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ABSTRACT. Determination of the GPS orbits and the influence of t.
errors on the geodetic determination was a topic of i investigations of t]
and his group during the last few years. In the paper the summary of som
is presented concerning the nature of the interferometric observations, t
gation of the orbital errors, correlations and covariances in geodetic GPS

One of the interesting results was a proof that in relative determinatior

the error propagation factor is close to b/ 10h, that is almost one order sm
previously supposed.

1. MEASUREMENTS PROPERTIES

Physically the interferometric observation consists in the measurement of
ters equivalent to following quantities
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Fig.1. Interferometric measurement scheme

Ap - difference of distances of the satellite S to points A and B
7 - difference of traveling time of the radio signal on pathes SA and SB
A® - difference in phase of the signal received at points A and B
f - frequency of the signal.
It is assumed here that the same signal wave is recorded A and B.
If the signal is transmitted from S at epoch tg and time of reception is t, and tg
then
T=1t -t , @)

The time recording is realized with help of cloks, each of them has its own
correction with respect to the absolute time scale

3
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Tha nwhaea difference constists of number of full cvcles 2IT and the fraction

In GPS receiver technology usually the Ay is measured. So in ¢
ambiguity of unknown integer number of full cycles. Substituting s

Ay _ 2IN
f >H>w * >S>w £

Because of the motion of the satellite as well as of the Earth rotati
T are time functions. The delay rate = or fringe rate can be meas

nmﬁ. + Au

®
T= AB AB
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AU is a rate difference of two clocs A and B.

Quite interesting is the geometrical interpretation of above quan
demonstrated in [16], the double interferometer consisting of three
baselines gives the information similar to photographic camer
(Fig.2). Having measured 7,5 and 7y at given time instant t we «
the beacon is located on the curve line - the intersection of tw
connected with baselines AB and AC.

The second observable 7 can be interpreted as a difference -
velocites observed from two ends of a baseline. Hence 7 is a functic
velocity of a satellite and is equivalent to the differential Doppler ot
two ends of the baseline.

From eq. (5) can be seen that the difference in clock corrections
be put into an observational equation:

T=%t -t = AT + A

A B AB Ccabwv * >C.>wmﬁlﬁ..0v o, (t

AB
It allows to find only the differential clock correction and differer
pair of clocks. For a network we can form a number of different p
but at least for one clock the correction u, must be assumed arbit
holds true for differential rates of any order. They can be adjusted tc
scale (UTC or AT) in final solution when the satellite motion and
are introduced.

The clock rate should be taken into account for determination of ¢



Fig. 2. “Line of sight” of the triangular interferometer

Further problem directly connected with the technique of measurement is atmos-
pheric influence, as the micro-wave radio signals are sensitive to the propagation
medium.

For practical convenience it can be decomposed into two parts: tropospheric and
ionospheric:

At = At + At (11)
a T I

and both of them are calculated as corrections on the basis of additional observa-
tion. Finally, the following observation equation for the phase difference or delay
can be proposed:

AP
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together with station coordinates. Additional parameters which t
mined are: the tropospheric refraction scaling factor a, 3 clock
the ambiquity term N.

In order to get the orbital parameters calculable the equation (Z
linearized. The author of this report and his collaborators publ
papers ANH_BM,E,, Rutkowska, Homwv, (Zielifiski, 1983), (Zielif]
1985), where some principles of interferometric methods have be
by means of simulation the correlations between unknowns has be
They analysed orbits on altitudes between 1000 km and 20000 ki
configuration of the network of stations. They found following cc

1. If the positions of the observing stations can be assumed as
method can provide very good results, even with one observab.

2. The joint solution (orbits and stations) depends strongly or
stations over the Earth should be reasonably distributed, which i
but also the inter-station distance separation is significant. It
empirically that the ratio of the interferometer baseline lengt
the orbit should be:

Practically it means, that for GPS satellites the 2000 km baselin

3. Combination of observables 7 and 7 is advantageous to
combination. It appeared that for low satellites the delay rate
more effective then the delay v itself. If both observables are us
tion of each depends of the altitude of the orbit. The faster the
the more important is 7 and less the 7 - for the limiting case
satellite T can not be observed but is also insignificant. For G
is much more important than 7.

