of the quantity pm from the absolute
measurements of the Earth’s acceleration

w=al xe[l +2n-ft-1une- 5%& m£2 - 0 (f“)], (5.18)
where
a, - equatorial radius of the Earth
T — €quatorial acceleration
f -~ oblateness
o i (u2. a§
Te
w = angular velocity.
Table 2
foM
Method Author km3 sek-z
Radar measurement of the Yaplee and others
Earth=to=Moon distance (1963) 398605.7
Geodetic measurements Kaula (1961) 398602.0
Kaula+Uotila
(1962) 398604.3
Fisec her (1962) 398604 .0
Motion of the Moon and Fischer (1962) +
geodetic measurements O Keefe+Ande r=-
son 398605.7
Photographical observa- Kaula (1963) 1960
tions of artificial sa- Iota 2 398603.7
tellites
Kaula (193)
1961 Alpha Delta 1 398599.3
Compilation NASA 398603,2
Compilation Michagjxow (1964) 398603

The Table 2 presents two results achieved by this method:
the one obtained by Kaula [1961], based on a combined
adjustment of, the triangulation and of the gravimetrical data:
the other one grounded on the determination or §,, made by
Uotila [1962], a, being computed by Kaula.
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Also the method based on the measurement 0f the lunar pa-
rallax is to a large extent dependent on the accuracy we can
produce for the dimensions of the Earth, since the above mea-
surement consists in a determination of the Earth-to-Moon dis-
tance by measuring the parallactic angle from the known base
on the Earth. Such observations were made during a couple of
years at the beginning of the 20th century at Greenwich and on
the Cape. They are now being reduced again by Fischer
[1962] s using the latest results of +the traingulation which
connects at present those two remote points.The result of ‘this
work is shown in Table 2, item 4. The method of occultation of
stars by the Moon,given by O'Keefe and Ander sen [1962],
and described in the Polish literature by Kotacze k [1963],
may be successfully applied to the determination of u -~ if we
consider the radius of the Earth to be a known quantity.Using
the observations made by O’Keefe and the results obtained by
Fischer concerning the dimensions of +the Earth, Kaul a
[1963 d] defined the value of p (Table 2, item 5).

Also observations of artificial satellites have been used
fot the same purpose - on the basis of the Kepler’s Law and on
the assumption of the known dimensions of the Earth. The work
done by Kaula [1963 a and b] in this domain, is presen-
ted in Table 2, items 6 and 7. A more detailed discussion of
it may be found in Chapter III.

In addition, attempts of utilizing the Doppler-observations
of satellites have been made by Anderle and Oesterwinter (in
the afore-mentioned study [:1963]), as well as the observations
of the rocket Mariner II. In this method the scale of the sys-—
tem - which is being transformed afterwards by means of the
Kepler’s Law, into the quantity u - issues- from independent
distance measurements performed with the help of the Doppler
method. The potential source of errors lies here in the atmo-
spherical refraction deforming the radio-signal path, and in
the observation technique. Unfortunately, the publications a-
vailable do not permit for a more comprehensive opinion to be
formed on this subject. That is why, we are omitting here the
results obtained.
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For comparative purposes the values of u such as adopted
for computations at research centers, in United States and in
Soviet Union will be given. They stand exactly in the middle
of the range designated by the remaining data contained in Ta-
ble 2. This seems to allow to adopt in the present work the
following value of M

398603 * 3 km® sek > .

As far as the values of zonal harmonics of higher degrees
are concerned, undoubtedly the best ones -~ we may even say -
the only good values have been achieved thanks to observations
of artificial satellites. The reason is simple: insufficiency
of observational data which could be used for the same purpo-
se by the gravitional method and the astronomical levelling
method. The comparision of possibilities of those three methods
was made by the author in one of his earlier publications
[Zielinski 1963]. While the gravimetrical and geode-
tic data always concern only certain fragments of the Earth,
the observed satellite perturbations are reflecting the in-
fluence of the whole Earth’s solid with its various irregula-
rities. That is the reason for which the latest publications
pertaining to geodetic data [F ischer 1961]and to gra~
vimetrical data [;U o611l a 1963] adopt the values of the
flattening and the harmonics 020, 030 and qu,and do not con~
sider them to be unknowns. It does not mean, however,that the
latter data are unquestionable. There exist in the satellite
method many error sources which do not permit to solve this
problem simply at once. We see, for instance that - when com-
puting a certain finit number of terms -~ the effect of the
next terms is supposed to be equal to zero this does not, ho-
wever, correspond to the reality. Another discrepancy is cau-
sed by the errors of geocentric coordinates of stations and by
the disturbing action of other factors, mainly atmospherical.
This explains why the results given in Table 3,column 020 (Ap-
pendix 2) differ one from another.

It can be seen from that list that all C20 are included wi~
thin the range from 1082.2 to 1083.3%, and if we omit the re-
sults obtained by Zhongolovich, based on observations of clo-
se satellites, the upper limit will amount to 1083.15.
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Thereupon, we shall adopt for our computations
Cop = = 1082.7 * 0.5 .

A similar review of the values 030 shows that they range
between 2,29 - 2,59, without counting the result of K a u~-
1a [1961 a], as differring distinctly from the remaining o-
nes.

Thus, in accord with the principle adopted, we shall have

030 =+ 245 % 0,15 .

Considering the values 040 we obtain (omitting the Zhon-
golovich’s result) the range from 1,03 to 2.1, adopting

040 = + 1.60 I 0050 :

and for 050 (omitting the Kaula’s result 1961) - the range
from + 0.07 to + 0.23, adopting

- +
050 = + 0,15 X 0,08 .
For the next values we shall obtain

= "
Ce0 = 0.00 ¥ 0,70

o = *+ 0410 ¥ 0.40
Cgp = = Os04 ¥ 0.30
Cgo = = 0420 20,30 ;i

The present task might have been dealt with somewhat dif-
ferently by placing more reliance in the latest results based
on a greater number of observations; then the coefficients a-
dopted here would certainly be nearer the reality.However,the
purpose of this work is not to find the most probable values
of Cnm’ Snm’ but to examine their effect when the extremal
possible values will be adopted. For this reason, the method
applied here seems to be adequate.

As to the tesseral harmonics, the comparitive data are he-
re much more scarce, but the dispersion greater. The possibi-
lities of the satellite method are in this case much more li-


Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska


Application of the radius=vector... 47

mited and become comparable to the possibilities of the gra-
vimetrical method. In consequence of the Earth’s rotation about
its axis, the tesseral harmonics do not produce distinct - as
do the zonal harmonics - long-period effects in the variations
of orbital elements. The effects of errors of station coordi-
nates and of observational irregularities appear here still
more strongly. And so, in order to be able to obtain correct
results, we ought to have at our disposal a richer documenta-
tion than available at present. ;

For calculations, data will be used - averaged in the sa-
me manner as before

Cop = + 1415 Z 0,70 Sy = = 1425 2 1.0
C3q = + 1:55 % 1.50 859 = + 0425 X 0490
Czp.= + 0420 & 0,20 855 = = 0.03 % 0.15
Czz = + 0,072 % 0,135 853 = + 0.211 £ 0.128
Cyq = = 0416 * 0,52 Syq = = 0,01 % 0.45
Cyp = = 0425 X 0,43 By, = = 0.05 ¥ 0,32
Cyz = + 0,084 0,074 8y3 = = 0,006 * 0,032
Cyy = + 0.004 * 0,0012 Sy = + 0,011 £ 0,015.

CHAPTER VI
PERTURBATIONS PRODUCED BY THE EARTH’S GRAVITY FIELD

Since the attraction of the Earth is so most important of
the forces acting upon the artificial satellite,the perturba-
tions produced by the Barth‘s gravity field evidently belong
to the greatest disturbances; hence, their qualitative and
quantitative evaluation will be of a fundamental significance
for the present subject matter. Such evaluation will be made
by using the numerical integration method. For this purpose,
we are going to derive formulae for equations of satellite mo-
tion, taking into account the farther terms of the Earth’s
gravitational potential up to C60 for zonal harmonics and to
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044, 844 - for tesseral harmonics. Those formulae were given
by Kotchina [ﬂ962] in a somewhat different form wit-—
hout derivations; here they have been derived again for chec-
king purposes,

Since we are interested only in short-period and diurnal
perturbations, the integration will be performed over the in-
terval of a single revolution of the satellite for zonal har-
monics and over 24 hours - for tesseral harmonics.

As demonstrated in Chapter II, the differential equations
of satellite motion in rectangular coordinates have the form:

\

N

a%x _ 2U
EE 2x
2
d°y _ U
por =3y > (6e1)
a°z _2u
_5;2 T 0w ?

~

where U is the gravitational potential defined by the for-
mula (5¢1)s We write it now in an explicit form,confining cur-
selves to the terms 60 in zonal harmonics and to 44 - in tes-
seral ones (and remembering that C’IO’ C’l’l’ S’l‘l’ 021, SZ'I are
equal to 0)

U = UOO + U20 s U22 + U50 + U31 S U32 + U53 +

(6.2)
+ U4O + U41 + U42 + U43 + Uy + U50 + U60
where the particular terms are respectively
N
Ugo =%
u (R
2 (6.3)
_E(R .
U,y =5 r) (Copc0820+ 5,,81n27) Py, (sinfl)
e(gf :
Uso = 5(F) %0 PBO(sinﬁ)
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o g Ry aet DS
U31 = r('f) 34C087 + 834 sinA) ¢ Pyy sinf}
R3
Usp = (?) (C3,00827 + S5,8in2Q) « Py, (sinf)
u(R\? :
Uzz = (;) (C}33 Cos3A + SEBSinBA) * P33 (sinfy)
R
Uyo =Er(F) O4o * Byp (sinf)
u(r\* .
Uyq = ('i") ( cos?\ + 84151n7\) * Pyq (sinf})
4 > (6+3)
U &(—R-) (Cy»C082A +8, ,8in27) * P,,(sinf)
42 T r\r 42 42 42
4
Tys -£(B) (C450083A + §,381n3A) * P,; (sinf)
4
Uy =%(%—) (Cyyco84D +8,,8in4A) « Py, (sinfi)
>
U50=%(%-) Cs * Poo(sing)

R
T =1§(;) Cgo * Pgolsinf).

/

Let us now introduce the coordinate system x,y,z, the o-
rigin of which is at the center of the Earth’s mass,the z-axis

coincides with the rotation axis, Z

being orientated in the direction
of the vernal equinox.

Thereupon

X

r cos P sin(A + s)

r cospcos(A + s) (6e44)

y

Z

r sin f5,

where
s - ist the sidereal Greenwich time.
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The functions of : - will be presented in their explicit
form, as functions of the angle f3; and further - as functions
of the coordinates x, y, z, substituting

e

sinfp =324 cosf = (6.5)
2
Pyg = ;— (BSinajb- 1) = % (5;22_ - 1)
2
Pyp = Bcosaﬁ =3 xz_:z_}'_
3
P, =gcos/5 (58in®f3 - %'xz“ (%2__1>
Py i 15cosaj3 sinﬁ = 15(x2ﬁ+12_&
32~ - &
243/2
P33 = 15003313 = 15 (x 'I"jy )
4 2 6.6)
Pyo = 5 (35 sin'p - 30sin’p + 3) = (Bfﬁz " :22‘ + 5)

2
Pyq = % cos B (35 sin3ja - 15sinf}) = gi:zL('?fZ - rz>
Pyo = 125- 0032}3 ('7sin -1) = -g ﬁ?’—(’? )

3/2
P, = 105 008315 sinf = 105 2 + J 3’ z
r

2,3
Py, = 105 cos*p = 105 i*r{{—)

5 0B
P5O = % (63 sin5j3 - 70 sin5}3+ 15 sinﬁ):%(ézg— % 152)
Peo = 7¢ (231 sin%B -315 sin’B + 105 sinp - 5) =
=

23 z6_515z4+105z2_5 .
S T =

|
-
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We have to express, moreover, the sines and cosines of the
angle A by the coordin a tes x,y,z, and the angle s.

Variant 20

Influence of error AC,,

0 20 30 40 50 & 0 80 89 0|m 120 min*

Fig. 7

From the Fig. 6, we have
& =xcos 8 +ysins

(6.7)

17=-xsins+ycoss

g:an + y2 « cos A
7 =Vx* + 3% « sin

but
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hence
cos\ =X008 8 +y sin s
V2 1 2
’ (6.8)
8in?\=__-x:sins+ycoss.
V2 + 72 ,
Thereupon h
8in22 = (yZ = xz)Binzs + 2xy cos 28
+
cos 2A = 2XY sin 2s + (% - y%)cos 2s
4
=y
2 2 x2
sin 32 = y(3x° - y-)cos 3s + x(3y° - x“)sin 3e (6.
2 + y2 )72 (6.9)
2 2 -
cos 3) = x(x2 - 3y )cos 38 + y(3x~ - y°) sin 3s
(xz + y2)3/2
sin 42 = 4 = 3%)cos 48 - (&F - 5°)° - 4x"5P)sin 4s
(x* + y2)2
cos 4A = [ - y2)2 = 4x2?2]°°s 4s + 41:7(1{2 - yz)sin 4g
(o + ¥)° ]
After substitution the formulae (6.3) take the form
. =%§
U.. =4 1 R%C 322 1
202 kF% 575
s 3R (P=52) , 2
Uop = 3uR [00523(022 _rg;_. +_§S22)

+ sin2s (C22 —2§ - —S_L(xzr- 2) 522>]

3
Uz = %#FP%O (27 b rz) (6.10)
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2

oo =308 oo o[ (B2 Bjory ¢ (27 - T
sa (57 - 3o -(L% ~3) o)

(=}
|

-+

2
Usp = 15p.R3|: 0523( C3p +ﬁ—z— 832> +
(& - 3°)z )]
in2 - S
- i s( 0 __r?y_ "
_ ) x(x°= ¥ - 3°
U33 = ’ISPR [cos}s (_(_r,?ﬁ) 033 e lgLr,?__L). 333> +
; (3x2 - 2) x(x2 - ]
3 C
+ sin3s (L_r,ry_ __72:!_ )
352" _ 302°
Uy = SHR 0o (225~ - }—r'r*fs
2 3
ULH =g M Rq'{ cos s‘;<7—:‘95 -%?;—) CM + (7—i§1 -—%71)841] +

+

o[ B (5 29) )

: o

2 2 2
Uy = lzip.Rl‘{cosZs [(72 (ng- - (xzr-'?y ))042 +

r

2 2
Nxyz 2;1) ] [(14xyz >
+ - S + sin2s - c +
( r% r7 42 I_9 3 42

(e & S|
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&
W
n

+ sin 35< 2(3%° - Cyz = xz_(x2_r§_;12_) 543>]

2oy

22
U, = 105uR* [00843 ((x2 =4 )9 - 4y Cugy ﬂﬁg-‘—L “9

b o

2 2
105;134[00353(57%5_2& Oy3 + IZ(BXig— ¥°) s45> .

+

2 2.2 2
+ sin 4s (%_L) 04.4 2 (22 -y % - 4x y2 84_4)](6'10)

5 5
Ugg = BUR’ cso(%f’r __L:;_ » 11,272'>

6 2312° 315z 1052
Ugo = T64E0 (r ‘27)

We now write equations of the type of 6.1 for zonal har-

monics, that is, Uno’ keeping in mind that

AU &
ox

aUzo = 3 BE Ty, ('2"7' ;5')
=%“33°3o (;ng *}}7z’>

30
7%= B

X

2

4 (-21xz 14x2 X
R'C + == =

MRCy, 11 2 3 )

11;52 HEZCg, (‘ZLB‘ LPI‘ i9'>
auso 2 uxbog, (_% _9_5_{3. _ézn_ %)

S (611)
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AU

au

522 = %ur@czo( +15>

U30 3 ~7yz’ 2
2uen (5 35)

8U4o —QEPR Cuo (-21yz 14yz _¥7)

U

5 __1 5 -33y2 552z

—35 ="g MR7Cg (_Zz_ _l‘?.%.,r _29_>

8U60 _ 7 R6 c =42 26 495 zl-l- 15,2- 22 E
ay 16 ¢ 60 T?%_ +‘—1‘%_— r'l’l +r9

Wy,
"2z 2

3;130 =3 urcy, %‘%%

EZIE—Q = guBcy, <-i_ = *%E e 11‘2?>

U 6 4 2
322 = Jure, (-2§1z . 2zt _ 1058 +_§7>

T T r r

aUGo = Fgur° °so(_2%‘ '63%3’_ 'ﬂg’zl" 2%)

L (6.12)

> (6413)
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The derivatives of tesseral harmonics may be represented
by the general formula

aU
=k WR [cos ms(Pq, Con + Q'qnmsnm) +
(6e14)
+ sin'ms(Qq_nanm - Pqnmsnm)]
where
q-is identical to x or y or z.
The values of knm are as follows

kpp =34 k=%, Ky 2

Xy = 2 k3

15, kz3 =15, kg =

105 , kl.m. 105 ;3

‘whereas the respective Pqnm and Qqnm

PX22=-—5(]:2—;;2£+§-§; Qx22=ﬂx271+—i§

Px,, = -35:32 5(x2+z T T JZE_ 2y
- ixz—:gc'z:ﬁ«“zfyz-; %52=L‘fagﬁ+—i¥7z-
Px;; = B(X:;yz)_7x2(£-3y2) P Qg = -7H(ix2-£) +i:§¥.