4. Assuming the H,unaoio: of measurement of = equal 0.1 ns (af
of different corrupting effects), the accuracy of 108 for the grea
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Among many error sources influencing the GPS baseline determination to the
most serious belong the orbital errors. The influence of orbital errors is growing
up with the distance to be determined. According to the approximate “rule of
thumb” {Wells, 1986)

db _ b

dr h (13)
where b - baseline length
h - height of the orbit
dr - satellite position error

Therefore this specific problem of the influence of orbital errors is worthy of more
detailed analysis (Colombo, 1986).

2. OBSERVATION EQUATION

The observation equation for GPS phase measurement is in a general form as
tollows (Lindlohr and Wells, 1985):

() = m,zcmﬁﬁv - X_(£)01 + A_(t) + B(t) + 6 (14)

where U - satellite position vector
X - station position vector

If we take the simplest geometric configuration with one baseline, one satellite and
one observation epoch and we assume that the measurements are performe
dsimultaneously at R; and R, , we get the following picture (see Fig. 3).

According to the above notation

p° = 1u® - X Il (15)

r r

where U 5- satellite position vector, s = 1,2
X ;- ground station position vector, r = 1,2

‘We have also the vector equation

=1
The first (between mﬁmmommv difference of eqn. (14) can be forn

_f _
>efm T c ﬁbu bmu * >>».m + >aa.m

However, as we are interested in the determination of b
expression relating A® and b.

, We

Ry b Ry

Fig. 3. Geometry of the baseline determination

Let us denote:

bp =p, " P,
Np=p ~P,
d = e, "0,
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and Ap =B - b + dp
21
where g = COS% — cosf
T 20 (22)
2cos 3
2
Coming back to eqn. (19) we can write
AD = M Bb + W dp + AA + AG 23
1,2 C c 1,2 1,2 (23)

We have obtained a new observation equation with the baseline length b as a
desired parameter. Other unknown parameters are AA and AG . On the other
hand it is assumed that the coefficient B and the correction Ap are known as
functions of geometry and orbital elements. Any errors in orbital elements will
influence eqn. (23) and produce the modelling error.

3. STOCHASTIC PROPERTIES

Let us denote the orbital error by Je,. It deals with the set of 6 orbital elements
g, 1= 1,..,6/ referred to certain epoch te.

We assume that during the observation session orbital elements are defined only
once and the vector e _is constant.

Accuracy of orbital parameters can be characterized by the variances of elements
o”¢, and they are rather stable for the given station configuration, tracking facilities
and data processing method. Then, for the orbital error oe, referred to the optional
epoch te we can assume normal distribution

se, . N(E(O), u?.mma: @6

Again, because of erroneous orbital elements we do not use the correct coefficients
&
B; but some B; burdened by errors:

B, =B, * 9B ‘ (25)

Instaed of matrix A we have

w

A =4A+ 3B
“ o m} ° -
and instaed of X the biased solution vector

o T O# -1 sy

X =(A"A) AL

>
i
>
A=
(o
>

The bias vector 0x can be determined as

sx =% - x = {[A+3B)" (A+3B)] 7" (A+aB) - (ATA

. * -
In order to estimate the dx let us consider A as a stochastic m
component 0B has a stochastic behaviour. The stochastic prope
derived from the eqn. (26) assuming variances for orbital eler

assume normal distribution of orbital errors (24) then follows

, 2 _,T
8B _ N(E(0), D(B'o_ B’ "))

where B’ is a Jacobian transform matrix of orbital elements
(Vanicek and Krakiwsky, 1982):

8B 3B 3B
1 1 1
mmu mmm e mmm
B = .

R R AR
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Now, we can simulate numerically the stochastic process for each orbital element.
The current value of dg,; for i-th sample is equal to

3¢ =0 + g (33)
where g ; is generated by a random numbers generator with distribution
g , N(E(O), D(1)) (34

.H:numgomormmﬁﬁolﬁco%msuwmswmmaﬁma,\moﬁa Mm. mom:domocua.ﬂrmm
procedure is called randomization of the systematic errors (Kobayashi, 1978). As
we are interested only in orbital elements’ influence, the observation vector L
should be kept constant.

A * . . *
Because X is alinear function of A and also of the vector of the coefficients B ,
according to the same above-mentioned principle it will have m-dimensional
normal distribution, where m is the number of parameters. The multivariate

probability density function becomes (Vanicek and Krakiwsky, 1982):

P(X) _ N(X,C) (35)
~ o X
where C, is the covariance matrix of parameters. In the randomization process
the expected values of vector X , are known by assumption and C y is calculated
from samples:

2
L >5
xk I
where
>§ = ,xf - xxo G7)

4. SIMULATION ALGORITHM

The program GPS2ST has been prepared for performing the sim
with the calculation of ephemeris and visibility prediction using
stations and orbital elements. The duration of the observation :
quency of data gathering are optional. Of course, the longer the sess
the number of satellites observed and observation points recorded
duration of the session has an important influence on the result. T
“observations” are calculated. These “observations” are error free
run we obtained errorless values of parameters.

The calculated “observations” have been stored and in the next
elements were changed by the increment de, and the next solution
This cycle was repeated 500 times taking d¢, from the random num
with the normal distribution. Finally, the following values were ¢
output:

1) the sample mean:

z>mmr = I

where \Vﬁwmﬁ. = HWMHL_ - wmro

I - number of samples

2) the mean square sample deviation

[o]
ZQ.wmr = I

The sample mean can serve as a control for the randomization pi
its expected value is equal to 0.

5. RESULTS
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2) The geographic location: low latitude ~ 0°, middle latitude ~ 38°, high latitude
~ 65°

3) The azimuth of the baseline: 0°, 45°, 90°

4) Duration of the observation: 2 to 241,

For all tests the following accuracy for orbital elements have been assumed
(standard deviation values):

qa =+ 1.5 m qM =+ 0.377 10 rad
Qm =0 qﬂ =+ 0.377 10 rad
c.e = * 0.570 10 rad
Qx = * 0.570 10 rad

These errors produce the displacement of the satellite in space (mean square root
values averaged over the whole session and all observed satellites):

along track 23 m
across track 10 m
radial 1.5 m
total 25.5 m

& 0 O O

Of course these values vary for each individual observation from 0 to several tens
of meters, for the reason of geometry and dynamics and because of ¢ randomiza-
tion of errors. The program computes it for each observation point and later the
mean square root is calculated.

Most of the calcualtions have been done for the future Block 2 constellation (18
satellites, i = 55°) but some tests have been performed for the present Block 1
constellation.

In Tab. 1 all variants of the baseline length, geographic location and direction are
compared with the “rule of tumb” prediction. The 6" observation session was taken
for the Block 2 constellation.

Tab. 1. Influence of the orbital error 25.5 m on the baseline, with
time, Block 2 constellation: ogg; in meters

Latitude |Azimuth BSL length
100 km 300 ‘km 1
0° 0° 0.010 0.033 0
45° 0.018 0.054 0
90° 0.021 0.063 0
38° 0° 0.023 0.068 0
45° 0.026 0.086 0
90° 0.017 0.050 0
65° 0° 0.033 0. 101 0
45° 0.032 0.102 0.
g0° 0.0186 0.050 0
Rule of thumb 0.125 0.375 1.

6. CONCLUSIONS

From the presented results it can be seen that the baseline erro
orbital errors is a fairly complicated function. It depends mainly o
tion, reflected by the design matrix A. This geometry improves, whe
are observed, e.g. the longer the observation interval is. Increasin;
observations by increasing the frequency of measurements give
improving the accuracy. In our simulations we investigated als
periodicity of orbital errors but it does not change the conclusion:
All results indicate that the “rule of thumb” is definitely too pessim
mentioned in (Zielinski, 1985). Even with an unfavourable geome:
tion we can expect the accuracy to be about 4 times higher. On th
good geometry even the factor 10 appears. Typically this effect will
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seems to be possible - and 300 - 500 km baselines will be impaired by less than 1 cm
error. With favourable geometry even for 1000 km baseline we can approach the
10® accuracy.