3

-631223 72 ( 3x2+22 ) -63XyZ 21xyz
Px, 4 = + - WX, , = :
41 r'ma ) _72 A R I
_ 6322 (XP=y°) | 7x(XP=y° + 22°) 2 61
Pry, = 2P a2 (6.15)

-126x2yz2 14y(x2+22 2
yp = (i : -—%

r r

P, = = zgza-sy?-) 3z(x2-y2>; Qxyy 9x;yz(5x2-y ) 6x;gz

=,-9::((::2-;172) %) | ax(Psy?),
L 9 .

r
—36x°y (x°— 4y (3xP=y°)
QX = 3 z%;{: y2)+ (r

PxM
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Fy22 =;5&;{27:é'%8 Qy22=i';#+§’5‘-;

Pyzq = :%-ZE + 2 a3 = -35:§z2+5(yi;z2) -2
py32=;7ﬂr1§_2;ﬁ__2572_; a5 = -’I‘+xy2z 2xz
Py33=-_7£z(_:29:2ﬁ-%-3 Qb’;}—jﬁ%—i i(—7ﬁ212‘ 4

3 5 2. .2
_ =63xyz” _ 21xyz -63y Z '7z(3y +2 )
Biyq =— A1 o Wy =11 29 27‘
2,2 2 2
_ =63yz2° (x°= 7y(x2-y -2z°) 2
PYyz -—Z’j’h—ﬁ 005y i
- -126xy 2° 14x(12+2 )
Wiz == M 29 —7' ;

~9xya (£=3y°) _ 6 - o Py?
By = 9x:yzr(11 ) e g, - 9y22(i’” y2)+3z(r9 %),

—36xy° (xo=y°) |, hx(xP=
gy = 5&!2;% yo) |, Ax( r93y21; (6417)

(P=y2)° - 4x°y° by (3x2my®
PYDA=—9‘Y yr)” y)_z(Brx);
2
Pz, = —7—L-Sz(x2- ) ; Qzy, = =10xy=s .

o r
Pizq = -3?9:23 + 1537‘2 ; Qz54 =i§§z—5 +1§5 ;
Pz, =L2(:‘<29:ﬁ _ﬁr_-ﬁ ; Q232 - -141%22 +%? :
P, = -7xz(:‘;-3y2) : Qs = 22 :2- i
Pz, = -6?'51214 . 4?;22 _ % b Qo = 63¥’zI " 42yz _;_;

2 2 2
6322 (xP=y°) . 21z(xP=y°) n26xya? 70 . 42xyz
g = (K I @ %—

P
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~oxa® (P=3y°) | x(-35°)
1 9

PZ43 = - "
2 2 2
- (3x°=y°) =
Q2,5 = 95z 211 y +.z£é;g_z_l
2 2.2 2
Pz, = ~92.((P=y 31; 4x7y7), Qzy, = -36xy:§§?-y ) . (6.17)

The numerical methods have gained in significance especial-
ly after the introduction of electronic computers.A number of
new methods have arisen, adapted to the new possibilities,op-
timalizing the processes of calculus and programming. Among
them is the method given by C. Runge in 1895, improved by W.
Kutta in 1901 and adapted to the mechanical computation by S.
Gill in 1951. A full description of the Runge-Kutta-~Gill me-
thod, including the derivation of formulae and the logical
scheme of the program is presented in the Romane lli’s
work [1962]. Those formulae are constituting a simple compu-
tation scheme., Suppose that we have n + 1 differential equa-
tions of the first order in the form

7i(x) = £5(5 (X)) 74(X)eee ¥7,(x)) (6.18)
whereat
yo(x) = £, =1 or y (x)=x (6.19)
and boundary values

yi(xo) = Vi ° (6.20)

The indice J will denote the number of +the iteration,
that is
j = 1’2,3’4 °

For i = 041,250+« n, we calculate

yij = k:'-j = fi(yo’J_,], y,]’;j_,‘ eve yn’j_,])o (6.21)
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For j =1, Yi,0 = yi(xo) so this is either +the initial
value (for the first step) or y; computed in the preceding step.

Next
Tig = Ta,5n B[ 850y - DYy g J BhEE)
Gy = 9,500+ 5[ 006g - yu g0)] (6029)
where
& =% e Rl e =3 \
;32.-.1-\/;T b, = 1 o, =1 -\ %
a3=1+\/§ b3=1 03=1+\/§ P
& =3 L B & =3

h - value of the step.

We iterate the calculation cycle (6421), (6+22),6.23) for
J = 2y3,4. Having the values of ¥y 4 we are proceeding to the
next step, substituting them for yi

In our case, we have to integrate the following equations:

dt )
ko=E=1

dx
by =ge = T

dv
b=gg="
k3 =—g-_zE=VZ >(6025)
. a°x _ avx p—_—
T
K _& =9 _ pgy
57 at a -

2
g =L e
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Initial data: XO, Yo’ ZO’ on, VYO, VZO.

Since the motion equation is an equation of the second or-
der, it has to be integrated twice; the first equation will gi-
ve the velocity, the second one ~ the coordinates.

This is shown in the scheme:

— wx
XO V'XO PSXO

X, AV&PSX,]
P e
X V3

Yet, not the coordinates by themselves are of interest for
our subject matter, but the lenght of radius-vector or, more
precisely, the variations of it produced by one or another
term of the formula for the gravity potential.

With a view to investigating the perturbations caused by
a definite term of the n-degree and the m-order from the for-
mula (6.2), we always kept three terms: 00, 20 and the exami-
ned term nm, equating the remining ones to zero. In a gravi-
tational field determined in such a way, the motion of satel-
llite has been computed twice for two different values of coe-
fficients Cnm’ Snm‘ There were substituted either the values
of harmonics differing one from another by the error value ac-
cording to definition in Chapter V or zero was substituted for
the first pair and the most probable values for the second pair
of coefficients Cnm' Snm‘ In this manner the coordinates of
the satellite were obtained in the same system, but in two dif-
ferent potential fields. The differences in position is deter-
mined by a certain vector a[dx,dy,dz], coordinates of which
being next transformed into the nonorthogonal system [dr,du,dw].
The axes of the latter system are defined as follows: r - di-
rection of the radius vector, u - direction of the velocity
vector, w - transversal direction selected in such a way that
the three vectors dr,du,dw have the same orientation as dx,
dy,dz.

It has been adopted that the integration step is equal to
one sidereal minute, this corresponding approximately to 1/100
of the revolution periode. On account of the circular orbit,the
constant integration step has been accepted.
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A few words should also be devoted to the characteristics
of the computer with the help of which the calculus has been
carried oute.

It is a GIER machine made in Danemark executing some 10.000
floating-point operations per second. Calculations are carried
out with an accuracy to 29 digits in the binary system, this
corresponding to approximately 8:2]- decimal digits, that means
that the roundings appear when the number is greater than 229=
= 536 870 912. The programming is performed in the ALGOL 60
language, so it is relatively easy to be mastered.The programs
are universal and may be used by others at different computa-
tion centers. For this reason, the author is enclosing here-
with the copies of programs elaborated and utilized by him.

For performing the integration process, a programme termed
REKG had been established. The following input data were being
introduced into machine: number of the variant computed, two
differing values of coefficient Cmn’ two values for Snm’ num-
ber of steps, coefficient knm and m (as taken from the formu-
la 6414), semimajor axis in megameters, exxentricity,inclina-
tion, argument of perigeum and R.A. of node in degree.The geo-
physical constants were used

L = 398603 km’sec™>
Cop = 0.0010827
R = 6.378165 Mgnm.

The programme is conceived so that the fragment computing
PX,QX,PY,QY,PZ,QZ, is replaceable with appropriatenes +to the
evaluated variant. Most of calculations were performed for the
orbit: a = 7.398 Mgm, e = 0,0025, i = 8095, W= 0, = 0 (sa~
tellite Alouette). The computations were made according to the
following sequence:

1) Variant 20 - effect of error of the term C,o ~amounting to
AC,y = 5.1077  Fig. 7.

2) Variant 30 - effect of the term Gz = +245,10~8

3) Variant 30 - effect of error of the term 0303 AC3O=15.1O'-8
Fig. &

4) Varient 40 - effect of the term G, = +16.1077
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Variant 30
mn JInfluence of the term 30 and A30

1

Fig. 8

min
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Variant 40
Jnfluence of the term 6‘4 0
m and Ago

15

14

12
10

0 20 30 40 5% 60 70 8 90 0010

Fig. 9

5) Variant 40 - effect of error of the term C -5 10~ =7 Fig.9

6) Variant 50 - effect of the term 050 =+15e¢ '10 Fig. 10

7) Varians 22 - effect of the terns Cpp=+115.10 8 ana s,, =
= =125.1078 Fig. 11.

8) Variant 22 - effect of errors of terms 02 and 822 amoun-—
ting to Gy, = 70+1072, AS,, = 100.107C.
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1001m

50

Variant 50
JInfluence of the term C50

0 20 30 40 N 6 N U/ /]

Fig. 10

1500 min*

Alouelte H=1000 km i=805
var22 c 0. ¥ Y .
+ /l5w - /25, &

Fig. 11
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100 1m

50

f\/\ﬂ %

J "-V V 1500 min*

-50
var 32
= H=1000km =805
fl
w 0, s o,
+200,, “Jo
Fig. 12
J004m
2004
1001
A 037 | '
-1 var. 33 H=1000 km. (=805
c 9 s o
+72w 1'2//,0

Fig. 13
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100 tm
50
/\f\/\'\/ﬁ\ M\ A 5 Ao
il S5 NN AN NN 500 min®
- var 4 He{000km 805
» -
¢ -5 k S
= -8
100 e e
Fig. 14
100tm
var 42  H=1000 km =805
-8 -8
50 ¢ '251_08 S '510_ &
+18, 27
N A
500 1000 \\} {500 mcn*
-50
-100

Fig. 15
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100t m
50
10 1500 min *
-50
var 44
H=1000 i=805
-9 -
-100 C +4, 8 ”Qf
0, %
6 2,
Fig. 16
9) Variant jé - effect of the terms 032 = +200'10"8and 832 =
= =3+10"8, Fig. 12.
10) Variant 33 - effect of the terms C33 = ~|-72.’10-9 and 853 =
= +211.1077 Fig. 13.
11) Variant 41 - effect of the errors of terms 041 and 841 a—
mounting to AC,, = 52,1078, As,, = 45.10~8 Fig. 14
12) Variant 42 - effect of the errors of terms Cyp and 842
amounting to AC,, = 43.10°°, AS,, = 32:107° Fig. 15
13) Variant 44 -~ effect of the errors of terms 044 and 844

amounting to AC,, =

12.1072, As,, = 15.1077, Fig. 16.

The integration outcomes are presented in the form of dia-
grams.

The following conclusions
known for the coefficients of zonal harmonics

can be induced: the accuracy
allows for the
radius-vector to be computed with an accuracy of 10'6.For this
purpose, the terms up to 040 ought to be taken into
the accuracies known for them being adequate. As regards the
perturbations produced by harmonics 022, 822 they exceed 100 m,
simultaneously, however, the accuracy of coefficients will pro-
duce an error in the determination of the lenght of radius-

vector, amounting to 70 m, this giving an accuracy 10~2,

account,
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A certain surprise for the author were the absolute quan-
tities of perturbations of third degree. After having made the
evaluations pertaining to the harmonics 22, we could suppose
that the next terms would give smaller effects and that their
omission would not bring about a drop in accuracy in computing
the radius-~vector below 10-5.,Yet the further computations ha-
ve showed that in the case of term 33, their effect exceed e-
ven 300 meters for the same orbit. So, this terms can not be
ommited, anyway. The influence of the errors of fourth degree
harmonics can still bring about ineccuracy of the order of 7Om.

In order to examine the influence of the orbital inclina-
tion, the variant 32 was calculated for four values: i=8095,
63?4, 509, 0°. It appeared that only the amplitude of pertur-
bations is undergoing variations, the characteristic shape of
the curve is hardly changing: even for i = O it remains as it
was. The greatest perturbations occur with the mean inclina-
tions of the orbit.

Moreover, computations were made, changing the height of
the orbit. It was found that the quantity of the perturbation
diminishes rather slowly with the growth of a. With the chan-
ge of HP from 1000 km to 3500 km the effect of the terms 22
decreases ty nearly 1/5, of the terms of the third degree -
by nearly 1/4, and of the fourth degree - by about 1/2. This
means that even with orbits of the Midas 4 or Geos type - if
we want to acquire the lenght of the radius-vector to an ac-
curacy of 10_6 - the effect of terms of the fourth degree must
be taken into account.

As indicated hereinbefore, simultaneously with the evalua-
tior of perturbations in the radius-vector - the programme
showed changes in the position of satellite along the trajec-
tory (along-track variations) and in the direction perpendi-
cular to it (across-track variations). It follows from the com-
putations that the radial changes are, as a rule, smaller than
the tangential changes, but slightly greater (though not al-
ways) than transversal ones.


Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska


Application of the radiusevector... 69

CHAPT-ER -~ VII
OTHER PERTURBATIONS
SECTION 1. ATMOSPHERIC DRAG

The atmospheric drag can be fairly called the major enne-
ny of geodetic satellites. It is for this reason that we have
already at the beginning adopted assumptions tending to mini-
mize the perturbations caused by the resistance of the medium.
And so, we have adopted an orbit approximate to the circular
one, at an altitude of more than 1000 km over the Esrth’s sur-
face, and a satellite of a small area-to-mass ratio (the so-
called heavy satellite of the type of Anna 1 B or Alouette).
It might be said, in addition, that in our case only the short-
period and diurnal perturbations seem to be dangerous because
they do not find reflection in variations of the mean elements
which can be determined from observations. We shall now try to
estimate the order of magnitude of those perturbations and to
find out whether they can be regarded as negligibly small.

Let us briefly recall the
mechanism of the arising of per-
turbations produced by the atmo-
spheric drag. Suppose that the
atmosphere remains motionless
with regard to the orbital pla-
ne whose eccentricity # O. Mo~
ving in a medium offering resis-
tance, the satellite consumes a
part of its kinetic energy and
loses by the same it's velocitye.
Since the greatest retardation
occurs in the vicinity of the perigee, it is there that the
largest velocity variations take place, this producing a chan-
ge in the shape and in the dimensions of the orbit; it should
be added that the distance to the perigee will show markedly
slower variations than the distance to the apogee.Thus we shall
have secular variations of two elements of the semi-axis a,

Fig. 17
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and in consequence of the period P and the mean motion n, and
of the eccentricity e. Still, in addition to these secular va-
riations leading to the circular shape taken by the orbit and
to the lowering of the altitude at which the satellite is mo-
ving until it collapses, short-period variations may be expec-
ted to occur, for at each point of the retardation force has
a different magnitude which can be represented as a function
of anomalye. It is only in the case of an orbit being circular
and the atmosphere having a spherical structure that the pe-
riodical terms in perturbations of elements could be avoided.
Unfortunately, the atmosphere does not represent an ideal sphe-
roidal structure. As demonstrated by explorations based on ob-
servations of artificial satellites, the atmosphere has rather
an ovoid shape produced by the difference in temperatures of
the daytime and the nighttime side of the Earth globe. The a-
xis of the bulge forms an angle of near 30° in right ascension
with the Earth-to-Sun direction and is orientated eastward
from it. Moreover, owing to the rotation about the Earth’s a-
xis, a flattening of the atmosphere can be noticed. All that
causes that even a satellite being in circular orbit,is moving
in a medium whose density is a function of the place and so,
short-period perturbations may occur.

If a great number of
studies is devoted +to
the problem concerning
long-period and secular
variations, the theory
of their computation,the
determination,the atmo-
spheric parameters from
observations, rather a
small number of authors
have dealt with  the
short-period variations. This problem has been approached in
a more detailed manner by Brouwer and Hor i [1961]
and laso by I z s a k [1960]. In both cases though concrete,
but rather complicated, models of the atmosphere have been a-
dopted, ‘this causing that after the integration of differen=-

Fig. 18
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tial perturbation equations,very complicated formulae had been
obtained. For our purposes, the formulae given by B a t r a-
kov ad Proskurin [1959] shall be used

2 N
da. _ _2c@D 8 (1, 2 ¢ gos v + e2)>/2
. (1-2)?

% = --%"—Qé—x;—,‘%—(’l +2 e cos v+ ex)1/2 (e + cos v)
-e

%Si=g—i-=o
e%:-id 21)1& 1+2e cosv+ea)1/2 sin v
1=-e

> (7e1)
2\1/c
de _2d@nae (4 +2ecosv+e2)1/2(-(1i)—+

1+e cos v

1
-——\s8in v,
1 +V 1-32>

where

1, B
°‘“2_Cx

m

@ = density of atmosphere,

Gx= aerodynamic coefficient which amounts to 2 for this
type of motion

S = area of the cross-section of satellite,

n = mass of satellite,

€ = longitude in orbit.

The equations (7.1) do not contain any assumptions pertai-
ning to the law of variability of ¢, according to the place.
The only assumption introduced is the neglecting of the rota-
ry motion of the atmosphere; owing to this, d = di = 0. In
our case, where the guestion is of examining the order of mag-
nitude rather than an accurate determination of perturbations
- and when small quantities are to be expected - we may allow
ourselves for-going simplifications.
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Let us assume a circular orbit in +the equatorial plane:
e=0, 1i=0, a= 7378 km. Thus

v=DM=net (7e2)
and the formulae (7.1) will have the form

6a = - 2otn &% -fth
de=-2n a ufcos M gdt (7e3)

65 =0,

Swfor e = O takes indeterminate values, so we have not
to take it into consideration.

Further, let the satellite be of the shape and of the di-
mensions of Alouette

S = 0,735 m°, m = 145 kg .
Therefore
o = 0,0051 m2/kg = 0,051 cm?/g

n2a2 = p/a = 54,0259 m2/59k2

na = 7,35023 km/sek = 7,35023+10° cm/sek
n = 0,0009962 sek™

ne? = 54230 km?/sek = 5,4230 « 101% cm?/sek

2

2an 82 = 0,553 « 10 cn*/g * sek

2oln & = 0,750 o ’IO5 cm3/g e gsek .

In order to compute the value of the integral fq at, we
are going to use the model of atmosphere given by M ar t i n
and others [1961] o« It is a model based on observations of ar-
tificial satellite, which takes into account the daytime bul-
ge, upon assumption of the mean level of solar activity.It is
presented in the form of a table containing ¢ min and ¢ max
for the given altitude, and of a formula for calculating ¢ at
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an arbitrary place. This model is certainly not an ideal one,
yet possesses the quality of being relatively simple and con-
venient in application. Besides, it agrees quite well with ot-
her, more recent and more complicated models.
The model presented by Martin and others gives for the al-
titude of 1000 km
Cpex = 6972 X 10717 g/ow® @ = 2,64 x 10~18 ¢/cn?
Another model formulated by Paet zold and
Zschroner [1961] gives respectively
Omax = 99701 x 1017 g/cm3 Qpin = 41313 x 10~18 g/bm}
The Nicolet-Jacchia [Ja cchia 1964 model consi-
dering many parameters, gives

Qmax = 1097 *+ 10717 o . =5,8 + 1071

assuming that the coefficient of solar activity has in the 10,8
- centimeterband the following average value

F1O'8 = 2% .

S0 it can be seen that the model of Martin and others may
be accepted without fear of making a mistake of an order of
magnitude., Martin gives the following formiilae for the compu-
tation of @

logg (h,y®) = 1og @i, (h) + a(e®) -[los Omax )= 108 €1 (h)] , (7%)

where

h - altitude above the Earth’s surface

6 - real solar time.

The values of q(©) are presented in Table 4 col. 3.

Substituting the respective values in the equation (7.4),
we obtain the values of q(1000,6), as shown in Table 4,c0l.6.

Ao~ stands for the difference of the right ascension bet-
ween the Sun and the given point in the space; log I
= 0,827-17, 1log Qpi, = 0,421 =18, log i -log?minz 1,406,
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Aot o | a(e) [a(e)-(logg,,, - logg, )| 1lsg | g(a/en’)
1 2 3 - 5 6
180° o |0.183 0.258 78.678 | 4,76 1018
210 2 |0.106 0,149 8.570 | 3.72 10~18
240 4 | 0.030 0.042 18.463 | 2,90 10~
260 5820™ | 0,000 0.000 TB.421 | 2.64 1018
270 6 |0.020 0.028 78,449 | 2,81 10™18
300 8 |0.33% 0.470 18.891 | 7.78 10~"18
330 10 |0.728 1,024 i7.u45 | 2.79 10717
0 12 |o.942 1,324 17.755 | 5.69 10™17
30 % | 1.000 1,406 17.827 | 6.72 10~"7
60 16 | 0.935 1.315 17.736 | 5,44 10”17
90 18 | 0.724 1.018 7439 | 2,75 10™17
120 20 | 0.463 0.651 15.072 | 1.8 10™17
150 22 | 0.276 0.388 78.809 | 6.44 1018
180 24 | 0.183 0.257 18.678 | 4.76 1018

The invegration will be made in the way of approximation,
by the summation of products of the density Y multiplied by
the corresponding time interval. We shall observe the motion
of the satellite starting with the point lying opposite to the
Sun, on the other side of the Earth: (A= 180°).

As seen from the Table 5, the explored perturbations are
very small. The secular perturbations of the semi-major axis
amount to a few centimeters during one revolution, the perio-
dic variations being fully negligible. The same is to be said
in respect of the eccentricity, where the variations appear at
the ninth digit after the point. This seems to entitle us to
state that in the present subject'matter, with so selected or-
bital and aerodynamic conditions, the short-period and diur-
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nal perturbations produced by the atmospheric drag are prac-
tically of no significance.

iy seAl:’ g-ecr:l'%?sek ?: cos M| @+At «cos M Ae

1 2 3 & 5 6 7
180° | 263 | 1.25 10715 | =0.07 | 1.000| 41.25 10~1% |- 1 40710
210 | 506 | 1,96 1017 |-0.18 | 0.866 | 1.70 10”1 |- 2 10~10
240 | 438 | 1,27 1017 |-0.25 | 0.500 | o0.64 10717 [~ 3 10710
260 | 263 | 0.69 10”17 |-0.29 | 0.174 | o0.12 1071 |- 3 10710
270 | 350 | 0.98 10™1° |-0.3% | 0.000| 0.00 « 3 A
300 | 506 | 4,09 1017 | -0.57 |-0.500 | -2.04 1017 |- 1 10™1°
330 | 525 [44,66 1017 [ -1.38 |-0.866 | -12,70 1017 |+ 8 10™1°
O | 526 |29.90 10~ [-3.02 |<1.000 | -29.90 10~"° |+ 31 10~1°
30 | 525 (35,31 10~ | 4.98 |-0.866 | -30.58 10~ |4+ 54 10™"°
60 | 526 {28.59 10717 | -6.56 |-0.500 | ~14.30 10772 |+ 64 10710
90 | 525 [14.45 10~1° [-7.36 | 0.000| 0.00 + 64 1010
120 | 526 | 6,20 10~1° |-7.71 | 0.500| 3.10 10~" |+ 62 10™1°
150 | 525 | 3,38 1071° |-7.89 | 0.866 | 2.93 107> |+ 60 1070
180 | 263 | 1,25 10~1° | -7.96 | 1.000| 1.25 10~"° |+ 59 10™1°

SECTION 2, EFFECT OF THE SOLAR AND LUNAR ATTRACTION

The influence of the Sun and the Moon on the motion of the
artificial satellite are differring each from other only as a
matter of quantity, while qualitatively they are the same.Let
us first consider the influence of the Moon. We shall make he-
re use of the formulae for the perturbation function of the
exterior body. known from the celestial mechanics

R = ulgler-5550) (7:5)
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where
pf— the mass of the disturbing body multiplied by the gra-
vitational constant,
T = the radius-vector of satellite,
T - the radius~vector of the disturbing body.
Expanding -E,ﬁi in series of Legendre’s functions and
remembering that

T ¢T =1 ¢« r'cosvy ,

we obtain

R =

»1":

[1 +%cosw +£(%)2(5 co;s‘?w..'l)-i-zIi cosq)] -

='1E“'l:1 + % (—;—,)2(3 cos 2y~ 1)]. (7.6)

with an accuracy to the terms of the second order.
In the formula (7.6) only the second term will produce
short-period perturbations, because of being +the function of

Noon the angle ¥. Let us make an evalua-
tion of the magnitude of this term.
In the case of the Moon M’ a-
mounts to 1/81 of the terrestrial u,
r'= 380 000 km, r = will be adopted
for 9500 km (the altitude of the sa-
tellite orbit being approximately
3000 km).
Farth The ratio —<; will be 1/40.

T
Fig. 19 Therefore

2
u
By = 87.50.7 l:" + % (410) (3 cos 2w~ 1)].

The spherical function P20 taking the values in the ran-
ge *1, the variable part of the formula (6) will assume va-
lues in the range

By & i agT
S8 @ ag7 .,

For the Sun, u'= 332 000 u, and r’= 15 000 r.
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Thus it will be

2
Ry =é|%2_%[1 ""g‘ (15‘1—00) (3 cos 2w =~ ’l)]
the varying part of the formula being embodied in the range

-E ° . __"i -7
- 22 225.106 = 1 1.10 .

Both of these magnitudes are comparable with the effect
of the error found for the harmonic 020. As remembered from
the Chapter VI, this error, whose value was assumed to bDe
5.10'7, gave us perturbations of the order of one meter. Sin-
ce we have to do in this case with a still smaller quantity,
it can be concluded that the solar and lunar effects need not
be taken into accounte.

SECTION 3, EFFECT OF THE SOLAR RADIATION PRESSURE

It would not be necessary at all to consider the influen-
ce of the light pressure if the satellite moving in orbit we-
re to travel all the time in Sun rays. The force exerted by
the light pressure would then be constant and could produce
only secular variations in the orbit. Yet since mostly a part
of the orbit lies in the area of the Earth’s shadow,that fac-
tor ceases to act, and the quantity of the additional accele-
ration becomes dependent upon the position of satellite in or-
bit. Let us try to evaluate the quantities of the short-period
perturbations produced by this situation. For this purpose,we
shall use the method applied by Wy a t t [1963] and P o-
liakhova [1965], where a comparision of the effect of
the solar radiation pressure and the atmospheric effect 1is
being made.

The acceleration caused by the light pressure is expressed
by the formula

FL::P'%s (77)

where by
p - denotes the solar light pressure at the distance of

the astronomical unit, exerted on a perfectly reflec-
ting body,
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S - the area of the acting cross-section of satellite,

m - the mass.

The acceleration produced by the atmospheric drag can be
expressed as

2

k= dorags o 18, (7.8)

where

Cx - aerodynamic coefficient,

¢ ~— atmospheric density

v = velocity of satellite.

The ratio of quantities (7.7) and (7.8) will Dbe indepen-
dent of the characteristics of satellite

F
l—Fﬂ = + C—i-;’;-z 4 (7.9)
Substituting now

P = 0,9 ¢ 0% g + em™? sex™2

Cx = 2

o= 76,1071 g « cu™

73 ® 10° cm « sek™]

V =

b 7 PR P |- sadi

7 = + - + 245 .
A 714,0 + 10

Thus, the effect of the radiation pressure at an altitude
of 1000 km is some 245 times stronger than the atmospheric ef-
fect. Yet in Sec. 7.1 we have demonstrated that in the region
of the maximal density the atmospheric effect may give pertur-
bations of the order of a few centimeters. So, even a tenfold
stronger effect will give disturbances smaller than one meter,
this being below the limit of accuracy adopted by us.

As a matter of fact, the authors of +the afore-mentioned
studies as well as others, like K o z a i [j963 d],for examp-
ley, do not deal with the question of short-period perturba-
tions, considering only secular terms which also depend on whe-~
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ther or not the satellite passes through the shadow of the
Earth.

SECTION 4. OTHER POSSIBLE SOURCES OF DISTURBANCE

We are going but mention here some other factors acting u-
pon the motion of satellite to a markedly lesser degree than
the three preceding effects. Those are:

- the effect of the Earth’s magnetic field,

- the effect of the electrostatic field existing in the
ionosphere,

- the effect of the radiation reflected from the Earth,

- the collisions with micrometeorites,

- the relativity effect.

This list could be complemented, according to the law of
interdependence of phenomena in the Nature. Yet, all those
factors produce but minimal effects, and their influence on
the results of any observations is hardly perceptible.

CHAPTER VIII
APPLICATION OF THE RADIUS-VECTOR THEORY

This Chapter presents ‘some possible applications of the
theory of the artificial satellite radius-vector.They are gi-
ven successively, starting with the most particular solutions
imposing the fulfillment of certain specified orbital and ob-
servational conditions and ending with the quite general pro-
cedures allowing to utilize arbitrary orbits (selected, evi-
dently, within the framework of restrictions assumed by the
basic principles of the theory) as well as observations car-
ried out in the standar way. This sequence is also in accor-
dance with the chronology of formation of the particular con-
ceptse.

The first one was the project of observation of the satel-
lite ALOUETTE, presented during the Conference of Observers
of Artificial Satellites in Moscow [Z i e 1 i f s ki 1963)
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80 Janusz B. Zieliriski

We are going to discuss it hereinafter as the project of ob-
servations of a circum-polar satellite for the determination
of the radius of the Earth’s parallel. The other concepts ha-
ve sprung up as the particular problems had arisen - such as
the tebtrahedron method in triangulation - and as the work on
the subject-matter was progressing. There exist probably also
some other possibilities of utilizing the radius-vector of the
artificial satellite, susceptible to lead to interesting so-
lutions.

SECTION 1, DETERMINATION OF THE EARTH’S PARALLEL RADIUS

The objective of our program is to determine the Earth’s
parallel radii of the observing site for the investigation of
the shape and the dimensions of the Earth. If we observe the
satellite S from the point P twice during two consecutive pas-
sages through the great circle of
the topocentric equator,we obtain
a situation as in Fig. 15: the arc
represents the parallel of the ob-
serving site, or more precisely,
the fragment of circle circumscri-
bed by the parallel radius of the
observing site.

Fig. 20 After a full revolution, the
satellite will be almost at the same position as before (ex-
cept for the translatory motion of the Earth). During this ti-
me, the Earth will perform a revolution at an angle of 6 equal
to the draconic period P, this angle to be defined from the
observations. The angles Oqu and SP20 can be determined from
observations too. Assuming that we have the quantity of f, we
may without difficulty solve the tetragon QP18P2 and calcula-
te the value of R (after having introduced the correction for
the displacement of the point S, produced by the motion of the
orbital nodes).

From ‘A0P1S

: __R
sin A g sin 84

. (841)
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From AOP28
B R
sind, =8in 5, (8.1)
sinu2 sin S5
sing, ="sin 8,
yet as
Sy + 8, =8
thence

sinct2 sin(s - s,l)

sinc(,l = ot 5, = 8in 8 ¢ ctg 84 = cO8s 8 ,
where from
sin
ctg 84 = SIne, + s1n 8 + ctg s . (8+2)

Having 54y We compute

f ¢ sin S, £ ¢ sin S5

R = sind, = sino, ° (8.3)

The element f is found using the formulae
f=1r* cos ¢ (8e4)

sing, = sin u « sin i , (845)

r - radius-vector
"u - argument of latitude

i -~ inclination.

The condition of two consecutive transits may be extended
to a greater number of passages during which the satellite is
observed for the second time, provided that we are able to se-
cure the required accuracy in computing the correction AS2 ne-
cessary for rectifying the position of the point S during the
second observation, and to safeguard the stability of the dis-
tance f, within the limits of tolerance. We assume, as we ha-
ve done before, that the long-period variations are known from


Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska
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observations with an adequate accuracy. As regards the short-
period variations, those of them which are the function of zo-
nal harmonics of the Earth’s gravity potential will be equal
to zero, for the argument of latitude is the same during the
first and the second observation. Only the effects of tesseral
harmonics of the diurnal period are remaining. The long-period
variations are minimal in the case of ALOUETTE. They are cha-
racterized by the fact that from the launching moment,that is,
from the end of September 1962 till mid May 1963 the semi-ma-
jor axis a did not undergo changes within the bounds of the
determination accuracy: ’IO'5-Re (Re - radius of the Earth)
[NASA 1963]. Till the 18th May 1963, a = 1,15892 ¢ R, later on
- till the end of August 1963, a = 1,15891 - Ro'

Tabela 6

7!
< ) Total - se=-
Influence of | Influence| Total * no of |cular =
¥o of rev. C22 of 522 pertur- - Diurnal per-
bation [ ¥eVe=S€CU- |4 rbation
lar pertur-
bation

0 0 0 0 0 0

1 0 0 0 -1 #1°,10™°

2 +1%10™° 19107 0 -2 +2

3 +1,1072 =2 -1 =3 +2

4 +2.1o‘5 -3 -1 4 +3

5 +3.1072 -6 -3 -5 o

6 45,10 -8 ., a5 +3

7 +7.107° -1 4 - +2

8 49,107 14 o5 -7 +2

9 +12.10™2 -18 -6 -8 +2

10 +15.10™2 22 -7 -9 +2

1 +18,10™ -26 -8 -10 +2

12 21,1077 -32 -11 -1 0
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On this basis and in accord with the considerations of the
Chapter VII, we are arriving at the conclusions that during
the interval of a dozen or so of revolutions it is not nece-
ssary to take the atmospheric drag into account.

As to the influence of the nodal motion, we know that it
is little for satellites with a great inclination of the or-
bit. In the case of ALOUETTE, it amounts to approximately
—09985/4d. As it follows from the computations of Kotchina,
corrected in such a way that the values of 022 and 822 be com-
patible with those adopted in the present work, the diurnal
perturbations of the node of a polar satellite are: (Tab. 6).

The picture of diurnal perturbations shows a deviation
from the mean variation proportional to time, by a magnitude
of the order of 30 . 10-5, or approximately OV1. This corres-
ponds to the observation accuracy OV6; hence the conclusion
that for the computation of the correction for the alteration
in the node, the application of the secular variation will do.

The influence of the inclination will be imperceptible be-
cause of the stability of that element and because of utili-
zing hére the sine which undergoes little changes in the vi-
cinity of 90°.