7. APPLICATION TO THE NETWORK ADJUSTMENT

The method often used in practice of the application of GPS to the network
construction consists in the determination of the individual vectors and later
combining them in a 3D network cf. (Bock et al, 1985). In such solution the orbital
elements are assumed as known (either from satellite message or from external
sources). Errors of the assumend values of orbital elements not only produce
errors of primary results (coordinates of vectors) as it was demonstrated in
(Zielifiski, 1987), but they also provoke correlations between different parts of the
network. Therefore it is necessary to find the proper covariance matrix which may
be used in the adjustment process. Theoretical aspects of this problem were
discussed by (Schaffrin, Bock, 1988) and (Schaffrin, Zielifiski, 1988) and they can
be resumed as following:

Usual Gauss-Markov modeling of linearized observations is

Y=A +V A AOV
D{v}= C, (41)
where X - vector of coordinate increments
V - random errors vector
Cy- covariance matrix of measurements.
The solution is
x = e 'aalc Ty (42)

Now we make an assumption that the measurement errors can be splitted in two
parts

where Vg - nonrandom part steming from errors in prior inform
elements)

<mu £(s)

Vi - random part steming from measured noises (norr
eventually transformed by linear transformation (e.g.differencii

<z = g(N)

Prior information errors S and random noises N have the dispe

D{s}

Il
Q

D{N}

]
Q
]
Oqt\)
]

I - unit matrix.

If we denote the Jacobian of the prior information w dw
ay
F = —

8 %

and of the original measurements z by

ay
G = —
8z

we find the dispersion of Y:

e o o o=1.T ~1.T
D{Y} = Cy = D{Vg} + DIV} = FCg F + GC'G

which can be used in eq.(3). More details can be found in (Sct

1988). |

In the present work the method is described of the determinatio
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which reflects the correlations originating from the prior information errors.
Numerical simulation approach was applied, nevertheless the method is of general
character.

In this contribution we present two examples of application of our software: (1)
calculation of correlations resulting from orbital errors between the adjacent
baselines; (2) calculation of the covariance matrix reflecting the influence of the
orbital errors, for the fragment of DONAV network.
Using the assumed orbital errors we calculate variances and covariance of the
length of two baselines b; and by, . Then we find the correlation:

1

ool,cH , UEv = ooi,cH s _usv\?mlvwv . <m1v5v vm (52)

The results are presented in the (Schaffrin, Zielifiski, 1988). The Fig.4 shows the
correlation between the baseline b, having south-north direction and the ba-
seline b; with the azimuth growing from 10° to 180°. The correlation is strongly
changing in the range from 1.0 to -0.2, but the general pattern of changes is the
same in all three cases ( 100 km and 65°,100 km and 37°.5,300 km and 37°.5). The
opening angle giving the smallest correlation lies between 60° and 120°.

In the Fig.5 we have the correlation between two baselines forming the angle
a = 30° and these two arms are rotating by 10° increment in the 180° angle range.
The same is in the Fig. 6 for the angle @ = 90°. In both cases two different lengths
(100 km and 300 km) and two latitude positions were taken.
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Fig. 5. Correlation between two baselines with 30° opening angle
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Fig. 6. Correlation between two baselines with 90° opening angle

We can see that there is a substantial change in the correlation be
arms of the angle, depending on the orientation of the whole figu
from 0.2 to 0.9 in case of & =+30° or from 0.0 to -0.5 in the case of ¢

. o _1__ _ L1 1. % 1 ~ 1 .. R 1 . . .1 Y . .1
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The second example of the application of the numerical simulation miethod is the
construction of the covariance matrix for one fragment of the DONAV network
consisting of 5 points, cf. (Seeber et al.,1987). The covariances also refer to the
orbital errors and concern the baseline lenghts. The distances in the network are
in the range from 100 to 200 km. The approximate geographical coordinates of
the points are given in the Tab.2. All points were observed simultaneously on
7 Nov.1986. 5 satellites of the Block 1 constellation were active: 6, 9, 11, 12, 13.
The session lasted about 3 hours. These actual conditions were imitated by the
program. The accuracy of orbital elements was assumed as in chapter 5.