As seen from the formulae (8.4) and (8.5), an important
role is played by the argument of latitude u

_8in i cos udu
a4y = cos@g ’ (8.6)

df=-rc¢sing d¢g, =~1r tg ¢, sin i * cos u du . (847)

Substituting i = 90°, r = 7378 km, and assuming that dfg
£ 15 m, we shall obtain the following performance of the ac-~
curacy required in defining u:s

Two milliseconds may be regarded as the upper limit of ac-
curacy to be achieved in defining the moment of observation
and in determining Tg,. For observational reasons - as shown
in the text to follow - it will be possible to make observa-
tions at geographical latitudes < 60°, this corresponding to
u < 48° for an orbit of 1000 km over the Earth.So we may ac-
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84 Janusz B. Zieliriski

cept that the maximal accuracy to be achieved in the determi-
nation of u is =~ O¥7, this corresponding to 02003 of (t - T
Only in the immediate neighbourhood of the equator those re-
quirements are losing their importance.

Table 7

u ' | du l dt

5 oo

1° 28" 140 ms
10° 218 14
20° 195 8
30° 190 5
40° or8 4
50° or? 3
60° ové 3
70° ors 2
80° ov5 2
90° ovs 2

Let us consider now the mode of observation and the in-
fluence of observational errors. The observation should fur-
nish - as computational elements - the angles Ags Ko and 6
in the plane of the parallel. The angle (180 - ) will be the
difference between the topocentric right ascension of the sa-
tellite at the moment of its transit through the equator on
the celestial sphere and the local sidereal time corresponding
to this moment. The angle 6 will be simply the difference be-
tween the moments of both pasages through the .equator on the
celestial sphere in sidereal time. Thus the observation will
consist of the time recording and the measurement of the right
ascension of the satellite when its declination is equal to O.

Let differentiate the formulae (8.2) and (8.3) with regard
to oly and o(2, considering that do(,‘ = do(2 = dx
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- d 5, " ssino(,l * cosa, - sino(2 cosc(1 g
sinas sinao( sin s
1 1
. 2
sin(ot, = ol,) sin“s
ds, = °“2 2 1. aux (8+9)
sin ot,] sin s

.1‘.’(sinog1 * cos s,d s, - sin s, cosoy )

2
sin Xq

o D 2
- f(sin (o, ~c,) 8in“s, + sin s, co sin“o,sin 8) d«
P i W 1 4 _Sase 1

sinuo(,] e sin s
(8.11)

Adopting, for simplification, the symmetric observation
oy =k, =Ly We obtain

sin 54 cosot

|dR| e sin%iq . dale

For such an observation, with an orbit of H = 1000 km and
the geographical latitude of the observing site ¢= 52°,we ha-
ve

(8412)

oLy =otp = 130°
s, = 29°
£ = 5500 km

d will stand for 2". Therefore

IdR|= 20m .

The assumption that the measurement error of angles o is
equal to X 2" seems somewhat optimistic. In addition to the
very measurement accuracy of the right ascension,there is al-
so the question of the determination accuracy of the local si-
dereal time, which is conditionned on the accuracy known to
be for the geocentriec geographical longitude of
the observing site. For the accuracy of this element to be be-
low 2", it means, in order to avoid the error of deflection of
the vertical, we must have geodetic coordinate data in one of
the newer systems (for instance: Hayford, Krosowski),in which
the error of their orientation is supposed not to exceed 2".
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86 Janusz B. Zieliriski

Those coordinates need, moreover, to be reduced to the posi-
tion of the instantaneous pole. The case where only astronomi-
cally determined coordinates are known will be discussed se-
parately.

The accuracy achieved in the measurement of the angle 6 is
considerably higher. If we measure the time with an accuracy
of At = * 05002, then A6 = * OY03; so we are not going to a-
nalyze here this influence.

Assuming that mf = 15 m and mx = 2", we obtain

mR=25m.

As said before, this estimate may be regarded as being too
optimistic, but our observation will prove to be of avail e-
ven when oy is much greater. In this connection we may recall
that the discrepancies between the dimensions of different el-
lipsoids are still of the order of 100 = 200 m; +the same is
with the position of the center of the Earth’s mass. And so,
if a single observation is able to supply an information of
the same class as the complicated and time-~consuming measure-
ment of large areas made with the help of geodetic methods,the
accuracy achieved in this case may be considered interesting.

Let us now dwell upon the question of the visibility of
the satellite. It is not very often that we have the possibi-
lity of observing two consecutive transist; yet, as said be-
fore,this fact reveals no greater significance because of the
stability of the selected orbit. Instead, it is more important
that the satellite be observed by many other stations in or-
der to be able to best determine the necessary orbital ele-
ments. There are, unfortunately, periods during which the vi-
sibility conditions allow only for a very short arc of the sa-
tellite to be observed. This occurs when the line of the or-
bital nodes is near the Earth-to-Sun direction. This effect is
stronger with lower orbits and feebler with higher orbits.The-
refore it is more advantageous to choose higher orbits. Next
to ALOUETTE - MIDAS 3 and MIDAS 4 with orbits at an altitude
of approximately 3500 km or other satellite, may be included
into the observation program.
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The visibility conditions define, also the range of geo-
graphical latitudes at which the observations of this type can
be carried out. Since the observation has to be performed when
6 = 0, and on a fairly large arc of the equator,it is restric-
ted by the maximal zenithal distance at which an observation
is possible. The corresponding formulae for the computation are
givenby Cichowicz [1963]. It follows thereof that
for Z .. = 85° and in the range of * 30° of the hour angle, ¢
must be smaller than 60°.

SECTION 2. COMPUTATION OF THE SATELLITE TRIANGULATION
BY THE TETRAHEDRON METHOD

If we observe the satellite from the point A at two posi-
tions 81 and 82 corresponding to two moments T1 and T2,we ob=-
tain the AS1, Asa,
BS1, B82 directions
in the system of ab-
solute orientation,
it means,in such one
whose Z-axis is co-
vered by the rotation
axis of the Earth,and
the XY - plane - by
the equatorial plane.
If, knowing the orbital elements, we are going to calculate
the length of the segment of the straight line S182, we shall
be able to solve readily the tetrahedron AB 8152’ and to find
the distance and the direction AB. Choosing arbitrarily the
coordinates of the point A, we can compute the coordinates of
the point A and, further on, in the same way the coordinates
of all points of the network. The points of the computed net-
work submitted afterwards to an adjustment, will obtain their
coordinates in the absolutely oriented system with the length
unit independent of the distance measurements performed on the
Earth’s surface and, hence, disencumbered of measurement er-
rors of bases, errors of reduction from the geoid to the el-
lipsoid, a.s.0e. Also another source of errors disappears,con-

Fig. 21
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nected with the transposition of the length from the measured
side to the -unmeasured sides, because the number of *bases"
exceeds markedly the number of sides.

Thanks to the participation of Poland in the Internatio-
nal Observation Program of the Satellite ECHO 1, in 1963, a
possibility was offered for the test of this concept by using
the observational data collected. For this purpose, analyti-
cal formulae have been derived for the length of the base se-
gment 8182 = 1 in the function of orbital elements,and a theo-
retical accuracy analysis has been madej; the main idea of the
experiment was to demonstrate the validity of this analysis.
7 If it proved to be wvalid for
ECHO 1, it ought +to be good
also for other satellites which
fulfilling all the orbital and

,s aerodynamic requirements, will
TP {z — Y secure much more accurate re-
» L ; //& sults than the balloon ECHO.
( g As proceeds from Figure 17,
X a the coordinates X, Y, Z may be
Fig. 22 expressed by the formulae

X =r°cosu*cos L~ ¢ sinucos iesin L
Y=resinu - cos i+cos L + 1 +cos usin E}(8.13)
Z = resin uesin i .

If we want to determine the distance ®between +the points
(for instance: §,8,), then

12 = %1 + 8% + 0%, (814)
where
AX =X, - X,
AT =Y, -1, (815)
AZ =2, ~3Z,.

2 1
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We now assume

T, +Tr
_ 21 2 _n AT - Ar
Ar-re-r,]; r=—>s—3 Ty=T =5 T, T+

u, +
Au:uz—u,l; u=—1—?—u—2—
L (8416)
AL:L?_-L,|
i,l::ia. J

Thus it will be

X,I = (v -AQE) * (cos u,ecos L,] - sin u,losin L,]°cos - i

Y,I = (r -ééll)'(cos u,l-sin L,] + sin u,+cos L,] *cos i) H8e17)
Z, = (r -8T).sin u,esin i

1 - 9

and analogically

(r +ézrl)'(cos uy+cos L, - sin u,*sin L,+cos 1)

A

Y2 = (v +92£)~(cos u2~sin L2 + sin u,*cos L2-cos i) p (8.18)
22 = (r +%)-sin u.z-sin i

Subtracting by members, we obtain

12 - X,l = re*(cos u,*cos L2-sin uz-sin L2-cos i+ W

-cos u,°cos L,] + sin u,]sin L,]-cos i) + o

+%(cos u2-sin L2 - sin ua-sin L2-cos i+

+ cos u,]-sin L,] - sin u,]-sin L,]-cos i)
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Y2 - Y,I = re+(cos u2-sin L2 + sin u,-cos L2'cos i+
- cos u,]-sin L,] - sin u,*cos L,] *cos 1) +

+é§l—‘(cos uz-sin L2 + sin u2-cos L2~cos i+
(8+19)

+ CcOS u,]-sin I"’l + sin u,*cos L,I-cos i)

22 - Z,I = resin i - (sin u, - sin u,l) +

+—ATrsin i (sin u, + sin u,]) .
Because

L2 = L,] +AL

we can write down, using the series expansion

sin L2 = sin (L,] + AL) = sin L, +AL+cos L

1 q *
A2 Lesin L,I A3 Lecos L,l

- o) . 3 + oo

(8.20)
cos L, = cos (L,] +AL) = cos L; =AL* sin L, +

A2 Lecos L, A Lesin L,
- 5 + S + oo

If At = 2 min, then AL = 30’, and A°L = 6,6°10~/, so we
can confine ourselves to the terms of the order of A2L.

Substituting the respective elements in Equation (8.19),
we obtain for Y-s

A2L- gin L

-Y r-[cos u2-<sin L, +4Lecos L, -—?——1> +

1

AZL * COS L,]
+ sin u,Ccos i+ (cos L,]—AL-sin L1 e | 4

- cos u,losin L,] - sin u,ecos L,] cos i] + (8¢21)
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+é21-‘[cos u, + (8in L, +AL ¢+ cos L,]) +
+ sin u,°cos i+ (cos L, -AL - sin L,] + (8¢21)

+ CoS u,]-sin L,] + sin u,*cos L,]-cos i] .

Let change the direction of the X-axis so that I..,| bo equal
to O, and we obtain

L, -1 = r.[cos i+(sin u,-sin u;) + cos u,* AL +(3,22)
2

- s:Lnu2 cos i T—] AI‘I:cos i+ (sin u, + sin u1)+cos u24L]
substituting afterwards (8.16) yields

2
Y2 —Y,] =r.(28in Azu e cosu-+cos i+ALecos u, —%—Lsin u,*cos i)+

Au

(2 cos == + sin uecos i +AL-cos u2) ¢ (8423)

Analogically, we have for the remaining coordinates

2
- . Au' . . A L .
X.?.-X’l = -r+(28in > sinu +ALesin u,°cos i+ 5 * COS u2) +
Ar Au "
+-—2—(2 cos == *cos u ~AL-sin u,*cos 1) (8423)
ZZ- Z,] =re+2e¢sin Aau. cos u*sin i +Ar-2-cos%3-sin u-sin i .
Raising the equations (8.23) to the square and summing gi-
ves

l2 = r2- [4-51n2 A2u +2+sinAuscos i AL +A L(cos u2+sin£u2° cos%. )+

+2 *sin A—2u—-A2L- (sin u-cos u,~ cos u esin u2-coszi) +

4
+ AL (cos2 + sin2 -coszi) + reAr<|AL.sinduccos i +
T " %

+A L(coz—:»au2 + sin2u2-cos i)~-cos A2u 21, (sin Uy «cos®i + (&24)


Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska

Aneta Popowska


92 Janusz B, Zielifski

2%—‘1‘+2-sin uscos i-.AL +

+ COS u-*cos 12)]4-A2r[cos
+ 8%L (coszu2 + sin2u2-coszi) 3 (8.24)

To make it somewhat simpler, let transform the fourth ex-
pression of the first brackets, by substituting

sin u = s:tn(u2 ——Aé—l‘l) = sin u, -é}- COS Uy + ees
(8425)
cos u = cos(u.2 —%) = cos u, +92‘l * sin Uy + eee
and 5
Au '_A_IL:__AU.
Sin"a_ 5 = T . (8.26)

In the third term of the second brackets we can also re-
place u by Usy and designate

cos2 +sin2u -cosai = W2 (8.27)
b 2

and we obtain the final formula:

2 2 Au

1© = r2 ~[l+sin T+2sinAu ecos i°* AL +

2 2 4
+ A%L (W + sin Q2. sin 2uy-sini) -4 WAL . @2, 4L, w2]+

2
+ reAr ~[AL-sin Auecos i -|~92L(W2 -~ W2'cos%9-):| +(8.28)

2
+A2r [cosz—Azg-réz—L- *sin Auecos i +-é4—L—W2]

It may be regarded that ¥ 07002 is the maximal accuracy
with which we can define the observation moment in the time
scale, and ¥ O?OO’I is the accuracy which seems to be attaina-
ble in measuring the short-time interval (of the order of mi-
nutes) between the observations. Therefore, the highest ser-—
viceable accuracy in computing the segment 1 appears to be tom,
that is, the distance covered by the satellite during the ti-
me of O";:'OO’I.

In the formula (8.28), the parameter whose accuracy has
the strongest hold upon the accuracy of the whole determina-
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tion performance, is represented by r. Yet we have to keep in
mind that 1 is several times smaller than r: in the case of
two-minute observation intervals - even nearly 10 times,so the
accuracy needed here for the latter will not be higher than
+ 70 m. Evidently, in the case of the orbit of ECHO,even such
an accuracy will not be attainable. The analysis given herei-
nafter presents accuracies assumed to be proper for this sate-
llite as well as the accuracy of time observations,adopted in
the program of synchronous observations. It is worth adding
that the time measurement error appearing in this method as
the error of u and encumbering the calculus of the distance 1,
is present also in any other method of satellite triangulation
~ as the error of non-synchronism.

Let us use the known formula for estimating the mean-squa-
re error of the segment 1 under measurement:

2
ny =Z(—§x%) - mii ; (8.29)
where X5 denotes the individual parameters of the function.In
our case, these parameters will be

r - the geocentric distance of the satellite,

Ar - the increment in distance,

u = the argument of latitude,

Au - the increment of argument,

AL - the increment in nodal longitude,

i -~ the inclination of orbit.

The formula for the individual partial derivatives have
the following form (after discarding the terms that would gi-
ve - in the product with the mean-square error of the given
variable - values below one meter)

%:—%- (4sin2 _z_léu_+ 2sindu«cos i+*AL) +£—I-J‘_—~ AL*sinAu-cos i (8.30)

a_aAlr_:—g—l *AL *sin Au-cos i +9-1£ . cosa% (8¢31)

2.2
%%:-:-rzé%—(- sin 2 u + 2 cos 2 uesin Aa‘l)'sinai (8432)
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2
a_aAlF=_rl—. (sinAu + cosAu cos i * AL) +
2 (8633)
+ I'7—'%1'—~AL-cos u*cos i - ﬁ{ e sin Au
a1 r° re Ar
AT =T ° sin duescos i A 9 sinAu-+cos i (8.34)
2
gL - -resindudlesind , ZoAT Ap.gipAuesind . (8.35)

As the basis for the estimation of errors to be attributed
to individual parameters, the Tables of Mean Elements have been
adopted - published by the Smithsonian Astrophysical Observa-
tory [I z s a k, ’1964].

In conformity with the data contained in those Tables,the
following values have been accepted

mey= s 0?5

D AW/ = o%1
mg= 0501
e}
m,a/ rev = 0,001
m; = 0%01
i o
Dyo = 0,2
me = 0,0001
m = 0,00005 rev/d
ma = 1 ]ﬂno

For the analysis, the following approximate formulae had
been used, defining the parameters appearing in the formula
(8428)

r = a*(l - e«cos E) (8436)

Ar = 2+a%eesin E. s:.nA—2E 3 (8437)

= W+ v, where tg% Vi‘_;g-tga, and
E

=M + e*sin E, and M =M  + ne (t - to), (8438)
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Au = Aw+ AV where

AV _\[l+e | BE  AEp |
8% =Vize [“3’2““ g (Bq°Ep

V,] 'V2 )] (8039)

and AE = AM + 2-e*cos E-sinATE and AM = n At
ALl w T -ﬁ/;ﬁl')' At . (8.40)

Applying to the formulae (8.36 + 8.40) the formula (8.29)
and assuming that At = 120 sec and o = OE."O’I, a = 7500 km,
e = 0.1y E = 90°, the following values have been obtained

HLI,=1'1,2lm

=%
mAr = 205 m
m, =2 092
P "
Bpu = - 5
W, = fom.

Substituting in the formulae (8.31 + 8.36) the numerical
values (r = 7500 km, Ar = 78,5 km, 1 = 785 km, t = 120 s,
AL = 30", Au = 6%, u =60°% i = 50°) and multiplying them by
the corresponding mean-square errors, we obtain

o om=139m
21 3

gar ""ar= 11 1M
glji.mu'-' ks

'ba_iﬁ'mAu =120 m

91,
AT ° AL 24 m

.
B
H

1}
~J
B
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and ultimately
m = 186 m .

The data of the synchronous observations campaign of 1963
contained results from eight observing stations

Uzhghorod Zvenigorod
Nikolaev Riga
Poznan Rotsdam
Bucharest Praha.