The Tab. 3 presents the whole matrix of variances and cross-covariances scaled
by the factor of the variance of the first baseline, being equal to

qw 4+ 0.62002 . 10 2m = (0.079 m)Z

Tab. 2. Geographical coordinates of the S DONAV Network Stations

No Name ¢ A
1. Hohenstein pmowm.up: 11 %25 wo "
2 Katzenbuckel 48 28 15 g 02 29
3. Oberkochen 48 47 32 10 05 10
4. Schweitenkirchen 48 30 25 11 36 24
5. Reichberg 48 18 19 8 59 35

Tab. 3. The covariance matrix resulting from orbital errors for baseline lenghts of
the 5 stations network.

Base-
lines 1-2 1-3 2-3 1-4 3-4 4-5 3-5 2-5

1.000 0.740 0.368 0.003 0.588 1.138 0.588

1-2 0.017
1-3 0.931 0.148 0.283 0.338 0.886 0.630 0.555
2-3 0.285 0.184 0.276 0.407 0.139 0.129
1-4 0.950 0.003 0.007 0.121 1.178
3-4 0.377 0.662 0.294 -0.051
4-5 1.299 0.682 0.038

This matrix is the final result of the covariance calculation proce
directly used in the equation (50) for the network adjustment.

The Tab. 4 contains the correlation matrix for the same network
there exists very strong correlation between the baselines wit
orientation. The baselines may not be adjacent to be strongly c«
other hand there exist pairs which are practically uncorrelated.

CONCLUSIONS

The first group of conclusions concerns the method of numerica
In spite of seemingly great computational effort (500 permutat
tion), the program is quite effective and needs no more than 0.2
time with the IBM 3081 mainframe for the one baseline solutior

and 6" observation time. It can be implemented also on the PC1

"fab. 4. The correlation matrix resulting from orbital errors for t
the 5 stations network.

Base-
lines 1-2 1-3 2-3 1-4 3-4 4-5

1-2  1.000 0.767 0.683 0.003 0.957 0.999

(
1-3 1.000 0.287 0.301 0.570 0.788
2-3 1.000 0.373 0.841 0.669 (
1-4 1.000 0.005 0.007
3-4 ‘ . 1.000 0.946 |
4-5 1.000
3-5
2-5

For practical applications it is necessary to have a good and rea
the accuracy of the prior information. Therefore this probler
investigation concerning the orbital data errors as well as iono:

- . st A it Maln annnsrnth ctealatinn mathade
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The application of orbital error covariances is certainly useful for larger networks
with distances over 100 km with the nowadays accuracy of orbital elements. It is
meaningless for short sides, say up to 30 km. Probably the 50 km baseline length
is the right turning point for application of the orbital error covariances. With
increasing accuracy of orbital elements this value will rise.

From the calculations described in this chapter we can conclude that the pattern
of correlation between two baselines is too complicated to be described by some
simple analytical function. Hence the advantage of the purely numerical approach
is obvious. In general, however, we can accept the conclusion that the smaller the
difference between the orientation of two baselines, the greater is the correlation.
For opening angles between 60° and 120° the correlation s approaching zero. This
can give some indication which baselines could be selected and which eliminated
from the network if we want to limit the number of sides.

From the network example we can see that there exist very strong correlations
because of the orbital errors influence for baselines with parallel or nearly parallel
orientation. It proves that the error propagation of this influence is not isotropic.
We can expect directional deformations of the network as a whole if we do not
apply the proper weighting within the variance-covariance matrix.
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PESKME:

B TeueHHH NOCNeOHHX fET TEeMOA HCCHEeOOBaHHA ABT
erc  COTPYOHHKOB Ohio  onpepesieHde  opbur GPS
OPOHTANb HBX OWHBOK HA INeOHesHYSCKHE onpegnerieHu g
ApeacTas IeHo cyMMapHoe HGJIOXEeHHS HECKOJb !
OTHOCHTEJIb HO TIPH POLS! HHTepPPepPOMETPHYSCKHX
pacnpocTpaHeHks OPOHTAaSb HX OWHGOK, KOPpersiu#i o
B - I'@ONSGHYECKHX pemeHHax GPS. HaTepecHsbiM
ABNAETCA [OKABATENHCTBO, HYTO KOePPHUHSHT pac
OWHGOK B OTHOCHTENbHHX OfNpeneneHusx OFS 6rusox

MOYTH Ha Mops OokK MeHb e BEeJTHYHHBI nap

npegnororaeMo .