The examination of the whole documentation revealed that
only a small number of observations represent pairs suscepti-
ble to be used for the formation of suitable tetrahedrons

Uzh - Riga - 9
Nik - Riga - 5
Poz -~ Riga -~ 8
Buc - Riga - 3
Uzh - Nik - 3
Nik - Poz - 3
Poz - Buc - 2
Poz - Uzh - 2
Uzh - Pr - 1.

It was decided to reduce the observations of the group of
the first three pairs. We presumed that the pair Poznan-Riga
would have worse results, owing to the disadvantageous posi-
tion of those stations with regard to the orbit, for the com-
putation accuracy of the chord AB depends strongly upon the
shape of the tetrahedron. The most advantageous case is when
the segment 1 1lies in the plane perpendicular to AB. As the
plane turns, the tetrahedron becomes more and more oblate un-
til - in the extremal case - it changes into a plane,and then
the problem becomes irresolvable. The direction of the chord
Poznah - Riga was just close to the direction of the motion of
the satellite. During the course of computations, three more
observing pairs (one Poz-Riga and two Uzh-Riga) had been eli-

minated, their geometric configuration being very unfavorable.
The first stage of work was reduced to the computation,on
the basis of orbital elements, of the distance of the segment
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1. These elements were adopted in accordance with the publi-
cations of the Smithsonian Astrophysical Observatory [I zs ak
1964 b], presenting the following values: W, = argument of
latitude of the perigee, R, - right ascension of the ascen-
ding node, io - inclination of the orbit, 0, = eccentricity,
Mo - mean anomaly in epoch, n, - mean motion, n° - change in
motion. These elements are given in diurnal intervals for the
epoch: beginning of the 24 hours. The mcde of computation of
those elements is described by Gap os hkin [1964]; in
conformity with the definition given in Chapter II, they are
mean elements. For the computation of the coordinates of the
satellite, the following formulae are being used:

1. Representation of mean elements in terms of the epoch:

the moment of observation
W=w +Awe At )

R =R+ A At

s 0
is=i°+Ai . At
g (8441)
e =e_+A4e « At
(o)
-_— ’.
n =n + n At

M=M°+ n.at .

2. Computation of the eccentric and true anomaly and of
the argument of latitude

E=M4+ e sin E (8442)

sin v = —1-—92—-—-5qu (8.43)
“ Y1 - e<cos E i

cosv—_ﬂE_-e_- (844)
~1l-=e cos E *

U, = W+ V (8445)
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3+ Introduction of perturbation corrections

~\

R= g +td
sin i = sin i + d; cos ig
cos 1 = cos is - Ji sin is
sin u = sin u, + du +cos ug
cos u = cos ug = du-sin ug
r=a(l-ecos E)+dr

where a 1is being found from the formulae

1/3 dJ,
Ik 1 ‘24 ) 2.]
= 1+5 wl in®i)
a (n—2> [+3p2 e” ( +%sn1
k i 2
=(=5 -
b (n2> ( e<)

K = 0.7537172 x10° rev> + mgm> d~2; J= 0.0660546 mgm .

(8446)

(8447)

(8448)

(8449)

The perturbation corrections taking into account the ef-
fect of the second spherical harmonic, are computed after the

formulae

J
du = —% [%—{(-’l +% sinai)-sin(2w+2v) +
b

+ e[(-’l +g sinzi)-sin(2w+v) +%(-1 + sinai)-sin(2w+ BV)]} s

e3 sin v

5 (1+V1-e2)2

- {1(-1 +% sin2i) I:(l -Vl—ea) sin v cos v +

+ (v-M+ e sinv) (=2 + -g sinzi)}]

dJ.
F o =1_g|:(_,] +% 8in®i)(1 - 1= Ccos E e cos v, ,
rTo0p % Vi-e“ 1+V1-e?

+ -]z' cos (2w + 2v) sinzi]

B

(8450)



Application of the radius-vector,.. 99

1

dJ
6 =—2cos i|=(v=-M+e sinv) +={sin(2w+2v) +
»° R

7]

+ e [sin(2w+ v) +.% sin (2w+ 3 v)}]

(8.50)
« sin i cos i [cos(2a)+ 2v) +

t%imﬁ

4

6 =5
{ k

+ e{cos (2w + Vv) + 3 cos (2w + BV)}] .

4, Formulae for the evaluation of the coordinates of the
satellite

X =1 (cos ucos A = sin u sin A cos 1)
Y= (cos usin A + sin u cos A cos i) (8¢51)
Z =1 (sin u sin i) .

5. After having found the coordinates of the two points S1
and 32’ we compute the base segment

1 =Var® + Y2 +A72 . (8.52)

For the performance of those computations, a program ter-
med ECHO (vide Appendix no 4) has been established in the AL~
GOL language. The Table 9 (Appendix 5) contains the data, the
Table 10 (Appendix 6) - the results of this program.

In addition to these computations, a series of calculuses
has been carried out by means of the same program, with the
view of examining the accuracies. The diagram in Fig. 23 pre-
sents the change in the length of the base segment Al, vary-
ing with u, assuming that Ae = * 0,00007, according to the
estimate given for the orbital data. The Figurc 24  presents
the effect of the error of the mean motion, assuming that An=
= 0,000009 rev/d, this being also consistent with the evalua-
tion effectuated by the authors of the Tables of Elements. In
the Table 8 we have, on the other hand, the differences of re-

sults for the same moments, computed from two sets of elements
for different epochs.
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N

18

360° 90°

Fig. 24

270°

Al

+20m}
+0mf
-f0m}
-20m}



102 Janusz B,Zielinski
Table 8
T, B Al =1, - 1,
h m s h m s
0" 13" 55 - 23" 437 05
15 52 4 08 +80m
2 09 07 -21 50 53 7
11 ok 48 56 9
4 o4 19 - 19 55 41
06 16 53 44 77
5 59 3 - 18 00 29
01 28 58 32 73
7 54 43 - 16 05 17
56 40 03 20 72
9 49 55 - 14 10 05
51 52 08 08 68
1M1 45 07 - 12 14 53
47 o4 12 56 67
13 40 19 -10 19 41
42 16 17 4% 64
15 35 31 - 8 24 29
37 28 22 32 61
17 30 43 - 6 29 17
32 40 27 20 58
19 25 55 - 4 34 05
27 52 32 08 57
20 21 07 - 2 38 53
23 o4 36 56 53
23 16 19 - 0 43 41
18 16 41 46 52
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The data for the individual epochs were as follows
;o w = 274932 dw = 3933
e = 2029906 ds = -3%297
i= 470260 dy 0,002
e = 0.04490 4, 0400054
Mo = 0.32532 rev n = 12.498198 rev/d
n’ = 0.000420 rev/d>

277%65 dw = 3.33
199.609 ds = =3.297
47,262 di = 0.002
= 0.04541 de = 0.00051
M_ = 0.82430

n = 12.,498620 rev/d

n’ = 0.000440 rev/d>.

IT.

o =9 g
1

A comparision of this kind represents a good basis for the
estimation of accuracies, because the two sets of elements are
to a considerable extent independent each from other.They are
computed separately, on the ground of observations carried out
in periods overlapping one another; thus a half of observa-
tions will be the same, the other half being different. So we
may presume that the digits in the third column of the Table 8
are fairly well corresponding to the true accuracy.

The second stage of work consisted in the solution of the
tetrahedron, in conformity with the known stereometric formu-
lae. For this purpose, a program called TETRAHEDRON 2 has been
established (vide Appendix 7). The data pertaining to this pro-
gram are contained in the Table 11 (Appendix No 8), the re-
sults in the table 12.

As expected, the worst results are being noted with regard
to the direction Riga-Poznah. Instead, for the two remaining
directions the results obtained are quite satisfactory.Except
for one distinctly different outcome, the mean-square error
for the Riga-Uzhghorod pair is of a length of * 67 m, and for
the Riga~Nikolaev pair: ¥ 56 m. This is even better, indeed,
than envisaged by the theoretical analysis which was rather
circumspect. If compared to the results derived by Veiss,which
being based on tens of thousands o' observations had given
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Table 12

Results of the Program TETRAHEDRON 2
Date
1963 AX AY Az A-B

Riga - Poznan

VIi,2. +548,707 -288,688 -292.790 685,762

VI  +548.122  -290.055  -293.260  685.982
VI.6.  +551.866  -287.922  -291.627  687.388
VI.6.  +546.277  =-293.059  -294.973  686.522
VI.13. +548,229 -289,066  -292,964 685,523
VI.13. +549.017 -289.,112  -292,739  686.077
VI.13. +549.030  -289.125  -292.753  686.099
L= 686,180%235 m°=1622

Riga = Uzhghorod

VI.3.  +723.572  +180.591  =559.293  932.190
VI.4,  +724,251 +180.596  -559.014 932,551
VI.15. +723.398 +181.098 -558.740 931.822
VI.17. +723.458 +180.829 -558. 774 931,836
VI.17. +723.535 +180.881  -558.91% 931,990
VI.17.  +723.595 +180.900  =559.025  932.107
VI.1?7. +723.675 +180,943 -559.020 932,174

L= 932.096% 9% m = %250
without VI.4. | = 932,020% 67 m = 164

Riga - Nikolaev

V1.4, +514 844 +886.,937 -683.295 1232.320
VIA, +515.021 +887.159 -683.185  1232.490
VI.5. +514,521 +887.551 -682.855 1232.380
VI.9. +514.756 +887,084 -683.,078 1232,270
VI.9. +515,045 +887.274 -683.175 1232.580

L= 1232.408% 56 m = 2126
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mean-square errors within the limits of 7-30 m,our results may
be regarded as encouraging. There exists still the possibili-
ty of their further improvement by computing the orbital ele-
ments with the help of a special method and by taking into con-
sideration smaller perturbations. The author hopes to be in a
position to continue the work on this problem.For testing the
results a comparision was made with geodetic coordinates which
were available for three stations in the Soviet Union: Riga,
Uzhghorod and Nikolaev, referred to the Hayfort ellipsoid, with
the initial point at Potsdam.

Although, the altitudes above the sea level had not been
precisely specified, nor the distances between the geoid and
the ellipsoid a fairly good agreement has been obtained. From
the above data the lengths of chords have been computed:

Riga - Uzhgorod 931.931 knm
Riga - Nicolaev 1232.381 km .

WePachelski had made computations of tetrahedrons with the
help of his own independent program, obtaining the same re-
sults.

SECTION 3. CONNECTION OF THE TRIANGULATION NETWORK WITH THE CENTER
OF THE EARTH’S MASS

The method described in Sect. 8¢2, enables to determine
the coordinates of all points in a system with strictly defi-
ned directions but with an arbitrarily chosen origin.

Having evaluated the coordinates of points A and B,we can
also compute the coordinates of the two remaining vertexes of
the tetrahedron - 81 and Sz. Since we know the length of the
radius-vector at this point, we may put dawn

(Xg, = X0)2 + (Yg; = Yo)? + (zg, - Z0)2

n
H

[V \ VI ol \V)

(8453)

X

s2 ®

- Xo)2 + (YS2 - Yo)2 + (ZS2 - Zo)2

where Xo, Yo, Zo are the coordinates of the mass center.
As many such equation systems can be written as many te-
trahedrons have been formed in the network, this allowing for
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the coordinates Xo, Yo, and Zo in the adopted system +to be
found. After having made a parallel shift, we obtain a coor-
dinate system with the origin at the center of the Earth’s
mass.

During the last years,several projects of the world trian-
gulation network have been presented. One of the most elegant
and - at the same time - one of the most efficient projects is
the Zhongolovich project [1965],which was pre-
sented by the author during the scientific session of Depart-
ment of Geodesy and Cartography of the Warsaw Polytechnic.This
project possesses, however, some limitations consciously im-
posed by the author himself who considers certain difficul-
ties to be solvable only in the future. Among those difficul-
ties is the question of conveying the spatial network a linear
scale. Zhongolovich suggests to apply here lasser-beacon for
measuring one of the segments: satellite-observing station.
Stating expressively that this will be a task of the future,he
draws the attention to a whole series of technical problems
bound with it. .

The application of the method described in the present stu~
dy eliminates this predicamenﬁ and enables to acquire a great
number of redundant data under the form of measured distances.

Another problem that the author of the world triangulation
network has left irresolved is the question of relating the ne-
twork to the center of the Earth’s mass, although he states in
the introduction that this is the very ultimate obJjective of
any studies of this’ kind.

The method applying the radius-vector allows also for that
part of the project to be complemented.

SECTION 4. DETERMINATION OF THE PARALLEL RADIUS BY USING THE
TETRAHEDRON METHOD

In Sect. 81 the method of determining the parallel radius
of the Earth has been discussed, in which an accurate know-
ledge of the geocentric distance of the observing site was
being assumed. Let now give a thought to +the question how
we have to proceed if this condition is not satisfied.
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A two fold aiming at the point S which - in reality- is
moving and is considered motionless only owing to certain car-
rections introdu-
ced into the cal-
culus, may be cal-
led quasi-

|
I
I
|
|

synchzro-

n o u s. The same
quasi-synchronism
can be applied to
the observation of Fig. 25
other selected points, for example, points remote in time from
the point S, by an interval of *At. Thus, we are able to con-
struct a tetrahedron analogous to +the tetrahedron used in
triangulation, whereby the place of the previous two points A
and B will be taken by a single point P which - during the ti-
me separating two observations - would have changed its posi-
tion in space. In the issue, we shall obtain the distance of
P1P2 permitting to determine R immediately thereof
P,|P2
R = —5= + cosec 6/2. (8454)

Now we may venture to define an element which is perhaps
even more interesting than R, namely - the parallel component
of the deflection of the vertical. For this purpose, the for-
mula (8¢11) from the Sect. 8.1 can be utilized. We shall re-
write it in the form

4

AR * sin o(,] sin S
(8455)

7

4 f[sin(o(,] -o(z):sinzs,I + sin 8, coso, sineo(,] sin S]
where
7 - component of the vertical deflection
AR - difference between the radius determined in the man-
ner described in Sect. 8.1 (RI) and the radius deter-
mined in the way described here (RII)

AR = RII - RI . (8456)

The quasi-synchronization of points S,] and 82 may be a-
chieved with the same accuracy as of the point S. Only minute



108

Janusz B,Zielinski

variations of elements come into play here, occurring during
the time of At 1 - 2 min; they can be easily taken care of.

SECTION 5. SYNCHRONOUS OBSERVATIONS NOT FORMING TETRAHEDRONS

The last of two methods we are going to present here, are
the most complicated as a matter of analysis, but they offer

where

dard ﬁrocedures.

to be carried out from two

tem to be formulated

Y = J b Ll
si A si B
8L A . tgt,, Y
Rgi- Xy o AL %1~ %p  C BL
Zgi T 2y )
WJQx -x,)% + ( )1 = %8s
S A Isi ~ T
Z -2
S1 B = tgd.' )
Ve )+ ( 2 *:
si ~ ¥/ * \Wgs - XB) J

Xgq9 Ygir Zgy — are the satellite coordinates

ment of the i-th observation,

the possibility of utilizing the exis-
ting observational material as well as
any other observations to be made in
the future with the help of the stan-

Let suppose that synchronous ob-
servations of a satellite ar of satel-
lites being at points Sq, 82, 85 are

points A

and B. Each of those observations will
permit for the following equation sys-—

(8457)

at the mo-
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Xps Yy Zps Xpy Jpo Zg ~ &re the coordinates of the sta-
tions,
tAi’ tBi - are the hour angles referred to Greenwich, ob-
served from stations A and B,

d;i’ Jﬁi - are the declinations observed from A and B.

Three observations will give a system of 15 equations with
15 unknowns. The solution of a system in which three equations
are of the second degree is certainly not an easy matter but,
after all, not hopeless. As the coordinates of points A and B
are always known with a fairly good approximation and as the
coordinates of points 81, 82 and 85 can be evaluated to a sli-
ghtly worse approximation, the numerical method of iteration
may be applied without fear of the process to prdve discrepant.

Apart from the accuracy of observations and the accuracy
of radii-vectors, the accuracy of such a determination will
depend on the geometrical configuration. The most favorable
conditions will prevail when the directions at points A and B
form approximately right angles with each other or, in other
words, when the points S1, 82 and S3 are largely spaced. It
follows thereof that the distance between the stations should
not exceed the altitude of the satellite above the Earth, ot-
herwise, it would be hardly possible to attain a favorable
configuration.

SECTION 6. NONSYNCHRONOUS OBSERVATIONS

Let us suppose that at +the sta-
tion A the observations are made in
such a way that during one flight the
satellite is being observed at two
or more places on the sky, at inter-
vals of several minutes. This allows
to evaluate the length of the seg-
ments 1 in space, analogous to the
base segments appearing in tetrahe-
drons. We are going to consider three

of such observations. Each of them
permits for the following equation to
be set down Fig. 27
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Jq =-F Jo. = F _
==y —ng%- vg %,
Z, - 2 Zy - Z
v 21 = = t861’v 2 ) =tg€2
(x,-x)° + (y4-¥) (x,=x)" + (y5~¥)
2 2 2 2
(xg = %)% + (3 = ¥p)" + (2 - 25)° = 15, (8.58)
v
2 2 2 2 <
Xg + ¥ +2,=7T,
2 2 2 2
X, + Y, +2; =T,
where
Xqr Jq9 299 X5y Yoy Zp — are the coordinates of the points
S1 and Sa,

Xy ¥y 2 - are the coordinates of the observing site,

t0 T da: 6, - are the observed hour angles and decli-

nations respectively.

The three observations give a system of 21 equations with
21 unknowns. ‘

The matter of solving this system stands like in the pre-
ceding case. Owing to the fact that we know the approximate
coordinates of all points, we are in a position to solve this
system fully uniquely with the aid of the iteration method,
although some more real solutions exist here.

As it always is, the accuracy depends strongly upon the
configuration. So, for the point A to be properly determined
a good location of observed points S1 is needed.

CHAPTER IX f
FINAL CONCLUSIONS
The considerations presented in this study and the out-

comes of computations made in connection with the work, lead
to the following conclusions:
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1°, If we have at our disposal a set of observations car-
ried out with an accuracy to * 2" and * 09002, well distribu~-
ted in space and time, it is possible to compute the orbital
elements, especially the semi-major axis and the eccemtricity,
with an accuracy better than 107, Applying therewith an ap-
propriate observation program, we can disburden completely the
semi-major axis and partially the eccentricity of possition er-
rors of observing stations (Chapter IV).

2°. The present state of knowledge on the Earth’s gravity
field permits to compute the radius-~vector accurate to 'IO'5 -
if the satellite is travelling on an orbit of Hp equal to
1000 km and i being equal to 80°. It is the lowest orbit wit-
hin the adopted limitations H = 1000 - 3000 km - having been
purposely chosen for our calculations as the least favorable.
With higher orbits the effect of harmonics of higher orders is
rapidly dropping because of the high powers r appearing in
the denominator (Chapter VI).

3°, Perturbation influences of atmospheric provenance pro-
duced by the attraction of other celestial bodies or genera-
ted by other causes - are small and need not be taken into con-
sideration (Chapter VII).

Let reflect on the question in what sense those results of-
fer possibilities of utilizing the theory of radius-vector.
Although the accuracy to ']0-5 may be not very attractive for
problems being resolved on the Earth’s surface such for exam-
ple, as the connection of continents, but becomes rather in-
teresting with the problem of referring surface points to the
center of the Earth’s mass. The studies existing so far in
this domain did not pass the mentioned accuracy limit,neither.
However, the investigations on the Earth’s gravity field are
making a rapid progress. The accuracy known for the 033 and
833 harmonics responsible for the largest perturbations, is
continually improving and will, no doubt, in the nearest fu-
ture attain the same order of accuracy as the zonal harmonics.
This gives foundation for hope that it will be possible to a-
chieve also with regard to this part of the theory an accura-
¢y of the order of at least 241076 - 3-10-6. Still, it seems
necessary to remark that it may be hardly possible to improve
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here the accuracy by means of augmenting the number of obser-
vations because the errors, having their source in the accura-
cy of the theory, would not be of an accidental nature.

It is the most pleasant duty of the author to express his
gratitude to all persons who have not spared advice ar support
during his work on the above problem:

- to Professor We. Opalski - for some valuable remarks and
observations,

- to Dr L.Cichowicz - for his generous help and initiati-
ve having encouraged the author to take up innovative subjects,

- to Mr. W.Pachelski, M.Sc., and Mr.K.Ziétkowski, M.Sc.,
from the Computing Center of the Polsih Academy of Sciences =~
for imparting their experiences in the domain of orbital com-
putation, numerical integration and programmation, and

- to the personnel of the Establishment for Numerical Com-
putations of the Warsaw University, where the calculation o-
perations had been carried out.
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APPENDIX 1
Table 3

The results of the investigation of the Earth’s gravity field

Author, year,sa- c C C c c C (o c
tellites, the me-|nm sZm S3m S4m SSm sGm S7m sSm S9m
thod 2m 3m 4m S5m 6m |“7m | “8m 9m

0’Keefe, Eckels )
Squires - 1959 0 |=1082.5 |+2.4 |+1.7 | +0.1
Vanguard 1 g
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dsc.Tab: 3

Author,year,
satellites,
the method

Cam
SZm

C3m
S3m

4m

CSm
Sm

Q

7m
S7m

C8m C9m
sSm S9m

King-Hele
- 1961
Sputnik 2
Vanguard 1
Explerer 7

-1082,79

+1.4

Zhongolo-
vich = 1960
Sputnik 2
Sputnik 3
Sputnik 3 R

0

-1083.3

+2.

+a1

Kozai - 1961
Explorer 7
Vanguard 3
Vanguard 1

0

-1082,21

+2.29

+2;4

+0.23

Michielsen
- 1961

Transit 1B
Vanguard 1
Sputnik 4

-1082.7

+2.4

+1.7

-0.7

-001 -005

Newton,Hop-
field,
Kline - 1961
Transit 2A
Vanguard 1
Transit 1B

+2,36

+0.19

+O.28

Smith =1961
Sputnik 3,
Vanguard 1,
Transit 1B,
Tiros 1

0

-1083.15

+1.4

+0.7

Shelkey -
1962

-1082.61

+1.52

+0.73

Kozai =
-1962%)

0

-1082.48

+2,562

+1.84

+0,064

-0.39

+0,470

+0,02 |-0,M7

Kozai -

- 1964aXX)

-1082,65

+2,53

+1.62

+0.21

-0,61

+0,32

+0.24 | +0.10

Smith -
1962

+2,37

+0,05

Smith -
1963

+2. 44

+0,18

-0430

Kozai -
1964pXxx )

0

~-1082 645

+2,546

+1,649

-0,646

+0.333

+0,270

+0.053

King—Hele,
Cook, Rees

1963%XXXX

0

-1082.86

+1.03

"'0'72

=034

—
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d.c.Tab. 3
Author,year, Cam C3m ClHn CSm C6m C7m CSm C9m
satellites, s s S s s s s s
the the me- 2m 3m 4m S5m 6m 7m 8m Om
thod
Kaula 1961 -1082,61 | +2,05 +1.,43 [-0,08 | =0.20
satellites _ +0.14 =060
* gravime- +0.42 | =014
try +
triangula-|2 |+0.48 +0,33 | +0.10
tion -0.25 -0,01 | +0.09
+0,079 | +0,031
+0.195 | -0.,001
-0,002
+0,008
Kaula -
- 1963 ‘1082.4‘9 +2.59 +1 065 +0.10 -0036 +0039
19591, - #1,91 | =0.20
1929 7 -0:22 +o:44
Lot #1419 +0,12 | =0,01
-1 010 +0p03 +0.07
-0,043 | +0,030
+0,103 | +0,010
-0,005
| +0.012
-3 -1082,44 | 42,57 |+2.01 [+0.07 |=0.32 | +0,46
1959«1,
1959 9 ,
1960 L2,
1961 41,
1961 1 - +1,64 -0,31
+0,15 +0.35
+1,21 -0,01 0,00
-0.89 +0.14 +0,08
- +0,097 | +0,010
+0,106 | +0,025
0,000
0,004
Uotila -
1962 +0,11 =014
gravime- -0,68 |~0,19
try +0 .45 +0,41 | +0,18
-1.45 -0,01 +0,10
+0,208 | +0,072
+0.339 -00038
+0,014%
-0,003
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d.c.Tab, 3
wiherl | Gn S | G | % (% | | Con | Com
' S S S S S S S S
the method 2m 3m 4m 5m 6m 7m 8m om
Kozai -
1961b 1 +2499 +0,25
+1.18 +0,08
1958472, 2|+0,60
1959 a1, -2.24
1959’7
Kozai -
1963 1 +1.89 |-0,28
+0t15 _O,A-ll»
2 |+0,72 £0,12 -0,04
"0095 -0008 -0.05
-0,063 |+0,035
+0,083 | +0.,001
4 +0,016
+00026
Izsak - )
1963 1 +1,12 -0,288
Vanguard 2, +0,062 |=0,321
Vanguard 3,| 2 [+0,968 +0,091 |+0,035
Explorer 9, [=0.40 -0,018 |+0,012
Echo 1R, 3 +0,072 |+0.021
Midas &4 +0.124 | +0,015
B +0,010
+0,016
Anderle
Oesterwin- | 0 [=1082,466|+2,476 |+1,405| +0,140
ter 1963
1 -0,68
Anna Ib ~0.38
2 [+1,.84 +0,101
-0.,99 +0,269
3 +0,158
Guier -
1963 1 +1.77 |[=0e57
40,19 [=0.46
2 |4+1.68 +0,29 |+0,06
=064 -0,02 |+0.27
3 +0.147 | +0,080
+0.140 | =0,003
& -0.008
+0,007

T ——
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d.c.Tab, 3
Author C C c c c C C C
year, sa- | | °° 3w | %m [ | %n | %m | %n| Com
tellit S S S S
t;e mezisd - Sm 4 Sm Sem | S7m Sgm | Som
Izsak - 1 - +0,87 |=0,17
1964 XX XXX ) -0.27 |-0.24
2 +0075 +0008 -0.025
+0,61 -0,09 |[+0.,052
3 -0,070|+0,017
+0,129(-0.005
¥ -0,002
: +0'006

x) 1957 3, 1958ﬁ, 1958 p2, 1958(5’1, 1958({2’ 19591, 1959 1,195911,
1960 2, 1960%1, 196072, 19607, 19601, 196012, 19610

xx) 19591, 1959y, 196012, 1961 01, 1961 0 2, 1961t d1, 1962d€, 19619,

xxx ) 19591, 19597, 196012, 1960V, 1960 o, 1961ad1, 1962 £,1962Mu1,
1962 Bv.
) 1961a1, 196091, 196201, 196012, 196181, 195%«1, 19619,

XOKX) 195901, 19592, 19597, 196161, 1962Bu1, 1961 01,1910 2, 1961 .

APPENDIX 2
Programme RKG

begin comment This programme has to compute the influence of particular
harmonics of the Earth gravity field on the motion of artificial satel-
lite, Input data: index = subscript of the harmonic, C,S, - one-dimen-
sional arrays of the values of harmonics Cnm, Snm, m = Legendre coeffi-
cient, t = degree of harmonic, 1 = total number of steps.After printing
on the monitor of the word < interval > the value of the output interval
(number of steps) should be introduced. A = semi-major axis in megame-
ters, e = eccentricity, I = inclination, w = argument of perigee, W =
R.A. of node in degrees, The computation is performed by the numerical
integration, using Runge-Kutta-Gill method.Step of integration -one si-
dereal minute; integer index, i, j, p, n, 1, h, int, t;

real d,s,x,y,z,r,m,PX,QX,PY,QY,PZ,QZ,cts,sts;
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array X[1:2], Y[1:2], z[1:2], R[1:2], VX[1:2], V¥[1:2], VZ[1:2],C[1:2],
s[1:2], time [1:2], k[1:7], g[1:7], a[13:2,1:7], a[1:4], b [1:4],
c[1:4];

procedure KROK;

for p: = 1,2 do

begin
g[1]: = time[p];
gl2]l: = vx[p];

g[3]: = vy[p];
glt]s = vz[p);
gl5]: = x[p] 5
gl6]: = Y[p);
g[?7]: = 2[p);

for j: = 1,2,3,4 do

begin
. X3 = g[5];
y: = g[6];
z: = g[7];
r: = sqrt(xf2+yfe+zi2) ;
s: = g[1]x 6.28318531/1440;

HERE PUT FRAGMENT OF PROGRAMME FOR PROPER HARMONICS:
cts: = mxcos(txs);
cts: = mxsin(txs);
k[2]: = -5.500227710-3*(x/rf3 + 1.62405, ) - 3x(=5x x xzf2/r {7
+ x/r$5) + cts x (C[p]x PX+S[p]*xQX) +sts x (C[p] xQX
- S[p]* PX));
k[3]): = -5.5002277, ) - 3x(y/r}3 +1.62405, ) ~3x (<5x yxz $2/r 47
+ y/r45) +cts x (C[p] X PY +S[p] x QY ) +sts x(C[p] x QY - S[p] xPY));
k[4]s = -5.500227710-3x(z/r?3+ 1.62405, | - 3x(=5xz43/r47 + 3xz/rt5)
+ cts x (C[p]x PZ+S[p]*xQZ)+ sts x(C[p]x Qz~ S[p] * P2));
k[5]: = g[e];
k[6]: = g[3];
k[7]: = g[&];
for i: = 1 step 1 until 7 do
begin
ds =a[3] x(x[1]- b[J] xalp, i]1);
g[i]: = g[il+ hxd;
a[p,i]: = q[p,i] + 3xd - c[§] x k[i];

end i;
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for s = 1 step 1 wntdl 7 do
output G¢+ndddddd1o - dd$, g[i], outsp(5), k[i],outsp(5),a[p,il,outer );
output (4¢+ndb,p,outsp(3),j,outsp(3),i,outer); '
output (§+ndddddd 10" ddp, x ,

outsp(5),y,0utsp(5),2, outsp(5),r,

outsp(5),s,outer, PX, outsp(3),

QX,outsp(3),PY,outsp(3), Q¥,outsp(3),

PZ,outsp(3),QZ,outer,

cts,outsp(5),sts,outer,outer);

end j;
time [p]: = g(1];
vx[p]: = g[2];

vY[p]: = g[3];

Vz[p]: = g[4]s

X[p]: = g[5];

¥[p]: = g[6];

z[p]: = g[7];

R[p]: = sart (X[p]{2+¥[p]lt2+z[p]t2);
end KROK;

begin

real A,e,I,w,W,P1,P2,Q1,Q2,R1,R2,N,G;

input (index, C,S,1l,m,t);

writetext (interval});

int: = typein;

writecr;

input (A,e,I,w,W);

Iz = 1/57.295780;

w: = w/57.,29578;

Ws = W/57.295780;

P1: = cos(w) xcos(W) - sin(w)x cos(I) xsin(W);
P2: = =sin(w) xcos(W) - cos(w)x cos(I)xsin (W);
Q1: = cos(w) x sin(W) +sin(w) x cos(I) x cos(W);
Q2: = =sin(w) x sin(W) + cos(w) x cos(I) xcos(W);
R1: = sin(w) x sin(I);

R2: = cos(w) xsin(I);

A: = A/6,378165;

N: = sqrt(5.5002277,  ~ 3/a43);

r: = Ax(1=-e);
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R[1]: = R[2]: = r;
X[1])s = X[2]s = r xP1;
Y[1]: = Y[2]: = r xQ1;

Z2[1]s = Z2[2]s = r xR1:
G: = A?Zx N xsqrt ('1-e’2)/r;

VX[1]: = VX[2]: = Gx P2;
VY[1]: = VY[2]: = GxQ2;
VZ[1]: = VZ[2]: = G xR2;

time[1]: = time [2]: = 0;

a[1]: = c[1]: = c[4]: = 0.5;
a[2]: = c[2]: = 1 - sart (0.5);
a[3]: = ¢[3]: = 1 + sart (0.5);
a[4]: = 1/6;
b[1]: = b[4]: =
b[2]: = b[3]: =

for p: = 1,2 do

= N
ws  we

for it = 1 step 1 wntil 7 do
a[p,i]: = 0;
h: = 1;
n: = 03
k[1]: = 1;
outtext (outcr,4<Variant No:}, output ($dddP, index), outcr,
4€ harmonics values:}, output(¢+ndddd1o-d),0[1], outsp(3),
s[1],outer,outsp(20),c[2],0utsp(3), s[2]),outer, outer,
4<orbital elements:
a =%, output(4 -nddd.dddddd$,Ax6,378165), outsp(5),
4< =}, output (4-n.ddddp,e), outcr,4<I,w,W},
output (4 - ndd.ddd¥, Ix57.296, outsp(3), w x 57.296, outsp(3),
W x57.296 ), 4< deg $ ,outcr, € P=$ ,output (4 nddd.dddp, 6.28318/N),
4< sid.min,
Initial coordinates and velocities:
X,Y,Z, », output(4 +nddd.dddddd}, x[1],
outsp(5), Y[1], outsp(5), 2[1], outsp(5)),
¥<earth radii
VK, VY, VZ », output(4 -ndddddd, - dadb, VX[1],
outsp(5), V¥[1], outsp(5), Vz[1]), outer, ‘
4<min @ dr du dw
o@oo®oo Doo
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});
end;

for n: = n+1 while n<1 do

begin

KROK ;
p if n/int = n: int then
' begin
real V;
array L,M,N, dr[’l:}];
Vi = sart (VX[1]§2 +v¥ [11f2 + vz[1]f2);
1{2]: = VX[V
M[2]: = vY[1]/v;
N[2]: = vz[1]/v;
L[3]: = X[1]/R[1];
M[3]: = Y[1]/R[1];
N[3]: = 2[11/R[1];
L[1]: = M[2]x N[3]~ M[3]* N[2];
"M[1]: = L[3]x N[2]- L[2] x N[3];
N[1]: = L[2]x M[3]- L[3] = M[2];
Vi = sqre(L[1]4 2+ M[1$2 + N[1]42);

L[1]: = L[1J/V;
M(]: = M[1I/V;
N[1]: = N[1]/V;

for p: = 1,2,3 do
dr[p]: =(L[p]x(X[2]-X[1] )+ M[p] = (Y[2]~ ¥Y[1D + N[p] x (Z[2]- 2[1])) x
x 63781650;
output (4dddd$,n,outsp(3));
output ($+nddd dp, dr[3], outsp(3), dr[2], outsp(3),
dr[1], outer);
end:
if kbon then
write(ddddd#$,n);
end;

end ;
Example of input data for programme RKG variant 32:

32,0,200,,=9,0,=30,,=9,
L 720, m 15, t 2,
orbit 7.392 mgm, e 0,0025, i 63,4, w 0, W O;
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APPENDIX 3

Fragments of the RKG programme serving for the computation of
particular harmonics

x30: PX: = (5/2)x(=7xxxz$3/r}9+3xxx2/r47);
PY: = (5/2)x(=7xyxz}3/r}9+3xyxz/r}7);
PZ: = (1/2)x(=35xz44/r}9+30xz42/r}7-3/r45);
QX: = QY: = QZ: = 03 ‘

x40s PX: = (1/8)x(=315xxxz$4/r11+210xxxz$2/r}9-15xx/r47);
PY: = (1/8)x(=315xyxzds/r#11+210xy xz42/r49-15xy /447 ;
PZ: = (5/8)x(=63xz$5/r§11+70x243/r49-15x2/r47);
QXs = QY: = QZ: = 0;

x503 PX: = (21/8)x(=33xxxz$5/r$13+30xxx243/r}11-5xxx2/r}9);
PY: = (21/8)x(=33xyxz}5/rt13+30xyxz}3/r 11-5xyx2/r49);
PZ: = (3/8)x(=231xz46/r M13+315xz4/r M1-105xz42/r} 9+5/r47);
QX: = QY: = QZ: = 0;

X223 PX: = 2xx/r§5 - Sx(xf2-y2 )xx/r}7;
QX: = 2xy/r}5 - 10xxb2xy/ri7;

PY: = -2xy/r$5 - Sxyx(x§2-y$2)/r47;
QY: = 2xx/r§5 - 10xxxy}2/r}7;
PZ: = =S5xzx(x}2-y$2)/r47;
QZ: = =10xxxy xz/r}7;
X313 PX: = =35xx$2xz42/r}9+5x(xV2+z42 )/r}7-1/r}5;
Qs = =35xxxyxz42/r}9+5xxxy/r47;
PY: = QX;
QY: = PX;
PZ: = 15xxxz/r}7-35xxx243/r}9;
QZ: = 15xyxz/r}7-35xyxz43/r}9;

X32: PX: = 2xxxz/r§7-7xxxzx(x$2-y42)/r49;
s = 2xxxz/r§7-14xx$2xyz/r}9;
PY: = ~2xyxz/r}7-7xyxzx(x}2=y42)/r}9;
QY: = 3x(x$2-y$2)/r§7-14xxxy§2x2/r}9;
PZs = (x}2=yd2)/r}7-7xzd2x(xf2-y42)/r49;
QZ: = 2xxxz/r§7-14xxxyxz$2/r49;

the
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X338 PX: = 3x(xb2-y42)/rd7=-7xxh2x(xh2-3xy42)/r49;
QX: = 6xxxy/rd7-7xxxyx(3xxb2-y42)/r49;
PY: = =6xxxy/rd7-7xxxyx(x§2-3xyb2)/r49;
QY: = 3x(xb2-y42)/r47-7xy $2x(3xxb2-y42)/rt 9;
PZ: = =7xxxzx(x$2-3xy4$2)/r49;
QZ: = =7xxxzx(3xx42-y42)/r49;

X413 PX: = =3xz/rd7+7xzx(3xx$2+242)/r}9-63xxb2xz43/r411;
QX: = 21xxxyxz/r$9-63xxxyxz43/r411;
PY: = QX;
QY:s = PX;
PZ: = =3xx/rd7+42xxxz$2/r89-63xxx24/rM1;
QZ: = =3xy/rd7+42xy=zb2/r49-63xyxzbt/r11;

X423 PX: = =2xx/rd7+7xxx(x$2-y42+2x242)/r49-63xxxzb2x (xb2-y$2 )/r411;
QX: = -2xy/rd7+14xy x(x$2)/r}9-126xx$2xyxz$2/r}11;
PY: = 2xy/rb7+7xyx(xb2=y}2-2xz42)/r9-63xy xzh2x(xh2-y42)/r411;
QY: = —2xx/rh7+14xxx(yh2+z42)/rb9-126xyb2xxxz$2/r411;
PZ: = 21xzx(x}2-y42)/r49-63xz43x (xb2~y42)ré11;
QZs = 42xxxyxz/r$9-126xxxyxz$3/r411;

X433 PX: = 3xzx(xb2-y42)/r}9=-9xzx(xb2=3xy$2)/r411;
QX: = 6xxxyxz/ri9-9xxxyxzx(3xxb2-y$2)/r1;
PY: = =6xxxyxz/r$9-9xxxyxzx(x$2-3xy}2)/r411;
QY: = 3xzx(xb2=y42)/r}9-9xyp2xzx(3xx$2-y42)/r#11;
PZ: = xx(x$2=3xy42)/r}9=-9xxxz42x(x42=3xy42)/r411;
QZs = yx(3xx$2-y42)/rd 9-9xy xzd2x(3xx42-y42 )/r411;

Xbhs PX: = 4xxx(x$2-3xy$2)/rd9-9xxx((xb2-y42 Jp2-4xxb2xyb2)/r411;
QXs = Axyx(3xxb2-y}2)/r}9-36xxi2xyx(x42-y}2)/r$11;
PY: = ~hxyx(3xx 2-y}2)/r$9-9xyx((x$2-y42 )} 2-4xxp2xyd2)/rb11;
Q¥s = Axxx(xb2-3xyb2)/r}9-36xxxyt2x(x42-y}2)/r411;
PZt = ~9xzx((x42-y$2 )p2-4xxb2xyf2)/r411;
QZs = =36xxxyxzx(xb2-y}2)/r}11;

APPENDIX 4
Programme ECHO

begin comment This programme has been established for the computation of
the lenght of the segment in space empraced between two points in which
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the satellite was at two known moments, Input data: T - one-dimensional
array containing the differences between the moments of observations and
the epoch of orbital elements. w, dw, W, dW, io, di, eo, de, MO, n, n1-
- the mean orbital elements, according to the scheme of the SAO Special
Report respectively: Argument of perigee, change of perigee,r.a. of the
node, change of the node, inclination, change of inclination, eccentri-
~City, mean anomaly at the epoch, mean motion, change of the mean motion.,
SO - sidereal greenwich time at Oh UT;

integer q;

real 1l,wo,dw,W0,dW,io,di,eo0,de,M0O,n,n1,S0;

array ¢ [1:2], x[1:2], ¥[1:2], z[1:2];

real procedure TSEK(a);

real a;

begin real d, f;

inteﬁr b,c;
if a = O then TSEK: = O else
begin
£: = abs(a);

b: = entier(f/qol!-);
c: = entier ((f-bx1o4)/100);
ds = f—bx104-cx102;
TSEK: = (bx3600 +c¢ x60 +d )x(if a< O then -1 else 1);
end
end;
INPUT:
input(T,wo,dw,W0,dW,io,di,eo0,de,MO,n,n1,S0);
S0: = TSEK(SO0);
S: for q: = 1 step 1 until 2 do
begin real TG,M,E,E1,sinv,cosv,v,u,sini,cosi,sini2,p,du,sinu,cosy,a, r,
#r,4i,gW,L,w,W,1i,e;

T[q]: = TSEK(T[q]);

TG: = T[q]x 236.558/86400+S0+T[q];
T[q]: = T[q]/86400;

w: = (wo+dwxT[q])/57.295780;

"

W: = (WO+dWxT[q7])/57.295780;
it = (i0+di~T[q7])/57.295780;

eo+dexT[q];
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RK:

giz

M: = (MO+nxT[q]+ n1 x (T[q]12));

M: = (M-entier(M)) x 6.2831853;

E: = M;

E1: = M+ exsin(E);

E: =M+ exsin(E1);

if abs(E1-E)>, -7 then go to RK;

sinv: =(sqrt(1-ef2) x sin(E))/(1-excos(E));

cosv: =(cos(E)-e)/(1-excos(E));

v: = if abs(cosv)>abs(sinv) then
arctan(sinv/cosv )+(if cosv<O0 then 3.14159265 else if sinv> 0
then O else 6.,28318531) else arctan(-cosv/sinv) +(if sinv>0
then 1,57079633 else 4.71238898);

Ui = Wev;

sini2: = sin(i) f2;

p: = ((75371.72/(n+n1x T[q]) $2) $(1/3)) x (1-ef2);

gu: = (0.0660546/p42)x (((~1+ 7 sini2/6) > sin(2xw+2xv)+ ex ((-1 +
5xsini2/3) x sin(2xw+ v )+ ((=1+ sini2) x sin(2xw+ 3xv))/3))/2
~((-1+ 3 xsini 2/2) x ((1- sqrt(1-ef2)) x sinv x cosv+(e$3)xsinvx
/(1+sqrt(1-e42))42))/3-(v-M+exsinv )x(-2+5xsini2/2));

sinu: = sin(u)+gduxcos(u);

cosu: = cos(u)=guxsin(u);

a: = (p/(1-e42))x(1+(0.0660546/(3xpt2) )xsqrt (1-e#2 )x (=1 +3xsini 2/2));

gr: = (0.0660546/(3xp))x((~1+3xsini2/2 )x(1=(1-excos(E))/sqrt(1-et2)
+e cosv/(1+sqrt(1-e$2)) )+cos(2xw+2xv )xsini2/2);

r: = ax(1=excos(E))+dr;

= ((0.0660546/p¥2 )xsin(4i)xcos(1)/2)x(cos(2xw+2xv J+ex(cos(2xw+v )

+cos(2xw+3xv)/3));

sinis = sin(i)+Fixcos(i);

cosit= cos(i)-gixsin(i);
gW:= (0.0660546/pt2 )xcos(i)x(~v+M-exsinv+(sin(2xw+2xv )+e x(sin(2xw+v)
+sin(2xw+3xv)/3))/2)
W: = W+dW;
Lt = W=TGx 15/206264.81;
X[q]: = rx(cosu xcos(L )~ sinu x cosi x sin(L));
Y[q]s = rx(cosu x sin(L) + sinu x cosi x cos(L));
Z[q]x = rxsinuxsini;
output (4~d.dddddd$, T[q],outsp(3),

M,outsp(3),E,outsp(3),v,outer,p,outsp(3),a,outsp(3),r,
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outer,du,outsp(3),4r,outsp(3),4i,outsp(3),4W,outer, W,outsp(3),L,outcr,

X[q],0utsp(3), Y[q],
outsp(3), Z[q],outcr,outer);

end ;
1: = sqrt(abs(X[2]-[1])2+abs(¥[2}-¥[1] )} 2+abs(z[2] -2[1] )4 2);
outtext(d<1l=%,output(¢nd.dddddd?,l ),outcr,outcr);

go to INPUT

end;

APPENDIX 5

T7abdble 9

Input data for the programme ECHO

VI pierwszy
T: -0 49 37
-0 47 37
w= 264,19 dw=3,31 W=212,788 dW=-3.295 i=47,240 di=0.,005
e= 0,04312 de=0,00066 M=0,83158 n=12,496514 nn=0,000680; s=16 35 01.833;

VI trzeci
T: -0 43 40
-0 41 39
w=270,86 dw=3,32 W=206,.202 dW=-3,287 i=47.256 di=0,007
e=0,04437 de=0,00070 M=0.82703 n=12.497670 nn=0,000700; s=16 42 54,937;

VI czwarty
T: -1 43 35
-1 41 35
w= 274,32 dw=3,46 W=202,906 dW=-3,296 i=47,260 di=0,004
e= 0,04490 de=0,00053 M=0,32532 n=12,498198 nn=0,000420; s=16 46 51.490;

VI piaty
T: -2 47 37
-2 45 36

w= 277.65 dw=3,33 W=199,609 dw=-3,297 i=47.262 di=0.002
e= 0,04541 de=0,00051 M=0,82430 n=12,498620 nn=0,000440; s=16 50 48,044 ;

T: -2 45 36
-2 43 40

w= 277,65 dw=3,33 W=199,609 dw=-3,297 i=47,262 di=0,002
e= 0,04541 de=0,00051 M=0,82430 n=12,498620 nn=0,000440;5=16 50 48,044%;

T: -0 43 41
=0 41 44
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w= 277,65 dw=3,33 W=199.6Q9 dw= -3.297 i=47,262 di=0,002
e= 0.04541 de=0,00051 M=0.82430 n=12,498620 nn=0,000440; s=16 50 48,044 ;

VI szésty
Ts -1 39 36
-1 37 45

w=281,02 dw=3,37 W=196,306 dW==3,300 i=47,261 di= =0.001
e= 0,04591 de=0,00050 M=0.32365 n=12,498905 nn=0,000200; s=16 54 44,601 ;

VI siédmy
T: -0 47 37
-0 45 36

e= 0,04647 de=0,00056 M=0.82316 n=12.499152 nn=0,000320; s=16 58 41,160 ;

T: -0 45 36
-0 43 &5

w=284,37 dw=3,35 W=193,008 dW=-3,301 i=47,260 di=-0,001
e= 0,04647 de=0,00056 M=0.82316 n=12,499152 nn=0,000320; s=16 58 41.160;

VI dziesigty
T: =1 51 41
-1 49 36

w=294,55 dw=3,37 W=183,111 dW=-3,300 i=47,265 di=0.002
e= 0,04780 de=0,00033 M=0,32298 n=12,499926 nn=0,000222; s=17 10 30.84%;

T: =1 43 36
-1 47 b4

w= 294,55 dw=3,37 W=183,111 dWw=-3,300 i=47,265 di=0,002
e= 0,04780 de=0,00033 M=0,32298 n=12,499926 nn=0,000222;s=17 10 30,84%;

VI czternasty
T: -1 53 40
-1 51 43

w= 308.42 dw=3,49 W=169,909 dW=-3,306 i=47,268 di=0.001
e= 0,04895 de=+0,00022 M=0,32520 n=12,500913 nn=0,000270 ;s=17 26 17.077;

T: =1 51 43
-1 49 37

w= 308.42 dw=3.49 W=169,909 dW=-3,306 i=47,268 di=0,001
e= 0,04895 de=+0,00022 M=0,32520 n=12,500913 nn=0,000270 ;s=1726 17. 077;

T: -1 49 37
-1 47 44

w= 308,42 dw=3,49 W=169,909 dW=-3,306 i=47,268 di=0,001
e= 0.04895 de=+0,00022 M=0,32520 n=12,500913 nn=0,000270 ;s=17 26 17.077;
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VI
i

szesnasty
-1 43 45
-1 41 44

315.52 dw=3,65 W=163,315 dW==3,298 i=47.272 di=0.001
0.04930 de=0,00017 M=0.32735 n=12,501435 nn=0,000340;s=17 34 10,181;

osiemnasty
-1 55 40
-1 53 44

= 322,67 dw=3.71 W=156.711 dW=-3.298 i=47.274 di=0.000
= 0.04946 de=0,00014 M=0,33037 n=12,502007 nn=0,000310;s=17 42 03.288;

-1 53 44
-1 51 40

322,67 dw=3.71 W=156,711 dW==3,298 i=47.274 di=0,000
0.04946 de=0,00014 M=0,33037 n=12,502007 nn=0.000310;s=17 42 03.288;

-1 51 40
-1 49 37

322,67 dw=3.71 W=156.711 dW==3.298 i=47,274% di=0.000
0,04946 de=0,00014 M=0.33037 n=12,502007 nn= 0.000310;s=1742 03.288;

-1 49 37
-1 47 38

322,67 dw=3,71 W=156.711 dW=-3,298 i=47,274 di=0.000
0.,04946 de=0,00014 M=0.33037 n=12.502007 nn=0,000310; s=17 42 03.288;

APPENDIX 6

Table. 10

The results of the programme ECHO

Date Time UurT 1

1963

V.31 23%10%23° - 232127235 0.776545 Mg
VI.2 23 16 20 - 23 18 21 0.777179
V1.3 22 16 25 - 2318 25 0.772085
VI.b 21 12 23 - 21 14 24 0.785811
VI4 21 14 24 - 2116 20 0.750678
VI4 23 16 19 - 2318 16 0.750801
VI.5 22 20 24 - 222215 0.711222
VI.6 23 12 23 - 23 14 24 0.778848
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d.c.Tab, 10

2;2; Time UT 1

VI.6 23 14 24 - 23 16 15 0.712856
VI.9 22 08 19 - 22 10 24 0.812686
VI.9 22 10 24 - 22 12 16 0.725269
VI.13 22 06 20 - 22 08 17 0.762964
VI.13 22 08 17 - 22 10 23 0.817849
VI.13 22 10 23 - 22 12 16 0.730585
VI.15 22 16 15 - 22 18 16 0.775171
V1,17 22 04 20 - 22 06 16 0.758751
VI.17 22 06 16 - 22 08 20 0.807184
VI.17? 22 08 20 - 22 10 23 0.797148
VI.17 22 10 23 - 2212 22 0.768307

APPENDIX 7

Programme TETRAHEDRON 2

begin comment This programme has to compute the lenght and the coordi-
nates of the vector linking the two observing stations. The meaning of
input data: year, month, day of the epoch of the Greenwich sidereal ti-
me which follows the date of observation, month and day of observation,
the first moment of simultaneous observation in UT, r.a.and declination
observed at the first station, r.a. and declination observed of the se-
cond station, the second moment of observation, right ascensions and de-
clinations as above, the lenght of the segment in space;
integer i;
real L,s0,TP,TQ,£AP ,£AQ,DAP,DAQ,£BP ,£BQ,DBP,DBQ,tAP,tAQ,tBP,tBQ,G,H,I,J,
W,AP1,PP1,QP1.BP2,PP2,QP2,AP3,PP3,BP3, AP4,QP4 ,BP4 W1, W2 , W3, Wa;
array VG[1:3],va[1:3],vi[1:3],v3[1:3],P1[1:3],P2[1:3],P3[1:3], p4[1:3],
vL[1:3], vW[1:3];
procedure PROSTA(V,D,t);
array V;
real D,t;
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begin
V[1]: = cos(D)xcos(t);
V[2]: = cos(D)xsin(t);
V[3]: = sin(D);

end PROSTA;

procedure PL(AA,M,N);

array AA,M,N;

begin array A[1:3];

A[1]: = M[2]x N[3]-M[3]x N[2];
A[2]: = M[3]x N[1]-M[1]x N[3];
A[2]: = M[1]x N[2])-M[2]x N[1];

for i: = 1,2,3.do
AA[1]: = A[i)/sart(a[1]42 + A[2]t+ A[3]} 2)
end PL;
real procedure KDNT(M,N);
array M,N;

begin real cos,sin;

cos: = (M[1Jx N[1J+M[2]x N[2]+ M[3]x N[3])/sart((M[1] {2+ M[2] 2 +

+ M[3]42)x (¥[1] Y2+ n[2] b2+ N [3] t2));
sin: = sqrt(1-cos {2);
KDNT: = sin
end KDNT;
real procedure BOK(b,sina,sinb);

real b,sina,sinb;
a: = bxsina/sinb;
BOK: = a

end BOK;

Efil procedure INTIME;

begin real a;
integer b,c,sig;
a: = inone;
sig: = sign(a);
a: = abs(a);
b: = entier(a): 100;
c: = b: 100;
INTIME: = (a~bx 40~ cx 240)/86400 x sig
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end INTIME;

real procedure INANG;
begin real a;

integer b,c,sig;

a: = inone;
sig: = sign(a);

a: = abs(a);

b: = entier(a)ﬁjoo;

c: = pijoo;

INANG: = (a-b'x 40-c x 2400)/206264.81x sig
end INANG;
real procedure SGr(T);
real T;
sGr: = (SO-(1-T)x 1.00273791) x 6.2831853;
ART:

L: = inone;

L: = inone;

L: = inone;

SO: = INTIME;
outcopy(d<d¥$); outer;

TP: = INTIME;
AP: = INANG; DAP: = INANG;
BP: = INANG; DBP: = INANG;
TQ: = INTIME;
AQ: = INANG; DAQ: = INANG;
BQ: = INANG; DBQs: = INANG;

L: = inone;

tAP: = E£AP-SGr(TP);
tAQ: = £AQ-SGr(TQ);
tBP: = £BP-SGr(TP);
tBQ: "= £BQ-SGr(TQ);
PROSTA(VG,DAP,tAP );
PROSTA(VH,DAQ,tAQ);
PROSTA(VI,DBP,tBP);
PROSTA(VJ,DBQ,tBQ);
PL(P1,VH,VG);
PL(P2,VI,VJ);
PL(P3,VI,VG);



136 Janusz B, ZieliAski

PL(P4,VH,VJ);

PL(VL,P2,P1);

PL(VW,P3,P4);

AP1: = KDNT(VG,VH);
PP1: = KDNT(VL,VG);
QP1: = KDNT(VH,VL);
BP2: = KDNT(VI,VJ);
PP2: = KDNT(VI,VL);
QP23 = KDNT(VL,VJ);
AP3: = KDNT(VG,VW);
PP3: = KDNT(VG,VI);
BP3: = KDNT(VW,VI);
AP4s = KDNT(VH,VW);

' QP43 = KDNT(VH,VJ);

BP43s = KDNT(VW,VJ);
G: = BOK(L,QP1,AP1);
Hs = BOK(L,PP1,AP1);
I: = BOK(L,QP2,BP2);
J: = BOK(L,PP2,BP2);

W1: = BOK(H,QP4,BP4);
w2: = BOK(G,PP3,BP3);
W3: = BOK(J,QP4,AP4);
w4t = BOK(I,PP3,AP3);

W = (WA+W2+W3+Wh ) /4 ;

output (¢-ddd.ddd},W,outer);

for i3 = 1,2,3 do

output ({+ndd.ddd},W x VW[i],outsp(3));
outer;

outtext (q<katy godzinne },outer);
output (¢~n.ddddddb,tAP,outsp(3),tAQ,outsp(3),tBP,outsp(3),tBQ,outcr);
outtext(§<P1$,outsp(9),4<P2},outsp(9),4<P3$,outsp(9),4P4P,0outsp (9),
VL, outsp(9), 4< Vb, outer );
for i: = 1,2,3 do
output(<+ndd.ddd>,P1[i],outsp(3),P2[1],outsp(3),P3[i],outsp(3),P4[1i],
outsp(3),VL[1], outsp(3),VW[i],outer); outtext(d<wW=#,output(¢-dddddds
W1,0utsp(3),W2,outsp(3),W3,outsp(3),Ws,outcr ),4<wektory®,
outcr,outsp(3),4KVaP,outsp(9),4<VHEP, outsp(9),4<VIiP,outsp(9),4&LVIP ,
outsp(9), €< VL, outer;
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for i: = 1,2,3 do
output @ +ndd.ddd$,Gx VG[1] outsp(3), HxVH[1], outsp(3), I xVI[1],outsp (3),
Jx VJ[i],outsp(3), LxVL[1i], outer);
outtext(§¢<sinusy katow}, outcr,outsp(3),9<A%, outsp(10),9<B*, outcr);

output (. +n.dddddd¥, AP1,outsp(3),BP2,outcr);

80 to ART
end ;

Rok 1963

APPENDIX 8

Czas gw Gr na 6 mies 1,0 d : 16 35 01,833
data obs. 5 mies 31 d

Input data for the programme TETRAHEDRON 2

Table M1

T alfa delta alfa delta
POZNAK RYGA

23 10 23, 253 16 57.13, | =7 55 43.85, | 245 35 41.50,|=11 48 08.14,
23 12 23, 267 55 48.08, | =0 25 15.72, | 257 35 00.70,|~- 6 01 46.02,
1=776.545 km
1963
6 mies 3,0 d: | 16 42 54,937
6 mies 2 d
23 16 20, 301 12 02.05, [ +17 17 05,16,) 286 22 51,78,[+10 08 28,52,
23 18 21, 318 04 38.54, | +18 25 17.88,| 304 25 36.9%4,|+12 56 40.77,)
1=777.179
1963
6 mies.5,0 d: 16 50 48,044
6 mies 4 -d
23 16 19, 303 55 28,56, | +21 46 13,47,| 288 06 59,09, +14 20 08,57,
23 18 16, 320 27 22.78, | +20 42 48,33,| 306 20 25.29,|+15 17 08.77,
1=750,801
1963
6 mies 7,0 ds | 16 58 41,160
6 mies 6 d i
23 12 23, 264 14 02,71, | +21 39 12,20,|252 31 44,39,|+10 55 29,77,
23 13 gzé 288 16 31.21, | +25 06 02.75,|272 17 52.72,|+15 21 48.48,
1=778,
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d.c.Tab, 11

1=775.185

T alfa delta alfa delta
1963
6 mies 7,0 d: | 16 58 41,160
6 mies 6 d
23 14 24, 288 16 31.21, |[+25 06 02.75, | 272 17 52.72, 21 48,48
23 16 15, 307 46 13.99, |+24 16 59,69, | 291 26 09.41, S4 47.25,
1=712.856
1963
6 mies 14,0 ds3 17 26 17,077
6 mies 13 d
22 06 20, 215 20 56.61, [+18 22 31.45, | 212 59 51.87, 12 43,45,
22 08 17, 236 45 40.48, |+25 44 22,27, | 228 39 55.00, 13 35.25,
1=762,968
1963
6 mies 14,0 ds| 17 26 17.077
6 mies 13 d
22 08 17, P36 45 40,48, |+25 44 22,27, | 228 39 55.00, 13 35.25,
22 10 23, P65 07 26.83, |+29 03 38.44, | 250 06 29.10, c2 51.00,
1=817.855
1963
6 mies 14,0 ds|l 17 26 17.077
6 mies 13 d
|22 10 23, 265 07 26.83, [+29 93 38.44, | 250 06 29.10, 02 51.00,
22 12 16, 288 09 45.70, [+26 37 18.29, | 270 57 54.09, 29 49.46,
1=730.593 ’
UZHOROD RYGA
1963
6 mies 4,0 d: | 16 46 51,490
6 mies 3 d
22 16 25, 297 41 55,71, |[+20 59 13.42, | 284 10 11.68,| + 6 15 43.32,
22 18 25, 314 34 00.36, [+22 19 29.47,] 299 55 33.30,| + 9 43 00.53,
1=772.088
1963
6 mies 5,0 d: | 16 50 48,044
6 mies 4 d
23 16 19, 301 45 10,37, |+33 57 02.52, | 288 06 59.09, 20 08,57,
23 18 16, 322 35 31.00, |+30 56 38.06, | 306 20 25.29, 17 08.77,
1=750,.801
1963
€ mies 16,0 df 17 34 10.181
6 mies 15 d
22 16 15, 322 24 31,61, |+17 18 43.40, | 308 57 56.77,| + 5 20 35435
22 18 16, 330 23 12.88, [+10 18 24,17, | 318 32 00.75, | + O 44 53,67,
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T alfa delta alfa delta
1963 ‘
6 mies 18,0 dsf 17 42 03.288
6 mies 17 4
22 04 20, 196 09 05.96, | +28 24 08.22,1209 50 48,71,|+12 09 47.04,
22 06 16, 215 30 47.82, | +36 16 37.50,|226 42 55.50,|+15 05 37.70,
1=758.758
1963
6 mies 18,0 d:| 17 42 03.288
6 mies 17 d
22 06 16, 215 30 47.82, | +36 16 37.50,|226 42 55.50,|+15 05 37.70,
22 08 20, 246 42 51,52, | +40 30 56.18,|248 26 38.01,|+15 44+ 07.57,
1=807.193
1963
6 mies 18.0 d:| 17 42 03.288
6 mies 17 d
22 08 20, 246 42 51,52, | +40 30 56.18, 248 26 38.01,|+15 44 07.57,
22 10 23, 278 58 57.68, | +35 21 38.53,|270 07 38.25,|+13 00 34.27,
1=797.159
1963
6 mies 18,0 d:| 17 42 03.288
6 mies 17 4
22 10 23, 278 58 57.68, | +35 21 38.53,|270 07 38.25,|+13 00 34,27,
22 12 22, 300 27 23.44, | +25 34 30.65,|287 38 36.04,|+ 8 20 41,24,
1=768,319

NIKOLAJEW RYGA

1963
6 mies 5,0 d: | 16 50 48,044
6 mies 4 d
21 12 23. 24l 06 57.39, | + 4 20 14,47,|252 34 04.22,| - 9 30 13.24,
21 14 24, 263 39 41.73, | +14 23 40.71,|266 09 53.82,| - 3 13 05.48,
1=785,811
1963
6 mies 5,0 d: | 16 50 48,044
6 mies 4 d
21 14 24, 263 39 41,73, | +14 23 40.71,|266 09 53.82,| - 3 13 05.48,
21 16 20, 283 57 30.32, | +21 21 13.39,|279 48 14 .44, 4+ 2 07 28.04,
1=750.679
1963 "
6 mies 6,0 d: | 16 54 44,601
6 mies 5 d
22 20 24, 329 48 01.73, | +31 24 36,76,|317 09 36.43,| +12 30 43.85,
527§2 ggé 340 55 16,22, | +26 17 25.79,|327 37 29.69,| +11 08 04.17,
=711.
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d.c.Tab., 11

T alfa delta alfa delta
1963
6 mies 10,0 d: 17 10 30.844
6 mies 9 d
22 08 19, 200 25 51,20, | +16 56 02.,95,] 222 23 59.43, |+ 1 47 40,98,
22 10 24, 213 26 37.08, |.+27 58 06.74,] 238 16 20.78,|+ 8 02 18.67,
1=812,689
1963
6 mies 10,0 d: 17 10 30,844
6 mies 9 d
22 10 24, 213 26 37,08, | +27 58 06,74, 238 16 20,78, |+ 8 02 18.67,
22 12 16, 232 28 22,20, | +38 59 47.96,| 255 53 37.00, [+12 56 54.46,
1=725.273 d

[IPUMEHEHUE PAINYC-BEKTOPA HCKYCCTBEHHOI'O CIYTHMKA 3EMIU
B KAYECTBE MEPH IJVHH B I'EOIE3MHU
KparTkoe COIgIepxXxaHHE

llonb3ysAck TpeThUM 3aKOHOM Komiepa MOXHO ONpeNeluTh IOJYOCh
OpPOHUTH CNYyTHUKZ Ha OCHOBAHMM HaGJNL2EeMOT0 NepUOJa BPAMEHHUT.E-
CIH¥ DKCIEHTPHUCHTET OpOMTH SABIAETCA H3BeCTHOH Beaumuuxoit, Torma
MOXHO BHNYHUCIHMTH PaIHyC-BEKTOD CHYyTHAKA LIA NPOM3BOJBHOTO MO=-
MeHTa Jaxe B TOM clyvYae, KOr'La H3BECTHH TOJBKO TpUOJIUXEHHHE 3=
JeMeHTH OpPOMTH .

HacrosAmasa cTaThA KacaeTCA NpexJe BCEI'O HCCJENOBSHHA,C Ka=-
KO# TOYHOCTHO MOXHO ONpefelMTh PAZUyC-BEKTOD CIyTHHUKA. Illpu
NpeJNOCHIKAaX, YTO SKCIEHTPUCHUTET OPOHUTH OJIU3OK K HyJKW, BHCOTA
nepures 1000 - 3000 kM, a OTHOmMeHHME MaCCH CIYyTHHKa K ero mno-
BEDPXHOCTH XapaKTepusyeTCs CPaBHUTEIBHO Ooapmoil -BequumHO#, IO=-
Ka3HBaeTCA, UYTO BHYUCIEHHE PAJUyC-BEKTODP MOXHO

TouHOCTED 1070,

IpOU3BECTH C

OcxoBHO# momexo#f, mpenATcTByoOEel#l MOJYyUEHUD PEe3yJbTATOB BHC=
meit TouHOCTHM, ABIAeTCA clab0e 3HAKOMCTBO KO3PPUIMEHTOB Tecce=
PaJlbHHX IapMOHHK I'DABUTAIMOHHOTO HOJA 3eMau. OCTaj]bHHMH IOMEe-
XaM# BO3MymeHUH ABAALTCA: OMHOKUM KOSPPUIMEHTOB 30HAIBHHX Iap=-
MOHHK, aTMOCfepHOe CONPOTHBJIEHHE, NaBIeHHE CEeTa, IMPUTAXEHHUE
JYHH K COJHIOAa. Bce mocJtexHue (AKTOPH HMEKNT 3HAUUTEJBHO MeHbIee
3HaUEHHUE.
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B craThe NOJaH TakXe MeTOJ  HaOJwIeHH# M BHYHCIEHHUH sreMeH-
TOB OPOUTH CHYTHHKA. [I[pH COOJIOAEHHE 3TOr0 MeTOIa HCKJINYAKTCH
omub6KH KOOPILUHAT TOYeK HaOJWOIEeHHH.

[locaenHaAA yacTh CTAThH COJEPKHUT HECKOJBKO CIOCOOOB HCIOJb=
30BaHUA H3BECTHOrO PajUyC-BKTOpP IJA ONpeleJeHHA KOOPIUHAT TO=-
yeK 3eMHO# NOBEPXHOCTH B IeOIEeHTPUYEeCKOH¥ cucTeMe KOOpIUHAT, OT=-
HEeCeHHO¥ K OCH BpameHUsA 3eMIH M IJIOCKOCTH BKBATOpP&.

APPLICATION OF THE RADIUS-VECTOR OF ARTIFICIAL SATELLITE AS LENGHT
MEASURE FOR GEODETIC PURPOSES

Summary

By utilizing the third Kepler’s Law, it is possible to define the
semi-axis of satellite orbit on the basis of the observed revolution pe-
riod, If the eccentricity of the orbit is also known, then it is possi-
ble to compute the radius-vector of the satellite for an arbitrary mo-
ment, even if the remaining elements were known only approximately.

The present study is devoted, first of all, to the examination of
the degree of accuracy suspectible to be achieved in the determination
of the radius-vector, Assuming that the orbital eccentricity in near
zero, that the altitude of perigee is 1000 <+ 3000 km and that the satel-
lite has a small area/mass ratio, the radius-vector can be computed as
shown in Chapter VI, with an accuracy of 10-5. A poor knowledge of coe-
fficients of tesseral harmonics of Earth’s gravity field seems to be es-
sential impediment in achieving a higher precision., The other sources of
perturbations, such as: coefficient errors of zonal harmonics,atmosphe~
ric drag, solar radiation pressure, solar and lunar attraction may be
regarded as lesser disturbance causes. Also the way of observation and
computation of orbital elements, eliminating the effect of errorsof the
observing site coordinates is showed.

The Chapter VIII presents some modes of using the known radius-vec-
tor for determining the coordinate points on the Earth’s surface in the
geocentric system oriented in conformity with thedirection of the revo-

lution axis and the equatorial plane,



